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Microstrip circuits for microwave engineering have progressed through the research 
and development stages and are now found as an integral part of many small-signal 
microwave systems. This form of circuit is also becoming increasingly important in 
baseband circuits for optical communications and has implications for interstage 
communication in high-speed digital networks. 

This book has been written primarily as a textbook for the student who is 
interested in microwave engineering, and is aimed at developing a practical 
understanding of microstrip components and systems. It presents a thorough 
grounding in the basics of microstrip components and for interfacing them with 
transistors and diodes in active circuits. The material makes the book suitable both as 
a textbook for a graduate course in microwave circuits over one or two semesters, and 
as a textbook or reference book for final year undergraduate courses on high 
frequency (or microwave) circuits and electronics. The book will also be useful for 
practicing engineers, physicists and other specialists requiring a reference for 
microstrip circuits. The chapters are, in the main, self-contained and include 
examples, making the book suitable for self study. Exercises and a list of key 
references are included at the end of most chapters, together with selected answers at 
the end of the book. 

As this is a teaching text and not a treatise, there is an emphasis on 
fundamentals at the expense of peripheral detail. The treatment of the subject matter 
is approached in a manner that is suitable for teaching purposes, based on a number of 
years experience in teaching this type of material. The book emphasizes the physical 
point of view. Proofs of important results are always given and considerable effort 
has been made to find or develop simple, yet rigorous, proofs. Nevertheless, physical 
interpretations of mathematical results are stressed whenever possible. Many useful 
results, the proofs of which are reasonably simple, have been left to be solved as 
exercises. This helps to limit the size of the book without sacrificing rigor and, at the 
same time, provides pedagogical advantages. 

Many new approaches and some new material are included. The scattering 
parameter treatment is from a physical point of view which emphasizes a traveling 
wave approach and studiously avoids calculations which are no more than 
manipulations of formulae and symbols. The proof of various power gain formulae 
follows a similar original approach. The concept of a zero length line has been found 
to be very useful in disentangling the traveling waves in a number of circumstances. 
Original formulations of various design formulae are also given. Charts for the line 
widths and separation for parallel-coupled lines in couplers and filters are presented in 
a manner that is suitable for circuit synthesis. 

All major aspects of microstrip circuits, principles and design are covered. 
Assumed knowledge includes complex and matrix algebra, two-port parameter 
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theory, elementary differential equations, the basics of lumped filter design, the 
fundamentals of electromagnetic theory, and elements of transistor and diode circuits. 
Elementary transmission line theory is so fundamental to much of the book, that the 
first chapter gives a thorough revision of the necessary material. Two-port networks 
are characterized mainly in terms of scattering parameters at microwave frequencies, 
and a thorough treatment of the characterization of these networks is included in 
Chapter 2. Nevertheless, when results are more elegantly derived with the help of 
other parameters, such parameters are used, as we do not believe in slavishly adhering 
to a scattering parameter treatment simply for the sake of consistency. The microstrip 
line is used in all the circuit components in this book. A low frequency analysis of 
the line itself is given in Chapter 3, with details of the numerical analysis techniques 
provided as appendix material, that will be of particular interest to those who wish to 
have an introduction to the field analysis of microstrip line configurations. In the 
analysis of components, it is desirable at first to separate the component design from 
the second-order effects of non-ideal lines. However, these effects are not to be 
ignored and are brought together in Chapters 4 and 5, where lines in a practical 
environment are discussed. The concept and use of the voltage reflection coefficient 
with its interpretation on the Smith Chart is important and, wherever possible, 
graphical interpretations and solutions on the chart are used. 

Hybrid-line couplers are the first class of component to be considered and are 
dealt with in Chapter 7. Here, the notion of even and odd modes with respect to a 
plane of symmetry through the device is introduced, so that a four-port network may 
be analyzed in terms of equivalent two-port networks. Even- and odd-mode analysis 
is extended to parallel-coupled lines for directional couplers in Chapter 8. Filter 
analysis, in particular for band-pass and band-stop filters, follows directly from the 
concepts that have been developed for coupling between parallel lines in directional 
couplers. Filter design and analysis is now such a broad and detailed field, that it has 
been necessary to limit the material to such topics that provide a useful coverage of 
the basic filter types together with their relationship with other components. A 
collection of components (some of great importance such as those for launching 
microwaves into a microstrip line) that do not fit neatly into other chapters are 
described as miscellaneous components in Chapter 10. 

Active circuit characterization is included in a self-contained manner in Chapter 
11, to allow a sensible design to be achieved when microstrip lines are interfaced to 
active circuits. Some examples of practical systems that include active components 
are given in Chapter 12, which thus consolidates earlier material. In the final chapter 
on measurements, a number of laboratory experiments associated with the basic line 
and the effects of discontinuities are described, and may be carried out to complement 
the lectures. 

In order to keep the book within sensible bounds, some related topics are 
omitted. Other types of planar circuits, such as slot lines and coplanar waveguides, 
are only briefly alluded to, as they are seen to be peripheral to the main thrust of this 
book. Even though much of the practical realization of microstrip circuits is in the 
monolithic microwave integrated circuit (MMIC) form, we have left out any specific 
treatment of MMICs as not being as fundamental as a thorough grounding in 
microstrip basics. For similar reasons, we do not deal with aspects of the 
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manufacturing technology for thick and thin film circuits. 

The omission of CAD techniques requires special mention. Again, space 
limitations play their part but, more fundamentally, we consider that an intelligent use 
of CAD techniques requires a thorough understanding of the modeling assumptions 
that underpin them. Without such an understanding, the use of CAD is pedagogically 
unsound, as the user of a package will neither appreciate its limitations nor notice 
when obvious errors are being produced. We feel that the reader who has thoroughly 
grasped the principles of microstrip circuits expounded in this book will quickly learn 
how to apply any specific CAD package. 

Several diagrams have been redrawn from a number of key journals serving the 
microwave community. For permission to do so, we thank the IEEE, the IEE, the 
publishers of the Microwave .Journal and of Microwaves and RF, and Mrs Anita M. 
Smith for supplying Figure 6.3 (The Smith Chart) through the Analog Instruments 
j Company. 

This book would not have been written without the inspiration of and 
interaction with many people. We thank our students, both graduate and 
undergraduate, for the opportunity and the challenge of teaching this material. The 
enthusiasm of Ted Gannan provided the spark that set the project on its way. To our 
manuscript reviewers and the staff of Prentice Hall Australia, and in particular to 
Fiona Marcar and Andrew Binnie, our thanks for their help and tolerance. Finally, 
our thanks go to our colleagues whose interest in the progress of the book has always 
been an encouragement that deserves its due recognition. 
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Symbols 


Symbols are described and indexed to an early instance of their major use. Units, 
standard mathematical symbols, symbols used in a local context or derivation, and 
coordinate component parts of variables are not included. The subscript, n, is used as 
a general variable for a range of values. 


A, B, C, D 

The transmission or ABCD-matrix elements 

2.2.1 

A n , B n , C n 

Power series coefficients 


a n 

The normalized input wave into the n 1 * 1 port 

2.1.1 

a s 

A (normalized) wave launched by a source into a matched load 

2.1.4 

B 

Magnetic flux density 


b 

Normalized susceptance, as in y = g + jb 

6.5 

bn 

Susceptance of the n lJl normalized admittance 

6.5 

bn 

The normalized reflected wave from the n 1 * 1 port 

2.1.1 

bs 

As a s , but from the output of a two-port network 

11.5.2 

C 

Capacitance (also an ABCD-parameter element) 


Q 

Comer capacitance 

5.3 

Geven • QxJd 

Even- and odd-mode capacitance 

5.6 

C F 

Open-circuit fringing capacitance 

5.2 

c L 

End-capacitance in a transmission line n-equivalent circuit 

9.3.5 

C s 

Step transition capacitance 

5.4 

Ct 

T-junction discontinuity capacitance 

5.5 

c 

Coupling coefficient in dB 

7.1 

Gl» C s 

Load and source stability circle centers 

11.4 

c 

Transmission line capacitance per meter 

1.2 

Cw 

Capacitance per meter for a microstrip line, width w 

5.4 

c 

Velocity of e.m. waves in free space = 2.997925 x 10 s m.s -1 

1.2.3 

c 

Voltage coupling coefficient for 0 = 90° 

7.3 

D 

Coupler directivity in dB 

7.1 

D 

Electric flux density 


d 

Transmission line length 


d 

Voltage coupling coefficient for arbitrary 0 

8.4 

E 

Electric field 

' 


Incident wave voltage components at ports 1 and 2 

2.1.1 

e rl- ®r2 

Reflected wave voltage components at ports 1 and 2 

2.1.1 

=s 

The voltage wave launched by a source into a matched line 

2.1.4 

f 

Frequency in Hz 


f 0 

Design or center frequency 

7.4 

f 0 

Quasi-static approximation frequency limit 

4.4.1 

G a 

Available power gain 

11.2 

G p 

(Ordinary) power gain 

11.2 

G t 

Transducer power gain 

11.2 


xv 
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G a u - G Pu- G t u 


£ 

Si* Sr- Sf. So 
En 

H 

h 

I 

If.Ir.lt 

II 

In 


'it . >i2 
■rl ■ 'r2 
J 

y 

K 

K 

K(k) 

*9) 

L.Ln 

Lc 

Lc 

Ls 

L 

4 

L 

*-w 

l 

m 

m 

P 


‘av 0 

p av s 

Pin- Pout 

P L 

P 

P 

Q 

q 

q n 

q 

R 

R s 

R 1" R 2. R 3 

4.' R S 

R 


Unilateral power gains 

Transmission line conductance per meter 

Normalized conductance, as in y = g + jb 

The real parts of the y-parameters 

Conductance of the n 1 * 1 normalized admittance 

Magnetic field 

Substrate height 

Current 

Forward, reverse and transmitted traveling wave currents 

Load current 

Total current at port n 

Insertion loss in dB 

Incident wave current components at ports 1 and 2 

Reflected wave current components at ports 1 and 2 

Immittance inverter parameter 

Normalized admittance inverter parameter, J/Y 0 

Stability factor 

Flux reflection coefficient 

Elliptic integral 

Phase coefficient for a plane wave in free space 
Inductance; the n** 1 inductance 
Comer inductance 

End-inductance in a transmission line T-equivalent circuit 

Step transition inductance 

Filter attenuation in dB 

Passband ripple attenuation in dB 

Transmission line inductance per meter 

Inductance per meter for a transmission line, width w 

Transmission line length 

Comer miter percentage 

Step transition correction factor 

Power 

Available power 
Average power flow 

Available power at the output of a two-port network 

Available power of a source 

Input and output power 

Load power 

Power-split ratio in dB 

Power-split ratio as a ratio of voltages 

Quality factor 

Effective filling fraction 

Point charge at node n 

Column matrix of point charges 

Resistance 

Surface resistance 

Reference planes 

Load and source stability circle radii 
Transmission line resistance per meter 


11.5.3 
1.2 
6.5 

11.5.4 
6.5 

3.1.3 

1.2 

1.3.1 

2.1.3 

7.1 

2 . 1.1 
2 . 1.1 

9.4.3 

9.4.5 
11.4.2 

A2 

3.1.2 

4.5.2 

5.3 

9.3.5 

5.4 

9.3.2 

9.3.3 

1.2 

5.4 

5.3 

5.4 

2.1.5 

4.4.2 

11.2 
9.3.1 
11.2 

11.5.2 
7.3 
7.3 

9.5 

3.3.2 

3.2.3 
3.2.3 

4.2.2 

5.5 

11.4 

1.2 


Symbols xvii 
6.2 


{ 

f 

t 


r 

Normalized resistance, R/Z 0 

6.2 

r, 0, z 

Cylindrical coordinates 


S 

Voltage standing wave ratio (V.S.W.R.) 

1.3.2 

s 

Gap or parallel line separation 


Sj, Sp Sf, s 0 

Scattering parameters 

2.1.1 


Even- and odd-mode scattering parameters 

7.3 

Smn 

General multi-port scattering parameter 

2.1.1 

T 

Transmission coefficient 

1.3.4 

[T] 

Transmission (ABCD) matrix 

2.2.1 

T n 

Noise temperature 

11.6 

t 

Microstrip line thickness 

4.2.1 

t 

Time 


t 

Voltage transmission coefficient for arbitrary 0 

8.4 

U 

Mason’s U-function 

11.5.4 

u 

Unilateral approximation check parameter 

11.5.3 

u 

Surface wave transverse decay coefficient 

4.5.2 

u 

Real part of T for the Smith Chart derivation 

6.2 

V 

Voltage 


Vf,VpV T 

Forward, reverse and transmitted traveling wave voltages 

1.2 

Vi,V 0 

Input and output voltages on a transmission line 

8.2 

Y.( e *°) v ^ 

Even- and odd-mode input and output voltages 

8.2 

Vl 

Load voltage 

1.3.1 

v n 

Voltage at port n 

2.1.3 

V s 

Open-circuit source voltage 

2.1.4 

V 

Column matrix of point potentials 

3.2.3 

V 

Imaginary part of T for the Smith Chart derivation 

6.2 

v ph> v phase 

Phase velocity 

1.2.3 

w 

Microstrip line width 

3.1.3 

w< 5< » 

Width of a 50 £2 microstrip line 

8.3 

X, x 

Reactance and its normalized value 

6.2 

x, y. z 

Cartesian coordinates 


Y 0 

Transmission line characteristic admittance 

1.4 

Y on ,Y n 

Characteristic admittance of line n 

6.4 

Yin ■ Y out 

Input and output admittance 

1.4 

Y L .yL 

Load admittance and its normalized value 

1.4 

Yn> yn 

The n* admittance and its normalized value 

7.4 

y t 

Transformer characteristic admittance 

9.4.3 

yi.y r . yf.y 0 

Admittance or y-parameters 

2.2.4 

Z 0 

Transmission line characteristic impedance 

1.2 

Zon> Zn 

Characteristic impedance of line n 

6.4 

Zoe. Zoo 

Even- and odd-mode characteristic impedances 

8.2 

Zfs 

Characteristic impedance of air-filled (free space) transmission line 

3.3.2 

Zh> ZfflGH 

Characteristic impedance of a high impedance line 

6.8.1 

Zjn> z in 

Input impedance and its normalized value 

1.4 

Z L > Z L 

Load impedance and its normalized value 

1.3.1 

Zl> Z[,ow 

Characteristic impedance of a low impedance line 

6.8.1 

Zn> z n 

The n 1 * 1 impedance and its normalized value 

6.10 

Z 0 ut> z out 

Output impedance and its normalized value 

2.1.2 

Z s 

Source impedance 

2.1.4 
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^series ■ ^shunt 
■^series- 7 -shun! 
^stub> z s[ub 

Z T 

a 

«c 

«d 

P - 
r 

r o 

r e ,r 0 
Hn* r ou , 
r L ,r s 

r L (opo, r s (opt> 


Surface impedance 

Series and shunt line characteristic impedances 

^series a °d ^shunt normalized to the feed line impedance 

Stub line impedance and its normalized value 

Transformer characteristic impedance 

Attenuation coefficient, neper.m" 1 

Attenuation due to conductor loss 

Attenuation due to dielectric loss 

Phase coefficient, radian.m -1 

Voltage reflection coefficient 

Optimum source reflection coefficient for minimum noise 
Even- and odd-mode voltage reflection coefficients 
Input and output voltage reflection coefficients 
Load and source voltage reflection coefficients 
T L and T s for simultaneous conjugate matching 
The n* reflection coefficient 


Y 

Y 
A 
A 
An 

Ax(q, Ax(L) 

5 

S 

«k>- 

e eff 

e r 

Bo 


f 




co 2 


Propagation coefficient, y = a + j P 

A function of T 

Determinant of a matrix 

Surface roughness 

An increment of any variable, n 

Line correction for capacitance and inductance 

Skin depth 

Angle of the dielectric loss tangent, tanS 

Permittivity of free space = 8.854 x 10 _12 F.m _1 

Effective relative permittivity 

Even- and odd-mode effective relative permittivity 

Relative permittivity 

Intrinsic impedance of free space 

Even- and odd-mode transmission coefficient phase angles 

Coupling length in radians 

A general phase angle or electrical length 

Low-pass filter prototype value 

Wavelength; the microstrip line wavelength 

Free space wavelength 

Free space wavelength at the waveguide cut-off frequency 
Wavelength in high and low impedance lines 
Wavelength for a plane wave in the substrate material 
Permeability 

Permeability of free space = 47t x 1(T 7 H.nf 1 

Charge density 

Conductivity 

Discrete potential at node n 
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1.1 INTRODUCTION 

The basic elements of transmission line theory that are applicable to a wide variety of 
wave propagation problems are reviewed in this chapter. This basic theory will be 
built on in later chapters to describe the propagation properties of microstrip lines. A 
microstrip line is illustrated in Figure 1.1. The generation and processing of signals 
at microwave frequencies, say from below 1.0 to beyond 30GHz, these days are 
typically achieved in microstrip circuits using elements constructed from microstrip 
transmission lines and combined with semiconductor components. The line widths 
and substrate thickness are small while the circuit line lengths are generally a 
significant fraction of a wavelength. The planar geometry is particularly suited to 
production using photographic techniques to give the line patterns on a copper-clad 
substrate. At the upper end of the microwave range, complete subsystems including 
the active devices may be fabricated onto a single semiconductor slice. Within this 
book, however, emphasis will be placed at the lower frequencies to give a solid 
framework for the understanding of circuit design and operation. 

In this chapter on the basic theory of transmission lines, a two-conductor 
transmission line with a uniform dielectric material is considered. The complexities 
of a transmission line with propagation in a mixed air/dielectric environment as 
shown in Figure 1.1 will be described later in Chapter 3. 
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Figure 1.2 The equivalent circuit for a short length of transmission line 


1.2 PRIMARY AND SECONDARY PARAMETERS 

Consider a transmission line that has the distributed parameters for a short line length, 
Az, as illustrated in Figure 1.2. This incremental model is valid, provided the 
following conditions and assumptions are true: 

i) The line is a distributed system. Each infinitesimal element of the line is identical 
to all other similar length elements. 

ii) At any point along the line, the voltage V and current 1 are meaningful quantities. 
This is satisfied for a two-conductor transmission line that has a uniform 
dielectric material and is operating in a mode where all the fields are in the 
transverse plane (i.e. a transverse electromagnetic or TEM-mode). The voltage 
Y = -jE.d/ may be evaluated along any path between the two conductors. The 
current is the total longitudinal current flow in each conductor. 

iii) The inductance, capacitance, resistance and conductance per unit length (L, C, R 
and G) exist as the primary parameters of the line. The propagation coefficient y 
and characteristic impedance Z 0 , as secondary parameters for the line, will be 
derived in terms of these primary parameters. 

iv) All time variations will be expressed as e-i 00 ' with d(.)/dt ■ jco(.). 

The incremental voltage change for the short line length due to the current flow 
through the series components is given by 

AV = - Rl + fit] Az 

at] (i.i) 

The incremental current change, ignoring second order small quantities and assuming 
a voltage V across the shunt components, is 

AI = — GV + C~ Az 

* ( 1 . 2 ) 

In the limit as Az — r 0, 3V/3z and dl/dz may be obtained. 

The wave equation is an equation that gives the time and spatial dependence of 
either V or I. It is obtained for V by eliminating the current from these two first-order 
differential equations. Having used 3/3t=jo), time is no longer a variable and 3/3z 
becomes d/dz, giving 


= (R + jcot)(G + jcoC) V 


Transmission Line Theory 3 

An identical equation to (1.3) with the current, I, in place of the voltage may also be 
obtained. A solution to the wave equation (1 .3) for the voltage along the line is given 


by 

V 

= (V f e _YZ + V r e YZ ) eJ™ 

(1.4) 

where 

y 

2 

= (f? + jcoL)(G + jcoC) 

(1.5) 

Likewise 

1 

= (l f e~ YZ + I r e YZ )eJ wt 

(1.6) 


In general, the propagation coefficient y is complex, i.e. y = u + j(5, with a the 
attenuation coefficient in neper.m -1 , and p the phase coefficient in radian. rrT 1 . 

The term coefficient is used in preference to constant for a, P and y as it will 
soon be realized that, although these quantities may be constant with respect to time, 
they are generally frequency, material and geometry dependent. 

The neper for attenuation is based on using voltage, current or field strength 
ratios expressed in terms of natural logarithms. For example 


a = In 


V(z = 1 meter) 


V(z = 0) 


neper.m 


,-1 


(1.7) 


In practice, however, attenuation is frequently expressed in decibels (dB), the 
bel being a power ratio expressed in terms of logarithms to the base ten. Thus, in 
decibels 

[ P(z = 1 meter) ] 


a = 10 tog- 10 


dB.rri 


,-l 


(18) 


P(z = 0) 

Provided that the voltages in (1.7) are expressed at the same impedance level, then 
8.686dB s l.Oneper. 

The solution ( 1 .4) for the voltage from the second order differential equation has 
two independent parts, with coefficients Vf and V r . The first term, Vf e Jmt c -YZ , 
represents the forward wave that is traveling in the +z direction. Moving in the +z 
direction along a transmission line, the magnitude of the wave decays as Vf tT az and, 
at any instant, the phase of the wave progressively lags by e~iP z with increasing z. 
The second term, V r el 0)t e YZ , is the reverse wave traveling in the -z direction and is 
attenuated as z decreases. 

From (1.1) 

1 .. dV 

R + jcuf. dz (1-9) 


I 


I 


1 


R + jc oL 
Substituting for y from (1.5) gives 


-yVf e 7 Z + yV r e YZ 


I 


G + jO)C : 

2 

R + jtoi. J 



V f e 


-yz 


V r e 




>j(ot 


j'cot 


( 1 . 10 ) 


( 1 . 11 ) 


Considering either the forward or the reverse traveling wave, then the ratio of voltage 
to current for the wave is a constant, known as the characteristic impedance. When 
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(1.11) is compared with the solution of the wave equation in terms of the current 
(1.6), the characteristic impedance of the line is seen to be 


Zo 


R + jcoL * 
G + jco C 


( 1 . 12 ) 


with 



forward reverse 

wave wave 


(1.13) 


Note that a backward wave, as opposed to a reverse wave, is one that travels and 
decays in the +z direction while having a negative phase coefficient. Such a wave 
will not occur in the context of distributed microstrip transmission lines. 


1.2.1 Lossless transmission lines 

A lossless transmission line has both perfect conductors (i.e. R - 0) and a perfect 
dielectric material with no conduction currents flowing between the two conductors 
(i.e. G = 0). Therefore 


y = a 

+ jP 

= GwOQmC) 

(1.14) 

giving a = 0 



neper.m” 1 

(1.15) 

and P = w^/Tc 

radian.m -1 

(U6) 

The characteristic impedance for the lossless transmission line from (1.12) is 


Z 0 = 

JL 

1 

2 

n 

(1.17) 


C 



1.2.2 Low-loss transmission lines 

It is usual for a practical transmission line to be considered as a low-loss line. The 
mathematical requirement is that for the series impedance elements, R <c 0 )L, and for 
the shunt admittance elements, G <r coC. Inequality ratios of 1 : 100 will give 
approximately a 1% error in the attenuation and in the change of the phase coefficient. 
Since the resistance per unit length of a transmission line is dependent upon the depth 
of penetration of the current in the conductor, and this depth is found in §4.2.2 to be 
proportional to the square root of frequency, then the mathematical requirement for a 
low-loss line becomes more easy to achieve with increasing frequency. For a 
dielectric material, the ratio of the shunt current components, G/coC, is known as the 
loss tangent for the material and is substantially constant over a very wide frequency 
range for commonly used dielectric materials. Typical ratios for low-loss dielectric 
materials are less than 0.001 . 

Under the low-loss conditions, the following expressions are obtained for the 
secondary parameters. Rearranging (1.5) such that the loss ratios appear as small 
quantities compared with unity, gives the propagation coefficient as 



(1.18) 
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Ignoring the second-order small quantities, and thus taking only the first two terms of 
the series expansion for the square root, gives 

y = joWTc 1 - j ~r + ,, 

' 1 1 [2u)/. 2<oCjJ (1-19) 

In this expression, with no first-order small quantity to be added to p 

Plow-loss ~ Plossless = ' LC radian. m 1 (1.20) 

For the attenuation 


a = coVTC 

2co L 2c oC 


i.e. a = y + GZ 0 neper.m 1 

2 [Z 0 (1.22) 

where the characteristic impedance is the lossless value given by (1.17). 

The effects of loss on the characteristic impedance of the line are found from 
(1.12), where using similar series expansions reduces (1.12) to 


However, the characteristic impedance given by (1.17) is normally used, even for 
low-loss lines, since the perturbation terms allowing for the loss are insignificant at 
microwave frequencies. 

1 .2.3 Velocities and wavelengths 

The phase velocity 

To travel along the transmission line at the velocity of the forward voltage wave and 
maintain a constant phase requires 

tot - Pz = constant (1.24) 

This velocity is known as the phase velocity. Consider a point on the wave shown in 
Figure 1.3 that has traveled from zj at tj to Zj at t 2 . Keeping the phase constant 

tot! ~ P z l = w, 2 - P z 2 (1-25) 



Figure 1.3 Evaluating the phase velocity 


1 
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Now with the phase velocity given as the distance traveled by the constant phase front 
per unit time along the line then, from (1.25) 


v phase 


b ~ ti 


03 

p 


(1.26) 


For a low-loss transmission line with (3 = coV LC 


v phase 


1 

He 


v phase 


(1.27) 

The phase velocity in an air-filled transmission line is approximately equal to the 
velocity of light, c, in free space with c = 2.997925 x 10 s m.s -1 . The capacitance of 
a line that is uniformly filled with a dielectric material, relative permittivity e r , is 
proportional to £ r . Thus 

C _1 

- 7 = m.s 1 

(1.28) 

Substituting for L which is independent of the dielectric material, it follows from 
(1.27) and (1.17) that for any dielectric-filled transmission line 

z 0 = — x ~— n 

'phase*-- (1.29) 

where C is the capacitance per unit length of the line. However, for both transmission 
lines with losses and for waveguides modes where the fields are not entirely in the 
transverse plane, the phase coefficient P is not proportional to to. Therefore, in these 
cases, the phase velocity will be frequency dependent and dispersion will occur. 

The group velocity 

It is necessary for a band of frequencies to be transmitted if information is to be 
conveyed in a signal. Consider the case of a wave represented by the two 
components 

e j((t»+da))t-(P+dP)z) + e j((a>-do))t-(P-d(5)z) = 2 cos(dco.t - dp.z) ei* 0 * ~ P z > (1.30) 

The envelope of the wave is given by cos(dco.t - dp.z) . Maintaining the phase of the 
envelope constant leads to the envelope or group velocity, namely 
_ dco 

Vgroup - d p (i. 31 ) 

Any variation of the slope (d<o/dP) with frequency across the spectrum of the signal 
that is being propagated will result in "group delay distortion" and the information 
content of the signal will be corrupted. 

The line wavelength 

For a forward traveling wave, the voltage along a lossless line is given from (1.4) by 
Vf e j(c°t — P z ) = Vfejf (1.32) 

At any time t, two points on a transmission line that are separated by one wavelength 
have a phase difference of 27t. Therefore, at z and (z + X), with a phase difference of 
<h = 2 n 


cot - Pz = cot - p(z + A.) + 2n 


(1.33) 
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1 

i 

« 

f 

i 

i 

5 

I 

i 

! 


0 2g . 2 k 

giving P = X X = T (1.34) 

where X is the wavelength along the transmission line at the frequency of operation. 
In terms of the free space wavelength Xq and the relative permittivity e r of the 
uniform dielectric material 
„ 2KyfeT 

P = — radianm " (1.35) 

and X = XoA/17 m (1.36) 

These two equations are applicable to the transverse electromagnetic (TEM) mode of 
propagation only. However, they will also be used for microstrip transmission lines 
under quasi-static approximations by using an effective relative permittivity e e (f to 
replace e r . 


r 

$ 

i 

y 


i 


Example 1.1 

A coaxial transmission line, filled with a uniform dielectric medium, has the 
following primary parameters at 1.0GHz 

L = 250nH.m _1 , C = 95pF.nT 1 , /?= 1.6£2.m -1 and G = 600pS.m _1 

i) Verify that the line may be treated as a low-loss transmission line. 

ii) Calculate the characteristic impedance and the attenuation and phase coefficients 
at 1.0GHz. 

iii) From the phase coefficient, calculate the wavelength along the line and the 
relative permittivity of the uniform dielectric medium. 


Solution: 

i) The line is low-loss at 1.0GHz if fl« col and G -c toC. Now with 

R : (OL = 1.6 : 2 rtx 10 9 x 250x 1(T 9 = 1 : 982 

G : coC = 6 x 10 -4 : 2jix 10 9 x 95* 1CT 12 = 1 : 995 
it is seen that the low-loss inequality is well and truly satisfied. 

ii) From (1.17) 


Zn = 


\L) 

1 

2 

250 xlO ' 9 

l C i 


95 x 10 -12 


= 51.3n 


From (1.22) 


a 


+ 6 x 10~ 4 x51.3 


i.e. a = 0.031 neper .m 1 = 0.27 dB.m 1 

From (1.20) 

p = coVTC = 2rtx 10 9 |250x 10 _ 9 x95x 10 -12 
i.e. P = 30.62 radian.m -1 
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iii) The wavelength along the line at 1.0GHz 

.. 2 k .. 2rt 

X - (5 “ 30^2 = a205m 

and is seen to be less than the free space wavelength of 0.30m. Finally, from 
( 1 .36), the relative permittivity of the dielectric medium 



1 .3 TRANSMISSION LINES WITH A LOAD TERMINATION 

The equations for the total voltage and current on a transmission line are 



V = Vf e“' l ' z + V r e? z 

(1.37) 

and 

i t -vz r vz Vfe“7 z _ V r e YZ 

I = Ife ' z + I r e YZ = —5 £ 

z 0 

(1.38) 


In (1.37) and (1.38), a time dependence of e^' is implied. The forward wave 
represents transmission along the line from the source to the termination or load at the 
far end of the line. At the point where the load is connected to the transmission line, 
a reflected wave may be set up on the line and will propagate back towards the 
source. 

Let a load impedance Z L be placed on a line of characteristic impedance Zq. It 
is convenient to choose the load plane at z = 0, as it is at this plane that the 
relationship between the reverse and forward waves will be evaluated in terms of the 
voltage reflection coefficient, T L . Thus, for a line of length l, the input to the line will 
be at the plane z = at which plane the ratio of total voltage to current will give the 
input impedance while the ratio between reverse and forward waves will give an 
equivalent input reflection coefficient. These parameters are illustrated in Figure 1.4. 


Z L 


z=-f z=0 

-« / ► 

Figure 1.4 A transmission line with a load termination 
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1.3.1 Reflection coefficients 

At the load plane where z = 0, the load voltage and current are 


V L = V f + v r 

(1.39) 

Vf - v r 

and I L - If + I r or I L - 

z o 

(1.40) 

Therefore, at the load plane, the load impedance 


_ V L _ Vf+ V 
Zl ■ It • Vf-v r xZ ° 

(1.41) 

This equation may be written as 


z L i + (v r /v f ) 

z 0 1 - (V r /Vf) 

(1-42) 


where z L is the load impedance, normalized to the characteristic impedance of the 
transmission line. Substituting for the voltage reflection coefficient at the load, 
1 r L = V r /Vf 

! = i + r L 

! Zl i - r L (i.43) 

while rearranging gives the reflection coefficient at the load 
{ p _ Z L - Zq _ Z L ~ * 

| 1 Z L + Z 0 z L + 1 (1.44) 

*' 

f The reflection coefficient at any point on the line and, in particular, at the input 

i to the line at z = -/ is the ratio of the reverse to forward wave voltages at that point, 

j In general, this value will be a complex quantity. Thus, from (1 .37) 

j Ml Ml 

ln V f e~' l ' z " V f etf (1.45) 

giving Ij n = r L e -2 '^ at the input to the line. ( 1 .46 ) 


1 .3.2 The voltage standing wave ratio 

The voltage standing wave ratio (V.S.W.R.) is the ratio of the maximum to minimum 
voltages of a standing wave on a transmission line. 1 



The maximum voltage 

+ 

II 

|V r | 


f 

| 

The minimum voltage 

= |Vf| - 

|V r | 


! Hence, i 

the V.S.W.R. 




t 

s 

j 

|Vf| + |V r | 
|Vf| - |V r | 



(1.47) 

or 

i + |r L | 




' 1 - |r L | 



(1.48) 
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When the line is terminated with a matched load, i.e. Z L = Z 0 , then from (1.44) it is 
seen that there are no reflections, r L = 0, giving S = 1. Please note that in some 
publications, the V.S.W.R. is defined as the ratio of the minimum to maximum 
voltages, giving S < 1. In comparing (1.43) and (1.48), it is seen that when r L is real 
and positive at a voltage maximum, then z L = S. Thus the input impedance at a 
voltage maximum on a transmission line is 

Z; n = SZq (1.49) 


Example 1.2 

A 7512 characteristic impedance line is terminated with a load that has an impedance 
of (68 -j 12)12. Calculate 

i) the voltage reflection coefficient at the load, 

ii) the V.S.W.R. along the line, 

iii) the position of the first voltage minimum from the load, 

iv) the impedance at the plane of the voltage minimum. 


Solution: 

i) From (1.44), the reflection coefficient at the load is given by 

r = (68 ~j 12) - 75 = 13.89/- 120,3° 

L (68 - j 12) + 75 “ 143.5 /-4.8° 

i.e. r L = 0.097 /- 115.5° 

ii) From (1.48), the V.S.W.R. 

S = 1 + 0 097 _ 

^ 1 - 0.097 ~ 1215 

iii) The magnitudes of the forward and reverse traveling waves remain constant 
along a lossless transmission line. At a voltage minimum the reflection 
coefficient is real and negative, i.e. /±180° . If / is the distance of the voltage 
minimum plane from the load, then r in from (1.46) gives the reflection 
coefficient at that plane, T. 

Thus T = r L e~J 2 P / 

or 0.097 /+ 180° = 0.097 /-1 15.5° x e~J 2 P f 

2 71 


giving 

Substituting 


-20/ = :—r(-180+ 115.5) = -1.126 


360 

0 = In IX, then 
, 1.126 A. 


471 


= 0.09 X 


iv) At the voltage minimum, from (1.43) 

1 + r 


giving 


Z = 
Z = 


"°'l - 
61.712 


with T = -0.097 
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1 .3.3 Related parameters 

The effects of a given voltage reflection coefficient on a transmission line may be 
interpreted in several ways. Taking a linear scale of | T| as the fundamental quantity. 
Figure 1.5 illustrates its relationship to other quantities. 



REFLECTED RETURN U o WR REFLECTION TRANSMISSION TRANSMITTED 
POWER LOSS COEFFICIENT LOSS POWER 

% dB |T| dB % 


Figure 1.5 The various relationships between the forward and reflected waves on a 
transmission line, given by drawing an appropriate horizontal line on the chart 
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i) The reflection coefficient is associated with a standing wave created by the 
forward and reverse traveling voltage waves as seen in (1.48). 

ii) The reflection coefficient is associated with power being reflected back from the 
load. In particular, this reflected power may be expressed as a return loss in dB. 
The input match of a microwave component may be quoted either as an input 
V.S.W.R. or as a return loss. 

iii) Knowing the reflected power from the load, the transmitted power to the load 
may also be given, either as a percentage of the input power or in terms of a 
transmission loss in dB, 


1 .3.4 The transmission coefficient 

At the discontinuity, represented in Figure 1.6 by an element in parallel across the 
transmission line, the total voltages on either side of the junction must be identical. 
Therefore at the plane z = 0, taken as a local reference plane 

V f + V r = V, + 0 (1.50) 

since there is no wave reflected from the matched load back to the discontinuity. 
With the transmission coefficient defined as T = V t /Vf, it follows that 

T = 1 + T (1.51) 

where T is the voltage reflection coefficient just to the left of the shunt component. 



DISCONTINUITY 
AT Z = 0 

Figure 1.6 Propagating wave voltages at a line discontinuity 

Example 1.3 

Consider a series element, Z, in an otherwise matched transmission line. Derive the 
voltage transmission coefficient in terms of the voltage reflection coefficient at the 
input plane to the discontinuity. 

Solution: 

As shown in Figure 1.7, let (V f ,I f ), (V r ,I r ) and (V t ,I t ) be the voltages and 
currents of the input, reflected and transmitted waves respectively. For a series 
connected element 

It = If + Ir 

Multiply both sides by Z 0 and note from (1.13) that V t = Z 0 I t , Vf = Z 0 I t - and 
V r = — ZqIj., which gives 

V t = V f - V r 
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5 and 

| Thus 

5 

\ 

\ 

l 1.4 THE INPUT IMPEDANCE 

■ The input impedance Zj n for a lossless transmission line depends on three parameters: 

the characteristic impedance of the line Z 0 , the electrical length of the line p/, and the 
load impedance Z L . A knowledge of the variation of the voltage reflection coefficient 
; along a transmission line is used to derive the input impedance in three basic steps. 

; They are: 

i) the reflection coefficient at the load is given in terms of the load impedance, using 

{ (1.44), 

ii) the reflection coefficient at the input is given in terms of the reflection coefficient 

i at the load, using ( 1 .46), and 

iii) the input impedance is given in terms of the reflection coefficient at the input. 
The general relationship between the impedance at any plane along a 
transmission line is related to the reflection coefficient at that plane, in the same 
way as occurs at the load plane in (1.43). 

; Commencing at the input plane with step (iii) and progressing towards the load 

, through steps (ii) and (i), the following expressions are obtained 


~ [ 1+r in] „ fl + r L e-i 2 P'j 

,n 0 i-r in ) - z ° i _ r L e-i^J 

(1-52) 

^ f(Z L + Z 0 )ejP' + (z L -z 0 ) e -& 
0 [(Z L + Z 0 )eJP' - (ZL-Zoje-jP'J 

(1.53) 

• • ^ Z[,cos(p/) + j Z 0 sin(p/) 

0 |z 0 cos(p/) + jZ L sin(pO 

(1.54) 

For admittances, take the reciprocal of each side of (1.54), rewrite each impedance 
with the appropriate Z = 1/ Y and rearrange to give 

y Y Y L cos(p/) + j Y 0 sin(PO 

ln °|Y 0 cos(pO + jY L sin(pO 

(1.55) 






■ 
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Example 1.4 

Calculate the input impedance to a X/8 long 5011 characteristic impedance line that is 
terminated with a 10011 load impedance. unpeoance line that is 

Solution: 

For a X/8 line, p/ = = j , giving cos(p/) = sin(P/). Thus, from (1.54) 


for this particular case 


Z L + jZ 0 


giving 


“ u l Z 0 + j Z L j 
= 50x jO P + j 50 

50 + j 100 

z in = 50 /- 36,87° = (40 -j 30)11 


EXERCISES 

11 unifomi ■ but conductor shapes and a 

p ■ ■ W* 131 1S the charactenstic impedance of the transmission line? 

r V V.S q w.r ““ rc ‘ aIe ^ f0 " 0Wing ' em,S ‘° rcfleCti ° n coefficient magnitude, |r|: 

ii) percentage power reflected, 

iii) return loss, in dB, 

iv) percentage power transmitted, 

v) transmission loss, in dB. 

Evaluate each of these quantities for | r | = 0.0 1 , 0 1 0 3 and 1 0 

*— » - ■* 

15 ^FirJz “HT ^ ? r ““ followi "S s f* cial Of cerminsied irsnsmission lines: 

) rina z in , if Z L -Z 0 for all values of /. 

ii) Find Zj n , if Z L = oo for ; = X/4 and X/2. 

hi) Find Zj n , if z L = 0 for / = X/4 and X/2. 

case? 2 '" ' f Zl_0 and 1 = ,S ■ Is ^ ln P ut impedance capacitive or inductive in this 
v) Find Zin ■ if Z L is real and / = X/4 . 
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2.1 THE SCATTERING MATRIX 

In high frequency work, two-port networks are best characterized in terms of 
scattering parameters, rather than in terms of the admittance or hybrid parameter 
representations that interrelate the actual port voltages and currents in a simple 
manner and are used at lower frequencies. Scattering parameters are defined in terms 
of traveling waves, which are the natural variables to be used in a transmission line 
environment, and are popular because: 

i) Matched loads are used in their determination. At microwave frequencies 
matched loads are relatively easy to realize, while the short and open circuits 
required for the traditional low frequency parameters are much more difficult to 
achieve and, furthermore, are more likely to make an active device unstable. 

ii) When only the magnitudes of the scattering parameters are required, it is not 
necessary to be concerned with the position of the reference planes, that is, the 
planes at which the device under test begins and the connecting test network 
ends. The position of the reference planes only affects the phase of the scattering 
parameters. 

For these reasons and the fact that instruments to achieve the required 
measurements are readily available, scattering parameters are used almost exclusively 
at microwave frequencies to characterize both active and passive networks. In this 
section, scattering parameters are defined and their evaluation is described. The 
scattering parameters are introduced via traveling waves in transmission lines 
connected to the network. The definition is then extended in §2.1.3 to include the 
more general situation, where transmission lines do not necessarily exist. An active 
source is described in traveling wave terms in §2.1.4, leading to the evaluation of the 
available power of a source in §2.1.5. 

2.1 .1 Traveling waves and scattering parameters 

Consider a two-port network with transmission lines connected to it as illustrated in 
Figure 2.1. The traveling waves in these transmission lines will be the variables that 
are used to characterize the two-port network. 

For a linear two-port network, there are linear relations among the incident and 
reflected wave variables that may be expressed in matrix form. 


en" 


S 11 s 12 


e il 

, e r2. 
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Figure 2.1 Incident and reflected waves at the input and output of a two-port network 


The resulting matrix is known as the scattering matrix and the elements as the 
scattering parameters of the two-port network. Using an alternative notation, the 
equation may be written as 


^1 


s; s r 


eil 

en 


Sf s D 


ei 2 


( 2 . 2 ) 


In (2.1) and (2.2) the following four points should be noted as they are important in 
the understanding of scattering parameters: 

i) The convention is to take the waves traveling towards each port of the two-port 
network as the incident waves. 


i*) 


A traveling wave, whether incident or reflected, has both voltage and current 
components, as illustrated in Figure 2.2. For the incident and reflected waves 


e il _ £n 
ii...: in 


Z 0 


(2.3) 


where Z 0 is the characteristic impedance of the transmission line. Note that the 
currents are taken as positive in the direction of wave propagation. The currents 
ii! etc., as traveling waves, may just as readily be used as the variables to obtain 
the identical scattering parameters. In fact, the variables that are often used are 
the a’s and b’s defined as 


«t 



= iiiVZp 



INCIDENT WAVE DIRECTION 


REFLECTED WAVE DIRECTION 



Figure 2.2 The voltage and current components of traveling waves 
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>rl VZq 


Thus, in terms of the scattering parameters 
r b ! 1 f s i s r 1 fa.l 


l b 2j L s f S °J L a 2 J (2.5) 

Choosing these variables is convenient, because the expressions for power flow 
are simplified. For example, in the incident direction 

power flow = | a | 2 - | b | 2 

l e i ! 2 _ M 2 

z 0 z o (2.6) 

The variables a and b are called "power waves". 

iii) Even though the concept of traveling waves is considered, it must be remembered 
that they are waves at some particular point, e.g. waves at the input plane. In 
order to evaluate the wave variables at other planes along the connecting 
transmission lines, the variables are multiplied by phase factors. 

iv) Even though the discussion has been in terms of a two-port network, scattering 
parameters can readily be defined for networks with more than two ports; see 
Exercises 2.1(vii), 2.2 and 2.3. For example, for a three-port network 

b t s u s 12 s 13 a t 

b 2 “ S 21 s 22 s 23 a 2 

b 3 S 31 s 32 s 33 a 3 (2.7) 

The short-hand notation of (2.2) for the scattering parameter subscripts is not 
suitable if more than two ports are involved. 

2.1.2 Scattering parameter evaluation 

From the defining equations (2.2), if there is no incident wave at port 2, then 
s i ~ 

e il ej, = 0 


e il I ej2 = 0 
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Figure 2.3 The traveling waves when the ouput is matched 


Now, e i2 = 0 is ensured by having a matched load at the output shown in Figure 2.3, 
where all the connecting transmission lines have the characteristic impedance Z 0 . 

Thus S; = the input reflection coefficient with the output matched 

; and sp = the forward transmission coefficient with the output matched. 

Similarly, to obtain s r and s 0 , the input and output ports are reversed for test purposes 
to give 

s 0 = the output reflection coefficient with the input matched 
and s r = the reverse transmission coefficient with the input matched. 

Example 2.1 

Calculate the scattering parameters of each of the following two-port networks, all 
normalized to Z 0 , as illustrated in Figure 2.4. For each case, it may thus be assumed 
that the two-port networks are connected at both the input and output to transmission 
lines of characteristic impedance Z 0 . 

Solution: 

Circuit (a) 

In the case of circuit (a), the phase change due to the propagation delay through 
the 0.6 X length of transmission line with no reflections for the input or output 



(c) (d) 


Figure 2.4 Two-port networks, the scattering parameters of which are to be evaluated 
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(Z„) 





(Zo) 

(a) 





Figure 2.5 Evaluating the scattering parameters of Figure 2.4b. (a) Figure 2.4b embedded 
into two transmission lines of characteristic impedance Z 0 . (b) Evaluating the scattering 
parameters of the central pan of Figure 2.5a. 


ports, i.e. connected to Z 0 lines, is 1.2 n radians. This is represented by e in 
the scattering matrix 

0 e' jl:2,c 

e -jl.2Jt Q 

This case is so simple that a formal solution is not necessary. 

Circuit (b) 

To calculate the scattering parameters for circuit (b), connect transmission lines 
of characteristic impedance Z 0 to it as in Figure 2.5a. First of all, calculate the 
scattering parameters of just the section containing the resistor Z 0 connected 
across the line, redrawn as a line of zero length in Figure 2.5b. For this section of 
zero length, s; is given by the input reflection coefficient Tin with the output 
matched, i.e. Hn in this case is given by 
z in ~ Z 0 

in “ Zin + Zo (2.9) 

In this case, Zj n is given by the resistance, Z 0 , in parallel with the load 
impedance Z 0 , i.e. Z; n = Z 0 /2. Thus 

s i = Fin = ~ i 

To evaluate sp, an incident wave e;i is launched in Figure 2.5b and the total 
voltage that results at A-A, as a result of e;i and the reflected wave e^ being 
simultaneously present at A-A, is evaluated. This total voltage is thus 
(l-t-Si)ej! = (2/3) e^ [ . Looking at A-A from the output side, the total voltage at 
A-A is also equal to e^-F e^, the sum o"f the incident and reflected waves at A-A' 
at the output side. Since e; 2 = 0, there being a matched load on the output side, it 
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follows that e^ = (2/3) ej,. Thus Sf= 2/3. By virtue of the symmetry of input to 
output, s Q and Sj in Figure 2.5b are identical to Sj and Sf respectively. 

The scattering parameters of the zero length section in Figure 2.5b are thus 

_1 1 
3 3 

2 _ 1 
3 3 

To get the scattering parameters of the full circuit in Figure 2.5a, the scattering 
parameters for the resistor in a zero-length of line are modified by the addition of 
appropriate phase factors. The phase shift introduced by a 3X/8 length of line is 
135°. Comparing the e^’s and e^’s for the two-port networks in (a) and (b), the 
ej] in (a) leads the ej, in (b) by 135°, while the ej, in (a) lags the e rl in (b) by 
135°, making the sj = -(l/3)e~ j270 °. Similarly, the additional phase shift 
introduced to Sf (and s r ) is -(135° + 90°) and to s 6 is 2 x (-90°), making the 
scattering parameters of the complete two-port network in Figure 2.4b 
_, /je -j27°‘> % e -j225° 

VS e"j 225 ° - 1 /, e^ 180 ° 

Circuit (c) 

The scattering parameters of Figure 2.4c will now be evaluated. The electrical 
length of this two-port network is zero (i.e. A / = 0). Again, connect transmission 
lines of characteristic impedance Z 0 to the two-port network and match the output 
line. Now, s; is given by r in in terms of Zj n , where Zj n is equal to Z 0 /2 in series 
with another Z 0 /2, the latter being due to the parallel combination of the Z 0 
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Z 0 /2 

V 2 = (!4)V 1 ( Z »^ 

= e i2 + e r2 , , 

(a) 
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Figure 2.6 The circuits for evaluating the scattering parameters of Figure 2.4c, showing the 
circuit (a) for s; and sj, and (b) for s r and s 0 
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across the line and the matched line. This makes Z in = Z 0 , leading to Sj = 0. 
Referring now to Figure 2.6, since Sj = 0, it can be seen that the total voltage at 
the input, V,, becomes equal to q,. As Z 0 /2 and Z 0 ||Z 0 form a potential divider 
network, this in turn makes the total voltage at the output 


V, = 


ZqIIZq 

Z 0 /2 + Z 0 ||Z 0 


= i«4t 


The matched load condition ensures that ej 2 = 0, making e r2 = V 2 . Thus 
Sf = e^/eji gives Sf= 1/2. 

To determine s 0 and s r , apply an e; 2 test incident wave to the output and 
terminate the input in a matched load as shown in Figure 2.6b. Thus the output 
has become the input for test purposes. Proceeding as before, the output 
impedance in Figure 2.6b is determined to be 

z out = (Z 0 )||(Z 0 + Z 0 /2) = 0.6 Z 0 
giving s Q = r out = = -0.25 

2-out + *-0 

Thus, ej 2 produces a total output voltage 

v 2 = (1 + s 0 )e i2 = 0.75 e i2 

With the potential divider network Z 0 /2 and Z 0 at the input, the total voltage at 
the input V! =(l/2)e; 2 . Since again e rl = V lf this makes s r = 1/2. Hence the 
scattering matrix for Figure 2.4c is 



i _ 1 
1 4 


Circuit (d) 

Turning now to Figure 2.4d, proceeding in exactly the same way as for circuit (c), 

the matrix for the scattering parameters of the network is given as 

1 1 
7 7 

1 i 

7 "7 


In this last example the solution was obtained in a physical manner by following the 
various traveling waves through the networks. Scattering parameters may also be 
obtained by solving the circuit equations in terms of voltages and currents and using 
the general scattering parameters definitions of the following section. Yet another 
way of calculating scattering parameters would be to calculate any other set of two- 
port parameters, say the admittance, hybrid or transmission parameters, and to use 
conversion formulae to convert from them to the scattering parameters. Tabulations 
of such conversion formulae exist (e.g. Gonzalez [2.2]). 

However, the approach that has been adopted in this example is recommended 


x. 
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for the majority of cases, because it is quite simple and provides considerable 
physical insight. Other techniques of calculating scattering parameters are just 
mathematical manipulations, and do not provide such physical insight. 

2.1 .3 General definition of scattering parameters 

As a starting point, the total voltage V, and the total current Ij at the input are 
evaluated in terms of the traveling wave components at the input. The power wave 
variables, and thus the scattering parameters, are then expressed in terms of these port 
voltages and currents. In Figure 2.1, while only the voltage components of the 
traveling waves are labeled, it must be remembered that the waves have both voltage 
and current components, as illustrated in Figure 2.7. The voltage and current at the 
input plane are given by 

Vi = ejj + er! 

and I ( = ij] - i rl (2.10) 

with a similar pair of equations for the output plane. Solving for the traveling wave 
voltages and currents and using (2.4), it is found that the power wave variables are 
given by 

v l + Z 0 I, 

31 " 2 s/Zo 

, _ Vt - Zpl, 

bl = 2s/Zo 
V 2 + Z 0 I 2 

a2 = 2^Z 0 

. _ V 2 ~ Z 0 r 2 

2 2-n/Zq (2.11) 
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Figure 2.7 (a) The traveling wave components at a point on a line and (b) the total voltage 
and current at that point 
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TT-iese equations may be regarded purely as a transformation of variables i e 
given the total voltages, V, and currents, I, the a and b variables are obtained and used 
to define the scattering parameters using (2.5). This may be done even at d c but 
then the interpretation in terms of traveling waves is not as immediately obvious 
though such an interpretation is still possible. It is important to note that this 
transformation of variables involves a normalizing impedance Z 0 . In principle this 
impedance can be any impedance, but a physical interpretation will only be possible 
for certain selected impedances. In general, Z 0 may be complex, in which case the 
definition of the power wave variables is as follows 
V, + Z 0 I, 


2fReZ 0 


Z n *I 


0 1 ! 


a 2 


bo = 


2'[r7T 0 
Vz + Z 0 I 2 
2fReZ 0 
V 2 - Z‘[ 2 


2fReZ 0 ( 2 . 12 ) 

Them is no requirement in (2.12) that the normalizing impedances must be the same 
at both the input and output. 

To obtain a physical interpretation in the general case, the following result to be 
proved as Exercise 2.6, is used. If V and I are the voltage and current at the terminals 
ot a source with an internal impedance Z s , as illustrated in Figure 2.8 and 
V + Z S I 


a = 


b = 


2 V^eZj 

V - Z*l 


then 


*«(VI*) = | a | 2 - |b| 2 


(2.13) 

(2.14) 


a 1 J V ) 1S ! he p0wer del,vered by the source terminals. This power becomes the 
available power from the source when the load connected to the terminals is equal to 
Z s in which case b - 0. Thus it is seen that |a| 2 is the available power of the source. 
a * . IS tle P° wer launched by the source towards the load and, if the load is 
conjugately matched to the source, all of this power is absorbed and none is reflected. 



Figure 2.8 An active source 
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-*| (— A/ = 0 


Figure 2.9 The traveling waves in a line of zero length 


For other loads, some power, i.e. |b| 2 , is reflected back and the net power absorbed 
by the load is | a | 2 — |b| 2 . 

To summarize, the a’s and b’s are defined in terms of terminal voltages and 
currents at the input and output with the scattering parameters being defined in terms 
of the a’s and b’s. A physical meaning to the a’s and b’s may be attached when the 
normalizing impedance Z 0 is chosen in specific ways: 

i) When Z 0 is chosen to be the characteristic impedance of a transmission line, then 
the a’s and b’s are the incident and reflected waves in the transmission lines 
connected to the two-port network. 

ii) When Z 0 is chosen to be the impedance of a source, then the a’s and b's may be 
interpreted as power waves in the manner discussed above. 

iii) When Zq is some other impedance, the a’s and b’s still have meaning, if a 
transmission line of infinitesimal length and characteristic impedance Z 0 is 
thought of as connecting the source to the two-port network. The a’s and b’s are 
then the traveling waves in this infinitesimally short length of line, as shown in 
Figure 2.9. 

This concept of waves in a line of zero length will be very useful on a number of 
occasions in this and following chapters. 


2.1.4 Active source representation 

Take an active source with an open-circuit voltage V s and internal impedance Z s 
connected to a line of characteristic impedance Z 0 and producing at its terminals the 
voltage V and the current I. The a and b waves that result in the line are a function of 
the parameters of the source and also of the termination at the other end of the line. 
The source and the load each provide a linear equation connecting a and b. The 
solution of these two equations gives the a,b that result. 

The relation between the a and b waves imposed by the parameters of the 
source is now obtained (i.e. the source is characterized in traveling wave terms). 
Referring to Figure 2.10, solve for a and b as before and further impose the condition 
V s = V + Z S I. This yields 

a = a s + r s b (2.15) 


a 


s ~ 



e s 


V s 


Zp 

z 0 + z s 



where 


(2.16) 


f 
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Figure 2.10 The traveling waves at the terminals of an active source 


and r s is the reflection coefficient of Z s with respect to a line of characteristic 
impedance Z 0 . 

The wave a s is the wave that is launched into a line of characteristic impedance 
Z 0 by a source V s , Z s . The wave a s is the only wave that travels in the line if the line 
is matched at the other end. If there is a mismatch at the load end of the line, then the 
wave b is reflected back towards the source. In turn, b is reflected at the source to 
produce the wave T s b. The wave T s b combines with a s to give the resultant wave "a", 
t is important to note that the (sinusoidal) steady state situation is being considered 
and the traveling waves that are being referred to are waves that have resulted in the 
steady state. Transient conditions are not being dealt with here. The reflected wave b 
is produced by the total wave "a" and not just a s . 


2.1.5 Available power 

Take an active source Z s , characterized alternatively by a reflection coefficient C, 
connected to a load Z L (T L ). Imagine the connection between the two as consisting of 
a line of infinitesimal length A l and characteristic impedance Z 0 and supporting the 
traveling waves a,b as illustrated in Figure 2.9. The source will deliver its available 
power, P av , when Z s = Z L (or equivalently when T s = f L ‘). 


Now 

and 


a = 
b = 


a s + 
r, a 


r,b 


(2.17) 

(2.18) 


which gives a = 

I - r s r L 

and the power into load = | a | 2 - | b | 2 


(2.19) 

( 2 . 20 ) 


Setting T s — f [ together with A/ = 0 gives 

P __W 2 

1 av — 


l 


l r sM 


1 - l r J 2 
I i - r s r L | 2 


( 2 . 21 ) 


( 2 . 22 ) 


Note 

The word matched" may be used in two different senses: (a) matching for no 
reflection, or (b) conjugate matching for maximum power transfer. Sometimes 
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matching in both senses is accomplished simultaneously. In general, however, one or 
the other but not both may be achieved. 

Further insight on this point is provided by the following result that is to be 
proved as Exercise 11.1. For a lossless reciprocal two-port network 

r s = r in <=> r L = r out (2.23) 

This result shows that if, say, one has a source with an internal impedance Z 0 , that is 
to be conjugately matched to some load Z L then, if a lossless network that is inserted 
between Z 0 and Z L achieves conjugate matching at the Z L end, conjugate matching 
will also result at the Z 0 end. Further, since Z 0 is real, this means that the source sees 
Zq and the input is matched for no reflections as well. One thus can achieve matching 
for no reflections and conjugate matching at the same time if a lossless network is 
used for the matching. 

2.1 .6 Some comments and a few useful results 

i) The reader will have noted that the scattering parameters of the circuits in Figures 
2.4c and 2.4d, as worked out in Example 2.1, give a symmetrical scattering 
matrix with Sf = s r , even though the two circuits are decidedly non-symmetrical. 
This is because both these circuits are reciprocal, i.e. circuits that obey the 
reciprocity theorem. Any circuit consisting of resistors, capacitors, inductors, 
transformers and lengths of transmission line will be reciprocal. Any circuit that 
happens to be symmetrical, whether reciprocal or not, will of course have a 
symmetrical matrix, but the converse does not hold. 

On the other hand, an active network such as a transistor will not be 
reciprocal. In fact, for a transistor it is desirable for Sf to be as large as possible 
and for s r to be as small as possible. A two-port network for which s r = 0 is 
known as a unilateral two-port. Thus a unilateral two-port network is one that 
works only in one direction, while a reciprocal network is one that, in a sense 
(and in a sense only), acts equally well in both directions. Unilateral and 
reciprocal two-port networks may be regarded as the extreme limits between 
which the action of most active two-port networks lies. 

Sometimes deliberate steps are taken to unilateralize a transistor, i.e. making 
Sr = 0, for stability reasons. Unfortunately, in general this can only be achieved at 
a spot frequency and unilateralization over a broad band is not possible. One 
then settles for the next best thing, namely the minimization of s r . This is known 
as neutralization. Neutralization can thus be regarded as imperfect 
unilateralization. Finally, one may just simply assume s r = 0 for design purposes. 
More will be said about this unilateral approximation in Chapter 1 1 . 

ii) [S] is a unitary matrix for a lossless network, as shown in Exercise 2.5. 

iii) Input and output reflection coefficients of a two-port network, see Exercise 2.4(i), 
are given by 


c. 



28 Chapter 2 


and 


s r s f 


Is 


(2.24) 


Thus rj n — f(r L ) and r out — f(r s ), unless the network is unilateral, in which 
latter case r in simply equals s; and r out equals s 0 , irrespective of r L and T s . This 
result leads to a great deal of simplification in Chapter 11, when the unilateral 
approximation is used in maximizing the power gain. 


J 


2.2 TRANSMISSION (ABCD) AND y-PARAMETERS 

Although scattering parameters are undoubtedly the most useful and the most 
commonly used parameters for characterizing a two-port network constructed with 
microstrip lines, they do not always present the simplest way of dealing with certain 
problems. Occasionally a more elegant description results when other parameters are 
used. The authors do not believe in slavishly sticking to the exclusive use of 
scattering parameters purely for the sake of consistency, when other parameters may 
give answers more succinctly. 

In this section, transmission and y-parameters are revised on the assumption that 
the reader is acquainted with them. Transmission parameters are also used here, with 
the aid of examples, to derive useful equivalent circuits for transmission lines. 

2.2.1 Transmission parameters 

The transmission parameters are most useful when two-port networks are cascaded. 
Multiplying the matrices of the individual two-port networks (in the correct order) 
simply gives the transmission matrix for the combination. 

Given the (total) voltages and currents of the two-port network in Figure 2.11, 
the transmission or chain matrix [ T ] is given by 


= T 


V 2 

-h 


(2.25) 


or in terms of the individual matrix elements 


V 


A B 

v 2 


*1 j 


C D 

- J 2. 

(2.26) 



CNPUT) ■ (OUTPUT) 

Figure 2.11 The voltages and currents for a two-port network 
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A, B, C and D are often used as the symbols for the individual matrix elements and 
thus the transmission matrix is also commonly known as the ABCD-matrix and the 
parameters as the ABCD-parameters. 

It is important to note that the current variable on the port 2 (output) side is 
taken as -I 2 . This is so as to make the output current in the same direction as the 
input current of the next stage in a cascade, thus making the matrix [ T ) of a cascade, 
[ Tj ] followed by [ T 2 ] 


' = | Tl ) ' 


(2.27) 

To determine individual A, B, C, D parameters, either V 2 or I 2 is set to zero in 
the appropriate defining equation to eliminate the parameter that is not required. Thus 


B = 


l, = 0 


y t 

~h 


C = 


I, = 0 


v 2 =0 


(2.28) 


Example 2.2 

Derive the ABCD-parameters of a lossless transmission line of length /. 

Solution: 

The voltages and currents at any point z on a transmission line are given by 
(1.37) and (1.38) and are reproduced here for y = jp. 

V = V f e“iP z + V r ejP z (2.29) 

and I = I f e - iP z + l r e->P z (2.30) 

The resultant voltages and currents at the input and output ends (z = -/ and z = 0 
respectively) are illustrated in Figure 2.12. 

With the output open-circuited 
I f - I r = -i 2 = 0 

making If = I r , Vf = V r 

v 2 = Vf + V r = 2 V f 


I f ei p/ I r e - iP! If I r I 2 



AT Z = -/ AT Z = 0 


Figure 2.12 The forward and reverse voltages and currents at the two ends of a 
transmission line of length / 
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V, = Vfe-iP' + Vj-e-iP 7 = 2 V,cos(3/ 


= cosp/ 

Now with the output short-circuited ' 

Vf + V r = V 2 = 0 

making V f = -V r , I f = -i r 

~h = If - I r - 2 I f 

and V, = V f (eJP' - e-JP') = IjVfsinp/ 


* 2 |v 2 = 0 

V f 

= J— stnp/ = jZ 0 sinp/ 

C and D may be determined in a similar manner, but in this example it suffices to 
note that the two-port network is reciprocal and symmetrical so that A = D and 

ARrn J . ( “? CrCiSe 28) ’ thuS makin 8 C =jY 0 sinp/. The complete 
ABCD-matnx is thus 

A Bj cosp/ j Z 0 sinp/ 

C D J j Y 0 sinp/ cosp/ 


Example 2.3 

Denye expressions for the scattering parameters of a two-port network in terms of it: 
A b L D -parameters . 

Solution: 

Referring to Figure 2. 1 1 , if there is a matched load at the output, V z = Z 0 (-I 2 ) oi 

( I2) — Y Q V2 . 

Then V] = AV 2 - BI 2 = (A + BY 0 )V 2 

and [ i = CV 2 - DI 2 = (C + DY 0 )V 2 

_ v l + Z 0 I, V 2 

1_ 2<Z 0 = iVz^ {A + BY ° + CZ ° + D) 

h _ V i ~ z oh V 2 

1_ 2 Vzq = uT 0 (a + by o-cz 0 -d) 


so that 
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1 

N 

0 

K> 

v 2 


2 “ 2 Vzq 


(2.32) 

: and, of course, a 2 = 0. 




! b, 

Thus S: = — 

a l 


(A - D) + (BY 0 - CZ 0 ) 


a 2 = 0 

(A + D) + (BY 0 + CZ 0 ) 

(2.33) 

b 2 

and Sf = — 

a, 


2 


&2 = 0 

(A + D) + (BY 0 + CZ 0 ) 

(2.34) 


s 0 and s r may be derived from the expressions for Sj and Sf . All that is required is 
to treat port 2 as the input for test purposes and invert (2.26), changing the signs 
of Ij and I 2 to give 


v 2 

1 

D 

B 


v, 

l 2. 

A 

C 

A 


~h 


(2.35) 

where A is the determinant of the ABCD-matrix. Substituting the new 
transmission parameters for the appropriate ones in the previously derived 
expressions for s; and Sf gives 

(D - A) + (BY 0 - CZ 0 ) 
s o 


and 


s r — 


(A + D) + (BY 0 + CZ 0 ) 

2A 

(A + D) + (BY 0 + CZ 0 ) 


(2.36) 

(2.37) 


Example 2.4 

Derive the n- and T-equivalent circuits of a lossless transmission line. 

Solution: 

A symmetrical Il-equivalent circuit is shown in Figure 2.13, with the impedance 
X a in the series arm and admittances Y5 in the parallel arms. If the output is 
short-circuited, then clearly 



Figure 2.13 A symmetrical Il-equivalent circuit, drawn with an impedance jX a and 
admittances j Yf, 


I 
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j Zpsin(p/) 


j Y 0 tan(-^-) ; 


SjY 0 tan(-f) 


jZ 0 tan (f) j Z 0 tan (f> 

-VW r— — Wv 


>j Y 0 sin(P/) 


(a) 


(b) 


SSL* .* a 


i.e 


X a - B = jZ 0 sinp/ 

If the output is open-circuited, then the voltage division ratio 

1 


Y b 


so that 
and thus 


[YbJ 

1 + X a Y b = A 
Y b = l 

b x a 

_ cosp/ - 1 
j Z 0 sinp/ 


Since l-cosp/ = 2sin 2 (-^) and sinp/ = 2sin(-^-)cos(-^) 


Y b = jY 0 tan(f) 


(2.38) 


(2.39) 


n e J‘ e ^ Uiva l en ! circuit ma Y •* derived b y proceeding in a similar manner. The 
Figure 214 qU ' V C ‘ rCUltS f ° r the Iossless transmissio " Mne are summarized in 


2.2.2 The short line approximation 

When PI<1, sinp/ = tanP / = p/. With these 
(2.38) becomes 


approximations, the right hand side of 


jz 0 p/ = j 


jl 

c 


(m-fLC)i 


= j &>(*-/) 


(2.40) 
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i 

! 

i 


L 


L, 

2 


— 

— - / TRP — 



*--'150''— £ 


_ c _ 

_ C 

L = LI 


" 2 

“ 2 

C = Cl 

. 7 


_L 

■ / 'Kf x — 

c 


(a) (b) 

Figure 2.15 Equivalent circuits of a short length / of a lossless transmission line with 
(a) the n form and (b) the T form 


while similarly 

j Y 0 p/ = jco (Cl) (2.41) 

so that the equivalent circuits in Figure 2.14 reduce to those in Figure 2.15, involving 
pure inductance L and pure capacitance C with 

L = LI (2.42) 

and C = Cl (2.43) 

L and C are, of course, the total series inductance and the total parallel capacitance in 
a line of length /. 

The equivalent circuits of Figure 2. 1 5 reduce further if Z 0 > | Z s | , | Z L | , as is 
the case for a high impedance line, or Z 0 <e | Z s | , | Z L | for a low impedance line. A 
high impedance line sees approximate short-circuit terminations, so that C can be 
ignored, yielding Figure 2.16a. Similarly, a low impedance line sees essentially 
open-circuit terminations, allowing L to be ignored and reducing the equivalent 
circuit to Figure 2.16b. Thus a short length of short-circuit terminated line behaves as 
an inductance, while a short length of open-circuit terminated line behaves as a 
capacitance. 

If there are large standing waves on a line, then the approximations in Figures 
2.16a and b are also valid at positions of zero or negligible total voltage and current 
respectively, for lines of any impedance. In circumstances when the approximations 
of Figure 2.16 are valid, they continue to be valid, even if a small load impedance Z L 
loads the output in (a), or if a small load admittance Y L loads the output in (b). That 
is, provided 

|Z L | « < oLl 

or | Y l | «: (OCI (2.44) 


L = LI 

-'TRP- 


X 

X 


c = 


ci 


(a) (b) 

Figure 2.16 The equivalent circuit of a short length of (a) high impedance line and (b) low 
impedance line 
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(-M 
1 1 1 : 1 


ph!^l 2 ;!ninI h Mnrfo™er nCe ° f “ near - resonam Iine «° ■ » cascade with a 

then the immittance of the line plus load is 

^in = jmU + Z L in case (a) 

or Y in = juCl + Y l in case (b) (2.45) 

The short line approximations that have been developed in this section are important 
and will be used in numerous situations in subsequent chapters. 

2.2.3 The resonant line approximation 

When / is of the order of X/2, one has a half-wave resonator. Unfortunately the 

Suit ThSfhH 2 ‘° the CifCUitS ° f RgUre 214 d06S " 0t yield a “ seful 

esult. This is because the equivalent circuit has to produce a 180° phase shift from 
input to output when the line is X/2 long. However, a useful result is obtained if the 
transformation of Figure 2. 17 is used. 

Figure 2. 17 states that a line of length X/2 + 1 is equivalent to a line of length / 
in cascade with a 1 : 1 phase-inverting ideal transformer, see Exercise 2 9 The 

useTS r“ 3 'r , WitH Sma11 ‘ h3S alrCady t>CCn derived and ca " "ow be 
used, with the proviso that / may be negative. When / goes negative L becomes 

capacitive and C becomes inductive. Both these effects may be taken into account by 


(a) 2L' 



2 2C' 

• — 'Tnr* — 1|- 


*rZ 2 i S f ThC eqU j™! ent ^ irCuits of a resonam Ie "g‘ h of lossless transmission line, with 
7 form and ( b ) tbe T form. For both circuits, L = Z n /(4f n ) C = Yn/(4fn) 
- ( 1 / co 0 L) and L'=(l/ co 0 2 C), where 0 ) 0 is the frequency for which the line is exactly X/2 
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i 


replacing L with a series-tuned circuit and C by a parallel-tuned circuit, as in Figure 
2.18. Equating the immittance slopes of w(Z.l) or to(C/), as the case may be, to the 
immittance slopes of the corresponding tuned circuits, gives the values quoted in 
Figure 2.18, after a little routine manipulation. It must also be remembered that / is 
now a function of frequency, namely / = re VphAco/tOo for small frequency excursion 
Ato above the resonant frequency too- Similarly, as for the short-length line, for a 
high characteristic impedance resonant line the series-tuned circuits may be ignored 
and for the low characteristic impedance resonant line the parallel-tuned circuits may 
be ignored. 


2.2.4 Admittance (y) parameters 

Referring again to Figure 2.1 1, the y-parameters are defined by 


Il 


yi y r 

v, 

A 


yf y 0 

A 


Any particular parameter may be determined from the defining equation with either 
V] or V 2 set to zero by short-circuiting the input or output respectively. Thus 


y> 


A 

V, 


Vj = 0 


yr = TT 


V, =0 


yf 


v 2 =o 


y 0 = 


v, = o 


(2.47) 


The defining equations (2.46) may also be used to derive the equivalent circuit in 
Figure 2.19. 



Figure 2.19 The y-parameter equivalent circuit of a two-port network 


EXERCISES 


2.1 Calculate the scattering parameters, all normalized to the characteristic impedance Z 0 , for the 
following cases: 

i) An ideal 1 0 dB attenuator that is matched to the characteristic impedance, Z 0 . 

ii) A length of transmission line with a characteristic impedance, Z 0 

■* nX *• 


Zo 


and, in particular, when nX = X/4. 
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iii) An ideal n : 1 transformer 



Check that a X/2 line is equivalent to a 1 : 1 phase-inverting transformer. 


iv) A series-connected impedance, Z, where 

a) Z = Z 0 , 

b) Z = jcoL. For this case, check that [S] is unitary. 





vi) A gyrator, where V, = -al 2 and V 2 = +al,. Check that £S] is unitary. 



vii) An ideal three-port circulator. Is [SJ unitary ? 

viii) An ideal isolator. Is [SJ unitary ? 

ix) The basic charge-control model equivalent circuit of a transistor. 



2. 2 i) Calctdate the scattering parameters of the three three-port networks illustrated in (a), (b) 
** ow ; ^ three-port networks consist of combinations of microstrip lines, of 
eristic impedance Z 0 and length X, and lumped resistors of specified magnitude, 
ormalize the scattenng parameters to Z 0 . Ignore the fringing field effects at the junctions. 

li) Compare these three circuits as power splitters on the basis of the results derived in 
pan 
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2.3 Consider a 3 dB quadrature directional coupler that has two planes of symmetry: aa and bb. 


a 


1 ! 3 


1 

1 

1 

1 

] 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

l 

1 


~ 1 

2 , 4 


b 


If ports 2, 3 and 4 are terminated in matched loads, an incident wave into pon 1 

a) produces no reflection at port 1 , 

b) delivers equal powers out of ports 2 and 3, 

c) port 3 output is in phase with port 1 input, 

d) port 2 output lags port 1 input by 90°, 

e) zero power is delivered out of port 4. 

The circuit behavior when incident waves are applied to ports 2, 3 and 4 can be deduced from 
symmetry considerations. 

i) Calculate the scattering parameters of this directional coupler. 

ii) By permanently terminating port 4 in a matched load, the three-port networic consisting of 
ports 1, 2 and 3 acts as a power divider/combiner. Calculate its scattering parameters. 

iii) The directional couplers described above are used to produce a balanced amplifier as 
illustrated below. 
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The scattering parameters of amplifiers 1 and 2 are related thus: 


IS], 


[SJ, + 


Ss; Ss r 
8s f 8s 0 


with [S], 


s; Sj 

s 0 


Evaluate the scattering parameters of the balanced amplifier, i.e, between the teiminals 
indicated as input and output. 

2.4 1) Prove the results given in (2.24) for the input and output reflection coefficients of a two- 

port network, namely: 


| 

•I 


i 


j 

i 

f 




and 


n, = 


s i - 


s r s f 



fout “ s o 


S r Sf 



ii) 


iii) 

iv) 

v) 


Derive the formulae for Tf and T r in terms of the s-parameters. 
t>2 

Note : Tf = — with an arbitrary load, T L . 


a, “ 

Use (i) and (ii) to derive [S] for a cascade of a pair of two-port networks. 

Use (i) to check the properties of a quarter-wave length of transmission line. 

Use (iii) to show that two gyrators in cascade are equivalent to an ideal transformer. 


2.5 Prove that (SJ is a unitary matrix for a lossless network, i.e. [S'] T (S] = [ 1 ] , where T stands for 
the transpose and [ I ] is the unit matrix. 


2.6 Prove Equation (2. 14). 

2.7 Consider a four-port network with the scattering parameters s mn ; m,n = 1,2, 3, 4 and having the 

following properties: & 

a ) s mn = 0 for m = n, i.e. the network is matched in every port. 

b) s mn ~ s nm> * e - the network is reciprocal. 

c) [S] is unitary, i.e. the network is lossless. 

Prove that at least one of the following is true 

s u = S23 = 0, Sj2 = s 34 = 0 and s 13 = = 0 


2.8 Prove that m terms of the ABCD-parameters, with the determinant of the matrix A 
1) a reciprocal two-port network has A = 1 , 

ii) a unilateral two-pott network has A = 0, and 

iii) a symmetrical two-port network has A = 1 and A = D. 


2.9 Show that a transmission line of length X/2 + 1 is equivalent to a line of length l in cascade with 
an ideal 1: 1 phase-inverting transformer. Figure 2.17. This may be proved by combining the 

results of Exercises 2. l(ii), (iii), and 2.4(iii). 


2.10 Starting with the equivalent circuit of a two-port network in terns of its y-parameters 
determine Sf and s r in terms of y-parameters. In particular, show that 
if = yr 
s r y r 
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2.11 


Consider the circuit shown below. 

i) First take 6 = 0 and use the result in (2.19) to derive the expressions for V, , V 2 in terms of 
V s , T s and T L . 

ii) Now take 6 * 0 and prove that 


V, 


ii n, - r L e~i 29 
2 i - r s r L e _ J 2e 


and 


ii (i-r s xi + rje-i 9 
2 i - r s r L e - J 29 



Zo 


0 



Zl crj 


-I 
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^ Microstrip 

& transmission lines — 

basic theory 


3.1 INTRODUCTION 

rLiaKd^ith^nv ', 0 Snd ? and SeC ° ndary (V and Z o) P^meters that are 
associated with any two-conductor transmission line in a homogeneous dielectric 

in aver '■ a 

Figure s 1 trJnsformatlon stages from the familiar coaxial line as is seen in 

conriJ! 16 C ° aX f iaI l ’? e ' S normaI1 y analyzed in cylindrical coordinates with its 
conducting surfaces lying on circles with constant radius. The current flow in the 
coaxial hne is longitudinal, i.e. in the direction of propagation "wav" A 

A nmh^‘ na S (?‘ •" thC ° Uter conductor has a minimal effect on the current and fields 

i, e pattern. This form of construction required close tolerances to he 

was^evdoped r^ll SMdfifw *7 aCCUrale standin g wav e detectors. The slab line 
of a j- ^ ‘ pecifically for its superior mechanical properties in the desinn 

«, M “ 2 Z'‘£S' ““ w ? T p *" blc wi,h ■ tr 

raniH 7 , he c fidds are confined mainly near the center conductor and decay 

nr2 that 1 dS , lnfimty ’ a “ 0Wing ,he field stren S th «° sampled with a moving 

p ol» that traverses longitudinally between the parallel plates. The balanced stripline 

,rnmi'' rCUar ^ COndUCt0r re P ,aced * a thi " 4 conductor and provide a 

uansmission line structure that is easy to construe. With a thin center conductor the 

dielec Pic meT """‘T ^ th ® transmission line is essentially one with a uniform 
dielectric medium. As practical transmission lines, both the slab line and the 



COAXIAL 

LINE 



SLAB LINE 



BALANCED 

STRIPLINE 



MICROSTRIP 

LINE 


Figure 3.1 Transmission line configurations 
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balanced stripline will also support transverse electromagnetic (TEMj waves that may 
travel in directions other than along the center conductor. An asymmetry in the line 
structure may set up these unwanted parallel plate modes. 

At first sight the microstrip line appears to be one half of a balanced stripline 
configuration without the complication of the parallel plate modes. However there 
are two further complications that arise and must be considered. The strip is 
separated in practice from the ground plane by a supporting dielectric subspate and 
the complete Pansmission line structure is no longer in a homogeneous dielectric 
medium. While the fields are tightly bound in the vicinity of the strip, any 
discontinuity in the strip geometry may set up either radiation modes or surface wave 
modes across the subspate surface. The implications of these modes of propagation 
will be discussed in §4.5. 


3.1.1 The coaxial line 


The primary parameters may be rigorously derived for a coaxial line that is uniformly 
filled with dielectric material, Figure 3.2. The dielectric material has a relative 
permittivity e r with respect to the free space value, = 8.854 x 10 -12 F.irT*. The 
coaxial line supports radial electric fields and circumferential magnetic fields, with a 
longitudinal current flow in the conductors. The capacitance is derived from the 
application of Gauss’s Law around the charge on the center conductor, q per unit 
length, leading to the electric flux density, D r , and the radial electric field spength, 
Ej.. The potential difference between the conductors due to the charge leads to the 
capacitance per unit length 


V 2 

b 


where 


V,-V, 


= S^ T)dt = 


dr 

r 


and a and b are the inner and outer radii. Thus it follows that 
2lte r E 0 „ _j 


C = 


In (b/a) 


F.m~ 


(3.1) 

(3.2) 

(3.3) 



Figure 3.2 Capacitance evaluation for a coaxial line 


42 Chapter 3 


In circuit and component design, the characteristic imoedance 7 .t, 

ESSZSES'- - * — ■iXE&SS 


z » • m 

< 3 - 4 ) 

and Y = jp = jeoVTc ( 

without 11,16 C ? nfigUrati ° n With and 

line g res P ect,vel y- For a homogeneously filled transmission 

= Cb 

Of ,h t c.pLEc-. of ° ’■ * ™ y “" rrfore *» «*•»* to M» 

^ ~ 3? 

ctTg^LTxlS l-> C Thus a ?h neti h W3Ve pr0pagati0n in free space is givcn 3 b 7 y 
10 m s • Thu s the characteristic impedance. Z„ is civ.n hf. 


For a coaxial line substituting from (3.3) gives the characteristic impedance as 
Z 0 = b/a) Q 

V r (3.10) 

Example 3.1 

I £ ““ i ~ - — 

iii) the wavelength in the line at 100 MHz. 

Solution: 

i) From (3.10), it is seen that 


= 2.03 



ii) From (3.3) 
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c _ 27t£ r go = 27tx2.03 x 8.854 x IQ -12 

In (b/a) in (3.28) m 

i e. C = 95 pF.irT 1 

iii) For a transverse electromagnetic wave (TEM), propagating in a uniformly 
filled dielectric line 

c Ao 

v P hase = ^7 and x = V57 

where Xq is the free space wavelength. In a coaxial line at 100 MHz 
0 3 

X = ' — = 0.21 1 m 

V^T 


3.1 .2 The symmetrical strip transmission line 

For the balanced or symmetrical strip transmission line, uniformly filled with 
dielectric material, the strip is equidistant between the two ground planes and 
supported by a homogeneous dielectric material as illustrated in Figure 3.3. The 
capacitance may be rigorously derived by conformal transformations that eventually 
equate a quarter of the line geometry to an ideal parallel-plate capacitor [3.2], 

If the strip has a width w and zero thickness and the separation between the two 
ground planes, that are assumed of infinite extent, is 2h, then 


C 


4 E r Eo 


K(kl 

K(k) 


F.m' 


-l 


(3.11) 


where 


sech 


71 W 

2 2h 


and (k) 2 + (k') 


2 - 


1 


(3.12) 


and the function K(k), the complete elliptic integral of the first kind, is given by 


K(k) 


1 [( 1 - C 2 )( 1 - k 2 C 2 ) ] 


(3.13) 



1 . w | 

h 

£_ 

hzzdi. j 



T: -■ 

" 


h 

(a) 


! ^normal - 0 

♦ — ► 

> 

^normal ~ 0 

(b) 


Figure 3.3 The symmetrical strip transmission line showing (a) the cross-sectional 
geometry and (b) the symmetry planes where the normal component of electric field is zero 
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While any degree of accuracy for a theoretical problem may be obtained using 


numerical integration of the integrals, 
computational ease in practical situations. 
For large w/2h ratio, from (3.12), k - 


such integrals are to be avoided for 

» 0. Now, from [3.3] 

, 2 
k 2 

! ~ + ■•• 

16 (3.14) 


Taking only the first term of this expansion gives 

= -In 2 - — Ink 
K(k) 7 i jt 

and in turn, using ( 3 . 12 ) 

Ink = — — In 2 + exp — x — 

K it | r 2 h 

w 2 , _ 

- 2 h ~ n‘ n2 

Hence -* ~ + — In 2 

K(k) 2 h jt 


C - 4e r eo ~ + — ln2 F.m 1 

l 2h K (3.19) 

1 he first term represents the parallel plate capacitance while the second term is a first 
approximation to the capacitance contribution of the fringing electric fields The 
errors involved in deriving (3.15) and (3.16) tend to cancel, so that the final result in 
U.iy) is much more accurate than in each of the individual approximations. 

For a small w/2h ratio, an approximation for the elliptic integrals [3.4] gives 


C = 2ne r e 0 


wuwn 0 " h , V Wheeler [ f 4 l between wide and narrow strips occurs when 
K(k ) K(k), t.e. k = k and thus k 2 = 0.25, giving w/2h = 0.561 . At this transition 
point the wide-stnp approximation, giving a capacitance value that is always more 
than the true value, has an accuracy better than 0 . 2 % while the narrow-strip value is 
almost 0.5% too low. However, using (3.19) and (3.20), similar accuracies for the 
two approximahons are obtained if the transition is made when w/2h = 0.5. Cohn 
[3.5] using the same wide-strip approximation and a narrow-strip approximation 
similar to (3.20) but without the second term, has a transition at w/2h = 0 35 with a 
maximum error of 1 .2 %. 

, . , charactenstic impedance of a symmetrical strip transmission line given 

below follows from the narrow and wide-strip capacitance formulae in a modified 
form with a transition at w/2h = 0.6 . In an air-filled line, this w/2h ratio corresponds 
to a charactenstic impedance of 90.6a The impedance errors are now less than 
U.l % tor all w/h. 
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and 


•7 59.96 

Z ° = ^7 


94.18 


In 


2 h 


8 _, 2 h 

71 W 


+ 0.44 


+ 0.185 


n. 


n, — < 0.6 

2h (3.21) 


2 h 


> 0.6 


(3.22) 


Example 3.2 

A symmetrical strip transmission line has a 6.0 mm wide center strip that has 
negligible thickness. The strip is supported by dielectric sheets, e r = 2.32, between 
two ground planes that are spaced 10.0 mm apart. Calculate the characteristic 
impedance for the line. 


Solution: 

For this transmission line with w = 6 mm and h = 10 mm, the ratio w/2h = 0.6. 
As this represents the transition point between the narrow and wide strip 
formulae, (3.21) and (3.22), the characteristic impedance using both equations 
will be evaluated. From (3.21), the narrow-strip approximation gives 


Z ft = 


59.96 

x/e7 


In 


8 

7tx0.6 


+ 0.185x(0.6) 2 


From (3.22), for the wide-strip approximation 

7 94 - 18 fnr. _ n. 

Z 0 = — ■=- 1 0.6 + 0.44 

x/e r 


= 59.45 Q 


59.53 Q 


Thus taking an average value, the characteristic impedance of the symmetric strip 
transmission line is 59.5 Cl . 


3.1 .3 The microstrip transmission line 

For the microstrip transmission line, Figure 3.4, the transmission line is only partially 
filled with dielectric material, with the material being between the strip and an infinite 
ground plane. Thus the solution for the line properties becomes a two-dielectric 
problem. The concept of capacitance per unit length for a mixed dielectric 
transmission line involves a low frequency approximation that may not be valid when 


GROUND PLANE 



Figure 3.4 The structure of a microsuip transmission line 
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the cross-section dimensions of the strip become a significant fraction of the 
wavelength of the transmitted signal. 

Consider a subsmite material with e = e r£o and p = Using Maxwell’s 
Equation, curlE - B, and the condition on the air/dielectric boundary that the 
tangential magnetic field component, H y , is continuous across the boundary, then 


3E Z ^ 3E X 
3x 3z 


diel 


= -jCOpHy = |— - 


3E, 3E v 


dz 


Since D x is continuous across the boundary, then 


3E X 

£r nr 


diel 


9E x 

dz 


and 


3Ez 

dx 


diel 


j>Ez 

dx 


O-Cr) 


3E x 

dz 


[diel 


(3.23) 


(3.24) 


(3.25) 


. , S ,™ e . ?* ls non - zero alon g the boundary and varies as e~ yz , then the left hand 

° f ' S 3 S ° non ' zero ' which can °nly be the case if there is a longitudinal 
electric field component. Likewise, it may be shown that a longitudinal magnetic 
field component must also exist. As it may be shown from Maxwell’s Equations that 
ach transverse field component can be expressed in terms of E z and H, , the general 
field solution for the lowest order mode in a microstrip line requires all six field 
components to be present. 

h ■ uf, t ,- l0W freqUe " C1 “ Wlth wavelen gths that are long compared with the width and 
eight dimensions of the microstrip line, the right hand side of (3.25) tends to zero, 
onsequently the longitudinal field components diminish in importance. Thus a low 
frequency or quasi-static condition exists where the field components are 
predominantly in the transverse plane. This quasi-static condition is really a 
particular example of a more general result [3.6], From Maxwell’s Equations it can 


3 2 E 

3x 2 


3 2 E 

V 


a 2 E 

3z 2 


E = 0 


(3.26) 


where X is the wavelength. 

When X is very much greater than the dimensions over which a substantial 
change of geometry occurs, the last term on the left hand side of (3.26) tends to zero 
and the. equation reduces to Laplace’s Equation. That is, the field distribution that 
results is equivalent to what would be obtained at d.c., allowing quantities like 
capacitance to have meaning. 

Furthermore the confinement of the fields within the vicinity of the strip is only 
slightly affected by changing frequency and the operation (3/3x) on any field 
component remains essentially independent of frequency. In the context of microstrip 
fines with a substrate permittivity of 2.5 and height of 1.5 mm, low frequency may be 
below a few GHz. This will be discussed further in §4.4. 
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3.2 MICROSTRIP CAPACITANCE EVALUATION 


3.2.1 Using conformal transformations 

Consider two complex planes, w = (u + jv) and z = (x + jy). To calculate the 
capacitance of a transmission line in the z-plane, the stored energy in the electrostatic 
field is evaluated as 

ye r e 0 f “ dxdy = yC(V 2 - V,) 2 

2 r 0 J 3x 3y 2 (3.27) 

plane v v ' v ' 

where V] and V 2 are the potentials of the two conductors. The left hand side of (3.27) 
may be evaluated once Laplace’s Equation in two dimensions 

£V 3?V _ 

3x 2 3y 2 < 3 - 28 ) 

has been solved with the appropriate boundary conditions in the z-plane. Now the 
complex function transformation 

F(x+jy) = u + jv (3.29) 

where F(z) is an analytic function of z, will transform (3.28) to an identical equation 
in the w-plane, namely 

3 2 V 3 2 V n 

3u 2 + 3v 2 (3.30) 

leading to a similar equation to (3.27) with an identical value for the stored energy in 
the w-plane. Thus the capacitance of the new transmission line configuration in the 
w-plane is identical to the original capacitance in the z-plane. This, then, in 
conjuction with the ability to make one or more transformations that will lead to a 
conductor configuration that is readily solved, is the essential ingredient of the 
conformal transformation method. The method is described in greater depth in [3.2]. 

A parallel plate capacitor with a plate width w, separation 2h and in a 
homogeneous dielectric medium, has an equipotential surface along the plane of 
symmetry between and parallel to the two plates, Palmer [3.7]. The capacitance is 
one half that of the corresponding microstrip transmission line at a distance h from an 
infinite ground plane that acts as the equipotential surface. Black and Higgins [3.8] 
used this approach to develop the theory for a general finite width ground plane. 
Their method, while capable of giving an accurate value for the capacitance, has two 
limitations: namely, the line is completely immersed in a homogeneous dielectric 
medium and the method is a doubly iterative one, where a capacitance value is 
assumed and elliptic integrals of a complex argument are evaluated, leading 
eventually to an improved capacitance value. 

Judicious approximations combined with conformal mapping were introduced 
by Wheeler [3.4, 3.9] to overcome these earlier limitations, leading to relations in a 
simplified form that are suitable for either analysis or synthesis, as they no longer 
require the solution of elliptic integrals. 

Of great importance was the recognition of the need not only for analysis, where 
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the electrical properties are derived from the physical structure of the transmission 
hne, but also for synthesis, obtaining the line dimensions for the desired electrical 
requirements, in particular for a desired characteristic impedance. 

An empirical formula for synthesis using thin strips [3.10], that has better than 
2% accuracy and the correct asymptotic behavior for wide strips for all substrate 

sssr narrow strips for the high and ,ow pe ™ iuivky 

g Ll A + -£r_ + 1 i 

w. _ 11 e r 0.81 £ r 


A = CXP 42 4 V ^ TT "I 

l J (3.32) 

For analysis, these two equations are reversed as 
7 _ 42,4 . , 

° " 7^f' n(1 + A) 

(3.33) 

where A is now the positive root of 

a2 _ Ifr+l. [Jh 2 _ e r + 1 f8h] 2 _ 

11 Er W J 081 £ r wj ( 3 34) 

3.2.2 Using the finite difference method 

knnwtT Ci Tr °! any tw °- conductor transmission line may be found from a 
Le° Vfx vl hi t C ? e °if lhe conductors and the potential difference between them 
hnlwitftS ' function throughout the cross-section of the transmission 

e with the strip at a potential of one volt above that of the ground plane The 

252 f "" c “ Vfc >" — * ■ — » ; 

0 2 V a 2 V 

3x2 dy2 (3.35) 

Sn Ct 3?21 th t aTTT- b0Undary conditions ' For the finite difference method 
line Figure 3 5 and ^ “ SUpenm P 0Sed on the cross-section of the transmission 

r^rit 3 ' 5 ' d ! contlnuous Potential function V(x,y) is replaced by a function 
<)> n that has discrete values at the nodes of the mesh. 
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The details of setting up the equations from which the node potentials, $ n , may 
be calculated when there are unity and zero potentials on the strip and ground planes 
respectively are given in Appendix 1. The total charge on either the strip or the 
ground plane is required with its magnitude being equal to the line capacitance for a 
1 V potential difference between the strip and ground plane. To avoid any problems 
with the edge discontinuities of the strip itself, the normal component of the electric 
flux density, D n , is calculated across the ground plane from the node potentials 
adjacent to the plane. Integrating D n across the plane gives the total charge and hence 
the line capacitance. 

Compared with conformal transformations, a significant disadvantage of the 
finite difference method is that the method only provides points for a curve that gives 
the line capacitance as a function of the width to substrate height ratio for the selected 
substrate material, rather than as an equation from which either accurate or 
asymptotic behavior of capacitance may be determined. 

An accurate solution requires the use of a very fine mesh with nodes going out 
to infinity. The effect of a finite mesh size may be allowed for by observing the 
behavior of capacitance as the mesh size is reduced and extrapolating to an 
infinitesimal mesh size for improved accuracy. Several approaches that avoid the 
infinite cross-section dimensions are useful. A conducting boundary may be placed at 
a large distance where the potentials are assumed to be zero. This form of 
approximation represents a shielding enclosure around the line, as described in 
§4.2.3, and is an ideal approach for its solution. 

It is desirable to have the greatest density of nodes with their potentials <t> n in the 
region where V(x,y) has the greatest variation and, in particular, near the edges of the 
strip. This has been achieved both with a graded mesh size [3.13], which allows the 
shielding box to be placed further away from the strip, and with a coordinate 
transformation [3.14], which modifies Laplace’s Equation for the new coordinate 
system, transforms infinity for both transverse directions to a finite distance and, by 
using a uniform mesh in the new coordinate system, gives the greatest density of 
nodes in the vicinity of the strip. 

Example 3.3 

From [3.14], when w/h = 1.0 and e r = 1.0, the extrapolated value for an infinitesimal 
mesh size gives a microstrip line capacitance of 26.419pF.m _1 . Compare this value 
with that obtained using Wheeler’s empirical formulae. 


Solution: , 

This is an analysis problem where the formulae (3.33) and (3.34) may be used in 
conjunction with 


Ve7 


cZ, 


F.m 


0 


From (3.34) 

A 2 - 64.0 A - 158.02 = 0 
Solving this equation for the positive root gives 
A = 66.38 
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From (3.33) 


' /n (66.38 + 1) = 126.23 n 


Hence the microstrip transmission line capacitance from the empirical formulae 

c = ~ = 26.425 pF.nT 1 
C ^0 

A more accurate value using Hofo frrtm rj ki „• 

Tt,a , g „ trom [3A5 1 g ,ves a capacitance of 

2b.385ph.rn . The three values are all in close agreement. 


3.2.3 Using the method of sub-areas 

Consider an itleal uniform two-conductor transmission line such as the parallel plate 
hne of width w, and separation. 2h, that is infinitely long and in free sp^ce It has 
been seen m §3.2.1 that the parallel plate line, now Illustrated as a two dlmensional 
‘ Cm m 'S ure 3 -6. »s related to the microstrip transmission line. The surface of 
he conductors may be subdivided into a number of areas, i = 1 • - • n to *Tno 

engtH ^ Th 1" S,Ze - F ° r 3 Un “ ‘ ength ° f Hne ' e3Ch «" be repIetmS bj 

hnf h’ t!’ a geometnc cemer at < x i. yi)- It is assumed that d Si is small such 

■ «h4t,2 leng "' “ “» ^ -y 

Q; = p.dS; 

1 W ' (3.36) 

ev -,1 '/'a P ° le " tial V(x J- y J } at any P° int (Xj.yj) due to each surface charge q. will be 
(xp^ lhus aSSUmPti ° n tHat thC d '“ from the surfa “ measured from 


r 

v (xj, yj) = -fEr-dr = ---Surdr 

l 2xe 0 1 r 




rv ■ 

H | ds iK 

2h _ eouipotential 

\ SURFACE 


Figure 3.6 The line geometry for the method of sub-areas 
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distance from the source and integrating in (3.37) from infinity to the field point at a 
radial distance r. The term, ln( co), for the lower limit of integration is constant and 
present for all the calculations. Since the potential difference between two conductors 
is the final requirement, the term will cancel out in the final capacitance equations. 
For simplicity, the term is omitted throughout the intermediate stages of calculation. 
Expressing the integral in summation form over the n point charges 


V(Xj - xj) 2 + (y s - yj) 2 . qi 


V(xj.yj) 


A system of n-equations that represent the discrete form of the integral will give 
the potential at each point on the conductors , (xj.yj), in terms of the charges on the 
n-areas and the distances from them. The matrix equation 

V = [p] q (3.40) 

is formed from (3.39), where V is a column matrix of the voltages at the points (xj, yj) 
and q is a column matrix of the charges at (xj.yj). In this case as it is V that is 
known, (3.40) is inverted to give 

q = [p] V (3.41 ) 

With the V elements set in this case as either ± 1, summing qj for all i over one 
conductor gives the total charge on that conductor. Hence the capacitance of the 
line is determined. The method is explained with examples in greater detail in 
Appendix 2. 

3.2.4 Accurate capacitance results 

The method of sub-areas has been presented in the previous section and is developed 
more completely in terms of Green’s Functions in Appendix 2. In particular, the 
two-dielectric problem that is important when there is a dielectric substrate is 
developed. The important and accurate capacitance results for a microstrip 
transmission line in free space as evaluated by Kobayashi [3.15] using this method, 
are presented in Table 3.1. 

Table 3.1 The normalized capacitance [3.15] and derived characteristic impedance for a 
microstrip line in free space, E r = 1.0 



w 

h 

c _ 

z 0 , a 

0.04 

1.18587 

317.683 

0.10 

1.43375 

262.759 

0.20 

1.70270 

221.255 

0.40 

2.09393 

179.915 

0.70 

2.56365 

146.951 

1.00 

2.97991 

126.423 

2.00 

4.23158 

89.028 

4.00 

6.52698 

57.719 

7.00 

9.79686 

38.454 

10.00 

12.9814 

29.021 

20.00 

23.3628 

16.125 
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3.3 THE CHARACTERISTIC IMPEDANCE ANALYSIS 

The equations that are presented here, and in §3.4 for synthesis, each cover the 
complete range of nucrostnp line parameters that may be met in practice. 
Discontinuities that occur in the equations, typically found in the literature on 
changing from narrow- to wide-line formulae are thus avoided. Such discontinuities 
can produce problems in the computer simulation of circuits. These problems will 
therefore be eliminated by using only the appropriate wide-ranging equation. 

Table 3.2 Analysis formulae 


Given w/h and with £ r - 1 , the characteristic impedance is given by 
Z 0 = Z fs = e* 
where the exponent 

6 

x = EXj {/ntw/h)} 1 
i = 0 


(3.42) 


i 


0 

4.8394( 0) 

1 

— 4.50 16(— 1 ) 

2 

-7.7456(-2) 

3 

-6.5863 (-3) 

4 

1.65 10C- 3) 

5 

2.3 168 (-4) 

6 

-3.7508 (-5) 


The X; coefficients with power of 10 for Equation 3.42. 


Given w/h and £ r , the effective filling fraction, q, is given by 

q = XXQipV 

i=0 j=0 


(3.43) 


where 


In 


■ +0.125 


and y = 1 — — 
£ r 


o 


6.5 1 309 (-1) 
6.652 12 (-2) 
1.64039 (-2) 
3.95737 ( — 4) 
-1.84365 (-3) 
-1.54945 (-5) 
6.53285( — 5) 


1 


— 2.25160(— 2) 
-1.26976(-3) 
2.59784(— 3) 
6.69075 (-4) 
-2.1 1987 (-4) 
-9.69 139 (-5) 
2.47067 (-5) 


— 3.32199(— 3) 
-6.80530(-5) 
2.74253 (-4) 
6.84457 (-5) 
2.13720(-5) 
—2.71033 (—5) 
4.06141 (-6) 


-3.85162(-3) 
-1.03524 (-3) 
6.52501 (-4) 
3.342 13 (-4) 
— 9.56514C-5) 
— 3.65429(— 5) 
1.01064(-5) 


The Qjj coefficients with power of 10 for Equation 3.43. 



Aspect ratio, w/h 

Figure 3.7 The variation of characteristic impedance with w/h for a microstrip line in free 
space 

3.3.1 The microstrip line in free space 

The analysis of a microstrip transmission line involves the determination of the 
characteristic impedance of the line from the dimension ratio, w/h. At first, the case 
of a line in a homogeneous dielectric material (free space) is considered. Using the 
values for C/£ 0 given in Table 3.1, the variation of Z 0 with w/h can be derived from 
(3.8). The results are also included in Table 3.1 and illustrated with the curve in 
Figure 3.7. 

A single equation that expresses Z 0 as a function of M(w/h) for w/h in the range 
0.04 — > 20 has been derived for this book through numerical curve fitting techniques 
to fit the above results. The equation, covering most practical microstrip transmission 
lines that are likely to be encountered, is given in Table 3.2 as Equation 3.42 together 
with the appropriate coefficients. The accuracy of fit to the data points when the 
parameters are in the ranges 

0.04 : w/h : 20 
317.7 : Z 0 : 16.13 

is AZ 0 = 0.04% r.m.s., with a peak percentage error <0.07% at any one of the eleven 
data points. 

3.3.2 The effective relative permittivity 

In the previous section, the microstrip line was considered to be entirely in free space. 
Now the effects of other relative permittivity substrates are considered in terms of an 
effective filling fraction, q, [3.4], 

If the whole region has a uniform dielectric material with relative permittivity, 
E r , then 



(3.44) 
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er 1.0 



Figure 3.8 The microstrip effective filling fraction for e r =2.5 

where Z fs is the characteristic impedance of a line that has the same dimensions but is 
entirely in free space. The wavelength is reduced by the same factor. However the 
dielectric material does not completely fill the whole region but acts as a substrate 
between the strip and the ground plane. Thus, electric fields are present both in the 
air and the dielectric material and the stored electrostatic energy is divided between 
the regions as a function of both e r and w/h. The line capacitance, C d , is related to 
that when there is no dielectric material present, C 0 , by 

^"d = £ eff Co 

where e eff = 1 + q (e r - 1) (345) 

The microstrip effective filling fraction, q, is thus 

q - ( £ eff ~ 1) 

(£r ~ (3.46) 

With a value 0.5 < q < 1 .0, it is related to the portion of the electrostatic energy stored 
the substrate region and is both a function of w/h and weakly dependent on e r It 
is plotted as a function of w/h for e r = 2.5 in Figure 3.8, where it is apparent that 
q . as W/ I h 00 and q -4 0.5 as w/h -* 0. While this is true for all 
permittivity substrates, the transition between the two asymptotic values is a function 
of e r , reflecting the permittivity dependence of the fringing fields at the edges of the 
trip Typical small but significant variations of the effective filling fraction as a 
function of e r are illustrated in Figure 3.9. 

, r J, he effective rela flve Permittivity is required, not only for the evaluation of the 
charactensfic impedance, but also for the phase coefficient, 0, and the transmission 

3 15Uo V r , M d “ onal P ° lynomial fit «° the results of Kobayashi 

on a n effective filling fraction as a function of both w/h over the range of 0 04 
to 20 and all e r is also presented in Table 3.2. 

A number of examples and exercises in later chapters are based on a substrate 
material with e r - 2.5. Simplified formulae and data based on the results of Tables 
and 3.5 are presented for convenience in Appendix 3. 


!i ; 

il 


i 

I 
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Figure 3.9 The influence of permittivity on the effective filling fraction, with w/h as a 
parameter, adapted from Kobayashi [3.15] (© 1978, IEEE). 


Example 3.4 

Two microstrip transmission lines that form pan of a circuit are 1.0 and 2.0 mm wide 
respectively. The substrate has a relative permittivity of 2.53 and is 1.58 mm thick. 
Assuming that the strip thickness is negligible, calculate the characteristic impedance 
and low frequency phase velocity for each line. 


Solution: 


Consider the 1.0 mm wide line where w/h = 0.6329. From (3.42), for this line 
aspect ratio in free space 


Z fs = exp 




i=0 


with x = ln(w/h) = -0.4574 


with the X; coefficients as given in Table 3.2, giving 
Zf s = 152.9 O for w = 1.0 mm 


For any one e r value of the substrate, an equation for the effective filling fraction 
as a function of w/h may be derived. Here, e r = 2.53 . Thus 

y = 1--L = 0.6047 


The double summation (3.43) may be written in the form 
6 

= Ajx' with x = In (w/h + 0.125) 
i=0 



q 
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and with A; = X Qn y-> with y = 0.6047 
j=0 

Evaluating the coefficients. A;, gives the values in Table 3.3. 


i 

Aj 

i 

Aj 

0 

6.35626(-l) 

4 

-1. 985 18 (-3) 

1 

6.54995(-2) 

5 

-9.20965 (-5) 

2 

1 -82195 ( — 2) 

6 

8.39902(-5) 

3 

8.99303(-4) 




mirfrom X ”, 0 ' 2772, the effective fillln g fraction is 0.6188 

and, trom (3.45), the effective relative permittivity 

e eff = 1 +0.6188 x (2.53 - 1 ) = 1.947 

The characteristic impedance of the line 

Zfs 


Z 0 = 

The phase velocity 
v ph = 




V^eff 


= 109.6 n 


= 2.149x10 s m.s ' 1 


SbleT^'m th ,h haVC . b . een obtained for w = 1 -0 mm line are presented in 
Table 3.4, together with the values that may be similarly derived for the 2.0 mm 


w, mm 

w 

h 

q 

e efF 

Zfs. & 

Z„, Q 

v ph. m.s 1 

1.0 

2.0 

0.6329 

1.2658 

0.6188 

0.6592 

1.947 

2.009 

152.9 

113.2 

109.6 

79.85 

2.149 x10 s 
2.115 x10 s 


3.4 THE CHARACTERISTIC IMPEDANCE — SYNTHESIS 

As descnbed in the previous sections, it is possible to derive the characteristic 
Sr P ro P a gation coefficient for a microstrip transmission line, given 
values for the substrate permittivity and line dimensions. However, in the design of 
^mission line components and matching networks, it is necessity to dedvfw/h 

impede , tet lhe ,„ bs „, e 

Fipnrp^l 3 ty P' Cal , ranse of characteristic impedances that may be obtained 

^ l ^ Ure 3J0 ,1,ustI - a ' es the relationship between w/h and e r with ^Z 0 plotted as a 
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parameter for the curves. Here, the characteristic impedance Z 0 is the actual 
characteristic impedance of the transmission line for the E r substrate, while Zf s is the 
characteristic impedance of a line that has the same dimensions but is entirely in free 
space. 


Z 0 



Figure 3.10 The relationship between w/h and the substrate relative permittivity with 
-^e 7 Zq as the parameter 
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Table 3.5 Synth esis formulae 

Given the desired characteristic impedance, Z 0> with a substrate permittivity, 
the effective filling fraction is given by 

q = XZ R ij x 'y j 

i=° j=0 (3.4 

where x = {/„(Vi7Z 0 ) - 4.0} and y = 1 - J- 



— w r 

i 1 

i 

0 

1 

2 

3 

0 

1 

2 

3 

4 

5 

6 

7.80057 ( — 1) 
— 1.35581 — 1 ) 
— 2.36989 ( — 2) 
1.30331 (-2) 
6.31324(-3) 
— 1.54467 (-3) 
-2.64802 (-4) 

-1.34226 (-3) 
4.04927 (-3) 
-2.73642(-3) 
-1.38608 (-3) 
2. 14458 (-3) 
-4.56 127 (-4) 
-1.69567 (-4) 

-3.01251 (-3) 
3.48945 (-3) 
3.98886(-3) 
-2.61336(-3) 
— 1 . 17603 (—3) 
1. 17440 (—3) 
— 2. 1583 1 (—4) 

— 1.06181 (—3) 
-3.92521 (-4) 
2.89673 (-3) 
—3. 16976(— 3) 
— 1.59925(— 3) 
1.94 180 (-3) 
-3.35670(-4) 


1 The R ij coefficients with power of 1 0 for Equation 3.47. 

Given the characteristic impedance of the line geometry in free space, Z* the 
ratio w/h is given by rs 

w v 
— = e» 

h 6 (3.48) 

with y = X^'KZfs)-^}* 

i = o 


i 

Yi 

0 

1.4664 ( 0) 

1 

— 1 .4386 ( 0) 

2 

— 2.2444(— 1) 

3 

— 9.7196 ( — 2) 

4 

-6.8506(-2) 

5 

-2.4801 (-2) 

6 

5.1597 (-3) 


The Y ; coefficients with power of 10 for Equation 3.48, 

reoion^wnf'lT" 136 ’ ^' [3J6 - 3 ' 17] ’ often approach the problem in the two 

X for a Lhid 8 6 r u Sma " ° r ^ and ma * glve formulae that are only 
for a limited range of substrate permittivities. Since w/h of the order of unity is 

aoDlvm hL m 7 7 Smission J ines - care must ^ taken in noting the limits that 
d^s i thlTh " advantage ; lf lt 15 squired, of splitting the formulation into two 
mlntaintd 6 aSympt0tIC Values for ver y lar 8 e or ver y small values of w/h will be 
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The approach presented here is valid for a wide range of aspect ratios, 
0.04 < w/h < 20, and for all isotropic substrate permittivities. The steps to be taken 
for synthesis are as follows: 

i) The effective filling fraction, q, as a function of the required characteristic 
impedance and substrate permittivity is calculated using the equation that has 
been derived through numerical curve fitting techniques to fit the results for the 
effective filling factor as given by Kobayashi [3.15], This equation is given in 
Table 3.5 as (3.47) together with the appropriate coefficients. 

ii) Knowing q and e r , the effective relative permittivity, e e ff, may be derived from 
(3.45). 

iii) Use e e ff to find the free space characteristic impedance Zf s for the same, but still 
unknown, line dimensions from (3.44). 

iv) w/h, as a function of the free space characteristic impedance that has just been 
determined, is given by (3.48) in Table 3.5. 

The accuracy of fit to the data points, given in Table 3.1, is AZf s < 0.07 %. 

Example 3.5 

Ignoring end-effect corrections, what are the dimensions of a 100 Q characteristic 
impedance quarter-wavelength long line at 1.0GHz fabricated as a microstrip 
transmission line on a 1.58 mm thick substrate, e r = 2.53? 

Solution: 

From (3.47), with a substrate relative permittivity, e r = 2.53, the effective filling 
fraction 

q = X B > x * 

i=0 

3 j ]i 

where Bj = 1- — gives the values presented in Table 3.6. 

1=0 £r 


> Bj 

i 

Bi 

0 7.77909( — 1) 

4 

6.82637 (—3) 

1 —1.31 943 (— 1 ) 

5 

— 9.61560(— 4) 

2 —2.32543 (—2) 

6 

— 5.205 17(— 4) 

3 1.05381 (-2) 




These coefficients are valid for any line where 0.04 < w/h < 20.0 on an e r = 2.53 
substrate. For a 1000 characteristic impedance microstrip transmission line 
where 

x = /n(V I7Z 0 )-4 = 1.0693 

the summation for the effective filling fraction gives q = 0.6299 and, from (3.45) 
e e (f = 1.964 
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From (3.19), for the samew/h ratio but without the dieiectric substrate 
z fs = V£effZ 0 = 140.14 C2 
Hence (3.48) gives y = -0.2394 and w/h = 0.787. 

^ssSwaveSgr 6 X 0 = 300mm - *e microstnp trans- 
it - ^0 

vs ' 214 -' 

ions 

' u *- e - w = 1.24 mm, with a length of 53.5 mm. 

3.5 OTHER PUBLISHED MICROSTRIP LINE FORMULAE 

result^ fr 7 

configuration rcpar.M by , «„ nc *, “L,™ tK' )'T 

“s rKrrr *- ^ <* 

Owens [3.16] and Hammerstad [3 19] W used I> th^ , Green , s^ er f ° r VVld ®‘ Stnp geometr y- 
closed form : secl ^ reen s function technique to test the 

«pr,asion ! for m inim„„e™, s „,o,,fi P r ™ 0 “„” ™ d ' ,y » "* 

Analysis — Characteristic impedance 

From Owens [3.16, eqn.7], for narrow lines with w/h < 2 

Z ” ■ 


H' = l„ 


4h + j 4h 
w w 


_ „ *• 1 1 w J jj (3.50) 

2S ™ B ‘ 6 ’ ' ,n - 21 I* «*>«• on simplifying 

2 »‘W{f +0!825 + 04645 (^| y ^|l-«16n-Mf + Q.94)|| ' 


Analysis — Effective relative permittivity 
From Owens [3.16, eqn.9], for narrow lines with w/h < 1 
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with H' as given by (3.50). For wide lines with w/h > 1 


Eeff = 2 + 2 

- x F 


(3.53) 

where Owens [3.16, eqn.12] gives 

F = 1 + 

10h|-°' 555 

w 

(3.54) 

and Hammerstad [3.19, eqn.4] gives 

F = 1 + 

12h]~ 0 - 5 

w 

(3.55) 

Synthesis — Line geometry 
For 8<e r <12, the condition Z 0 - 

(44-2e r )f2 

is used by Owens 

[3.16] to 


distinguish between narrow- and wide-line geometries. For narrow lines, Wheeler’s 
formula [3.4] is rewritten as 

w _ 8 

h exp(A) - 2 exp(-A) (3.56) 


with A = z p V 2 , (Er+ i) J gr , ] ) [ 0 4516 + 02416 1 

119.9 2 (e r + 1 ) p 3I0+ e r J ( 3 . 57 ) 

For wide strips 

T ■ i (<B-l)-l»aB-l)t^-[ln(B-l)y0.293-Ma]J ^ 

with b = 

z oVe7 (3.59) 

For e r < 16, Hammerstad [3.19] uses the same equations as above but with modified 
coefficients and a transition between the equations when w/h = 2. The modified 
equations in place of (3.57) and (3.58) are 

_ Z 0 y2(e r + 1) (e r - 1) . Q.22 

119.9 2 (e r + l) P ’ 46 e r ( 3 . 60 ) 

and f - i{(B-l)-ln(2B-l) t irlj W -l| + 0.39-^!-]] (361) 

Synthesis — Effective relative permittivity 

Given e r and with w/h known, E e g- may be derived using the analysis equations, 
(3.52) and (3.53). 

EXERCISES 


3.1 Sketch the electric and magnetic field patterns for 

i) a coaxial line, 

ii) a balanced strip transmission line, 

iii) a microstrip transmission line. 
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3.2 A 50n characteristic impedance air-spaced coaxial cable has a solid cylindrical dielectric 
supporting bead (e r ~2.25) that is 5.0 mm long. 

i) What is the additional shunt capacitance at low frequencies due to the dielectric material ? ; 

11) Up to what frequency will this calculation be valid ? 

3.3 A balanced strip transmission line has a uniform dielectric material, e r = 2.25, and a 5 0 mm 

separation between the ground planes. 1 

i) Calculate the strip width that is required for a 500 characteristic impedance line 
n) At a plane where the dielectric material finishes so that a sliding shore circuit may be used 
on the line, to what width must the strip be changed if the 500 characteristic impedance is 
to be maintained? ; 

3.4 A 1.0 mm thick alumina substrate, £ r = 9.6, is used for a microstrip circuit that requires a 500 

charactenstic impedance transmission line with the impedance to be maintained within 2% of ' 

the trae value. What is the line width and the tolerance that must be maintained? 

3.5 A 1.0 mm thick fused quartz substrate, £ r =3.8, is to be used for the construction of a 
microstrip circuit. If the line widths have to be within the limits of 0.2 to 6.0 mm what is the 

range of charactenstic impedances available to the circuit designer? I 

3.6 A microstrip circuit has been fabricated on a 1.58 mm thick substrate. The lines, which are 
connected to 500 characteristic impedance coaxial connectors, are themselves assumed to have 

a 500 charactenstic impedance and are 4.7 mm wide. Estimate the relative permittivity for the I 

suDstrate. ' 

3.7 An open-circuit terminated stub microstrip transmission line on a 0.5 mm thick alumina 

substrate, e r = 9.6, is 1 .0 mm wide and 6.0 mm long. What are the characteristic impedance of i 

the line and its electrical length at 2.0GHz? Assume for this calculation that end-effects and 
dispersion may be ignored. 

3.8 Consider the case of a microstrip transmission line in free space. The strip of width, w, and 
height, h, above die ground plane together with its image are each subdivided into four equal 
areas. Because of the double symmetty of the problem, the total of eight charged regions may 
be represented in terms of the magnitudes of two unknown charges only, say q! and q,. 

■) From the geometry of the problem, determine the elements of the matrix [ p ] where 

v = [p]q 1 

u) Solve the matrix equation for the unknown charges when the strip has unity potential with 

respect to the ground plane and calculate the line capacitances for w/h = 0.01, 0.1, 1.0 and I 

for me first three cases arc given in Table A2.1, while for the fourth case of ' 

w/h = 10,0, a comparison with the value from Table 3.1 should be m ad e . 

3.9 i) In Appendix 2, Point 2 highlighted the need to develop a special formula for the handling 

of self-potential. As the basic equation (A2.5) assumes that the source charge is 
concentrated at the center of the sub-area and is at a large distance from the field point 
where the potential, V, is evaluated, there may be a significant error for the term associated 
with two adjacent areas, ds, and ds 2 , as illustrated below. Derive an equation for the 
potential at P 2 due to the distributed charge, q,/ds, per unit width on the adjacent element. 



i) Recalculate the two-point example illustrated above using the improved formulation for 
adjacent elements and with w/h = 0.1 and show that the error for the normalized 
capacitance is increased from 3.4% to 3.9%. What is the physical explanation for this 
apparent contradiction? 
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Microstrip 

transmission lines — 

further considerations 


4.1 INTRODUCTION 

j , ma ,7 ™ so ™ wl, y « practical microstrip line does not behave exactly as 

j described by the low frequency models for the ideal line in the previous chapter In 

|| chapter the practical line is considered wherever possible in terms of perturbation 

!: ff 00 th ® ldeal lme ' A fim,e thickness strip is taken care of through an effective 

!j ' n n C . reaSe ln ‘' ,e ,ne w,dth of a zero-thickness line. The finite conductivity of metals 

and lossy d.electnc substrates do not cause any significant changes to the 
characteristic impedance or wavelength, but are responsible for introducing an 
attenuation to the transmitted signal. 8 

Quasi-static approximations are based on the assumption of TEM fields in 
microstnp lines and are assumed in the design of most components and circuits It is 
lmP ° rtam t0 , rea ‘ iZe ‘ hat ‘ his TEM assum P t *on may be a severe limitation ai 

! dif^rs o qUe m leS U " £SS 0n< \ knows how t0 c >rcumvent it. An appreciation of the 

i dispersion problem appears in §4.4, where limits to the low frequency approximations 

are given together with a description of the variation of effective relative permittivity 
an d characteristic impedance with frequency. 

I setrinf rmC ',° Stnp !l ne ', s ca P able of radiating from any line discontinuity as well as 

[ g P ° he f r modes 'hat are guided by the air-substrate interface without requiring 

y h presence of a metal stnp. A microstrip circuit is normally enclosed in a shielded 

envrronment to minimize these effects and to protect the circuit from external 
| influences. However, the shield itself will influence the line parameters and will also 

ii amonn 0 ^ er f reS ,h nant ‘° ** CXdted the resultin 8 caviti «- These effects are 

<1 a g f he further considerations that must be taken care of, before completing the 

|j design of microstnp components and circuits. 6 


4.2 PRACTICAL MICROSTRIP LINES 
4.2.1 Finite strip thickness 

The conductors of practical microstrip lines have a finite thickness, t, that must be 
accounted for in accurate calculations of characteristic impedance and propagation 
coefficient. Formulae that were derived in Chapter 3 for zero-thickness lines may Z 
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Figure 4.1 The equivalence between finite- and zero-thickness microstrip lines 


used when an equivalence is established between a practical line with parameters 
(w,h,t) and a zero-thickness line (w',h,t=0), where 

w' = w + Aw (4.1) 

These parameters are illustrated in Figure 4.1. For the majority of microstrip lines, 
t <c h and, except for the very narrow high impedance lines, t <c w. 

The secondary parameters of any TEM line, namely Z 0 and y, are derived in 
§1.2 in terms of L, C, R andG and, in particular for a lossless line, in terms of L and 
C. Thus it is necessary to know the influence of finite line thickness on L and C and 
hence deduce its effect on both the characteristic impedance and, through e e fy, on the 
] propagation coefficient. 

The influence of line thickness with e r = 1 was studied by Wheeler [4.1] and 
formulae for the line width corrections for narrow and wide strips were obtained. 
One of the wide-strip terms was later corrected [4.2], as a part of the original 
| derivation was based on the assumption of an unlimited width strip. Bahl and Garg 

[4.3] modified the original Wheeler formulae by increasing all the correction terms to 
w/h by 25%, when used in characteristic impedance calculations, -and thus found a 
i close fit to existing data at that time. From [4.3] 
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_ w , 

1.25 1 
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(4.3) 


Furthermore, the effective relative permittivity was also reduced for a finite line 
thickness to give 


e eff — e eff 


£r 1 t/h 

4.6 Vw/h 


(4.4) 


Equations (4.2) to (4.4) apply for t/h <0.2, 0.1 < w/h <20 and E r < 16. Wheeler 
[4.2] introduced an additional term that extended the width formulae for greater 
thickness lines and combined both narrow- and wide-line formulae into a unified one, 
giving w'/h for characteristic impedance calculations. The correction term, suitable 
for both analysis and synthesis, is 


Aw = 


_t_ 

7t 


(1 + /n4)- 



with e r = 1 


(4.5) 
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with either % = w/h + 1.10 or 4 = w'/h - 0.26, depending on whether the actual width 
or the equivalent zero-thickness width is already known. Equation (4.5) is valid for 
thicknesses up to a square cross-section for narrow strips and up to moderate 
thicknesses, i.e. t < h, for wide strips. This equation may be used for all inductance 
calculations since for any TEM-wave 

1- = ~ 5 — H.rrT 1 

C C < E r=» (4.6) 


The width adjustment for inductance calculations is independent of the substrate 
permittivity and is most easily given through the thickness influence on C er _ s in 
(4.6). However, the effect of strip thickness on the capacitance will be dependent on 
the substrate permittivity. Aw will be smaller when e r > 1 than when e r = 1, since 
the edge of the strip is in a region where the electric field strength for a given voltage 
is reduced as the substrate permittivity increases. From [4.2], the modified correction 
term to be used for capacitance calculations is Aw/£ r , so that for characteristic 
impedance calculations 


Aw' 


l+(l/e r ) 

2 


Aw 


(4.7) 


The effective relative permittivity is used primarily in the evaluation of the 
wavelength along the line at the operating frequency. Using the definition that 
£eff - (*oM) andjubstituting for each wavelength from a relationship of the form 
P = 2n/X = wVIC, gives 


£ eff - 


C(with substrate! 

C(air) 

since the inductance is unaffected by the presence of the substrate. Thus 
Zp(air) l 2 


e eff = 


Z 0 (with substrate) 


Allowing for the finite thickness of the strip, (4.9) becomes 
fZ 0 (w' = w + Aw, e r = 1) | 2 


E eff = 


Zo(w" = w + Aw', e r ) 


(4.8) 


(4.9) 


(4.10) 


In this chapter, variations of characteristic impedance are required as functions 
ot several parameters. For clarity, the impedance is specified as a function of the 
parameters (w, h, t, e r ) as appropriate. 


Example 4.1 

Design a 500 characteristic impedance microstrip line on a 1.58 mm thick, £ r = 2.5 
substrate with a conductor thickness of 0.1mm. Calculate the effective relative 
permittivity for the line and compare the results with those obtained using the Bahl 
and Garg expressions. 

Solution: 


From Appendix 3, for a zero-thickness 500 line, E eff = 2.090 and w'/h = 2 837 
giving w' = 4.482 mm. In (4.5), with £, = 2.577 


| 


{• 


£ 

! 

i 
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Aw = 0.139 mm 

while Aw' = - * Aw = 0.097 mm 


giving the actual line width of 4.482 — 0.097 = 4.385 mm. 

This change in line width represents a correction term for the 1.5% error 
that would otherwise have occurred in the characteristic impedance. The 
effective relative permittivity is found from (4.10) as 


e eff ~ 


Z 0 (w' = 4.385 + 0.1 39, e r = 1) ] 2 
Z 0 (w" = 4.385 + 0.097, £ r = 2.5) 


71.87 

50.01 


= 2.065 


For comparison, with w' — 4.482, h = 1.58, and t = 0.1 mm, the Bahl and Garg 
expressions from (4.3) give an actual line width of 4.370 mm, irrespective of the 
substrate permittivity, while from (4.4) f\.ff is 2.078 as compared with the 
negligible line thickness value of £ e (j = 2.090 and the 2.065 above. 


4.2.2 Losses 


Dielectric losses 

The dielectric substrate has a complex relative permittivity given by 
£ = e r eo(l - j tan8) where tanS = (G/coC) is the loss tangent for the substrate. The 
loss tangent represents the ratio of conduction to displacement currents that flow in 
the dielectric region. For a TEM-wave propagating along a low-loss uniformly-filled 
transmission line, from (1.22), the attenuation due to the losses in the dielectric 
material is 


«d = 


GZ 0 

2 


coCZ 0 

2 


xtanS 


neper, m 


(4.11) 


A dielectric-loss effective filling factor, q d , is introduced now to allow for the fact 
that the lossy dielectric material does not completely fill the whole microstrip cross- 
section. It is clear that q d will differ from a similar effective filling factor for 
capacitance calculations since, on the one hand, for evaluating q d there is no 
conductance component associated with the air region above the substrate, even 1 
though there is energy transfer through this region, while on the other hand, for £ e ff 
calculations there is a capacitive component for the air region. In (4.1 1), C is the total 
capacitance per unit length of line and, from (1.29) with 


CZ 0 = 


c 


it follows that 


rtf Ve^ff 


q d tan5 


(4.12) 



«d = 


c 


(4.13) 
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As derived by Schneider [4.4], the effective filling factor for the dielectric loss 
tangent 

n _ (electric energy stored per meter in the substrate) _ 

4(1 (electric energy stored per meter in the complete line) = w (4.14) 
Furthermore, in [4.4, Appendix 1], it is shown that 
iw = w S and = JW 

° e r Er ° E eff e eflf (4.15) 

eivlne .%£ , , « 

ter e r W e r q 4 (4.16) 

Thus q d = — — x j Eeff 

e eff te T (4.17) 

The variation of e eff with e r for a given line geometry is found by using (3.45) 
i.e. e e g- = 1 + q(e r - l), f r0 m which 

Qd = 77 q + (Er “ 1) '^ 

e eff 3e rJ (4.18) 

From Figure 3.9, it is observed that for all substrate permittivities, 0.5 <q < 1.0, and 
for w/h = 1 , for which the slope is about the largest 

q = 0.66 - 0.03 fl — Ll i e A = 


Thus the expression 

e r 

q « = ~77 x 9 

Eeff (4.20) 

will slightly overestimate the dielectric loss, but not by more than about 1% if 
e r >2.5. Hence (4.13) becomes 

K f V e eff Er e eff ~ 1 . ^ 

“d ~ 7 — tanS 

c e e£f e r - 1 (4.21) 

or on rearranging 

-(Eeff) -1 „ 

^ ~ Jq, , r i tan8 neper. m 

l 1 - (E r ) (4.22) 

where Xq is the free space wavelength. 

Example 4.2 

Calculate the attenuation due to dielectric losses at 1.0GHz for a 500 line on a 
K58mm thick, E r = 2.5, substrate. The dielectric loss tangent for the substrate is 

Solution: 

From Appendix 3, the effective relative permittivity for the line is 2.09. 
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Substituting into (4.22), gives 

_ nrfim [ 1 - 0.478 l.. ftnni 


= 0.0132 neper.m 1 
0t d = 0.114 dB.trT 1 


Conductor losses 

At microwave frequencies, the current flows through a thin layer on the outside 
surface of the microstrip conductors. With the transverse dimensions much greater 
than the measure of this layer thickness, called the skin depth, the skin effects of an 
actual conductor surface may be analyzed in terms of a plane wave propagating along 
the normal into the conductor. For a plane wave propagating in a good conductor, the 
transmission line model of Chapter 1 can be used with L and G now evaluated for a 
unit cross-sectional area, as well as per unit length. From (1.5) with no magnetic 
losses and with the conductivity o » toe, the propagation coefficient 


= VjtoLG 


a = p = 


a = P = 


where [X is the permeability of the conductor that, for non-magnetic materials, is taken 
as Po, the permeability of free space. Thus the fields and currents decay exponentially 
into the conductor and, at one skin depth 8, have decayed to e _1 of their surface 
values, i.e. 8 = a -1 . Hence the skin depth 

i 

2 2 

^ copa m (4.24) 

This definition of skin depth is useful since the total current for a uniform current 
density J 0 within this depth, as illustrated in Figure 4.2, is identical to that of the 
actual current with the same current density J 0 at the surface and an exponential 
variation into the conductor. It may be assumed that if there are at least three skin 
depths of conductor thickness from each surface, i.e. to the 5% maximum current 
density level, then the assumption of the uniform current distribution will produce 
errors that axe negligible in comparison with other possible sources of error, such as 
the effects of surface roughness. 

Example 4.3 

Calculate the skin depth for a copper conductor at 1.0GHz and compare it with the 
thickness of metal for a substrate with a 1 oz. copper cladding (i.e. t = 35 pm). 

Solution: 

From (4.24), with o = 5.8x 10 7 S.nT 1 and p = pq = 4trx 10 -7 Em' 1 
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Z\ BU t r* 42 CurTen ‘ density variations with depth from the surface of a conductor showing 
(a) the exponential decay of the current density, (b) the plane for the current sheet for 
c^JcSons 03 CU aa0 " S ^ (C) thC equivalent current distribution for surface resistivity 


l 


1 2 7C 1 0 9 X 4tc10 -7 X 5.8 xio 7 j m 

he. 6 = 2.1 (tm 

A copper conductor that is 35 pm thick represents a thickness of some 17 skin 
depths and there will not be any significant interference between the currents on 
opposite faces of the conductor. 


Example 4.3 shows that the current flows within a very thin layer on the surface of 
the conductor. A conductor that is deposited onto a substrate will have a surface 
roughness similar to that of the substrate. The r.m.s. surface roughness may easily be 
1 pm or greater and will cause the current to flow along a longer path across the 
surface of the conductor, givtng increased conductor losses along the microstrip line. 
It otj. is the conductor loss with perfectly smooth conductors, then the practical loss 
accounting for surface roughness, as given by Hammerstad and Bekkadel [4.5], is 


= 


etc 


1 + — arctan(l.4A/5) 


(4.25) 


where A is the r.m.s. surface roughness. This equation fits the trends of the 
t eoretical excess conductor loss when A < 2 5, as evaluated by Morgan [4.6] for 
three surfaces with known surface roughness. 

The surface impedance Z s of a conductor is required for attenuation 
ca culations. It is determined by the voltage/current ratio at the surface and is equal 
to the input wave impedance seen by a wave traveling from the surface into an 

with a> S' 1655 ° f the COnduCt0r ' Thus ’ from < U2 >. with magnetic losses and 
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i.e. 


Zs = Rs + j x s 



’ jrcn ]* 
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d+j) 


r J- 

cop 1 
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This surface impedance may also be written in the form 
1 




(4.26) 


(4.27) 


from which it is now clear that the surface resistance is given by a uniform current 
flow over a depth 5 and the surface reactance is inductive. The surface inductance 
^surface be given by moving the current sheet from the surface, where it would 
be in the perfect conductor case, to a depth 6/2. The true current density and the 
equivalent profiles for R and L calculations are illustrated in Figure 4.2. For a 
transmission line that has a surface with length l and width w 


R = X = 


V 

w 


(4.28) 


Calculating X and deducing R from R = X of (4.28) is better than calculating R 
directly using (4.26). This is because in practice there are problems in the direct 
estimation of R, due to the difficulties in finding the spatial dependence of the current 
that flows in the conductors. The inductance per unit length of a line at high 
frequencies normally assumes that all the current flows on the surface of the 
conductor, i.e. inductance external to the conductor L cxl is calculated, which ignores 
the magnetic flux that is actually within the conductive medium. However, as seen 
earlier, it is more precise to assume that the current sheet, rather than flowing on the 
surface, flows at a depth 6/2 as shown in Figure 4.2. This calculation will give a 
greater value for the total inductance where the difference is attributed to the surface 
inductance, L SUT f acc . Thus 

^surface = ^-total - ^-ext (4.29) 

It is E sur face that is responsible for the reactance X in (4.28), so that Ft = Mh sur f ace 
may now be evaluated if the change in line inductance is calculated as perfect 
conducting walls recede by 6/2 as shown in Figure 4.3. This procedure, known as the 
"incremental-inductance rule" of Wheeler [4.7], gives the line resistance due to the 
skin effect, but is based entirely on inductance calculations. 

For inductance calculations that lead to the resistance, it is only necessary to • 
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Figure 4.3 Receding surfaces for the calculation of internal inductance 
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have the conductors in air by taking e r = 1.0 for the substrate region. Using (4.5) for 
the equivalent width of a conductor may make negligible difference to the 

pS Ct « T 'fo's^foe °I a J ine With tMn conductors - However, as discussed by 
Pucel et al. [4.8] the thickness must be included in incremental inductance 
alculations, since the change in thickness of the line when taking the receding 
surfaces is significant in the difference calculations. The geometry of the problem is 
illustrated in Figure 4 3 From ( 1 171 mA n .n • y .piuuiemis 

, arm r.i, . ul/ ' and ( * -27). the inductance may be given in 

terms of the characteristic impedance as 6 

L _ 2 0 (air) 

c (4.30) 

Thus, /?= co f. surface = Z 0 (w - 5, h +6, t - S, e r = 1) - Z 0 (w, h, t,e r = 1)| 

(4.31) 

The variation of power transmitted along a lossy line is 
P(z) = P n e" 2az 

0 (4.32) 

found* as rentiati "^ ‘ hiS eXpreSsion with res P ect t0 attenuation coefficient is 

a = (Power loss per unit length! 

2 x (Power transmitted) (4 33 ) 

of theTine f t0 ‘ a ' V °' ta8eS ^ ° f * Sing ‘ e traveling wave and the Parameters 

a = j2fl L « 

2VI 2Z ° (4.34) 

This equation is of course equivalent to (1.22). However, at higher freouencies 
when the quasi static model of the line is no longer accurate, (4.33) is still valid as the 

“«SSnf Ula,i ° nS ’ W ' th thE “ — - ^udS " the 

Thus a c = — — — 

2Z 0 (e r ) 

- 7t z 0 (w-5,h + 5,t-5,e r =l) - Znfw.h.t r_=n 

*0 Z 0 (w,h,t,e r ) neper, m 1 

(4.35) 

Example 4.4 

P^m h \? n n U S02 l0S$ f ° r 3 miCr ° Strip Hne that has the following 

parameters, w - 0.508 mm h = 1 .270 mm, t = 0.009 mm, e r = 9.6 and copper 

™ " 1 ■ 5 8 " 1° S "-‘- "« *«<>« -ghnL „ t te 

Solution: 

teZ , d h epth 4 -°? Hz is a00104 mm - The ihickness correction 

terms to the width for the strip conductor from (4.5) are: 
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i) For t = 0.009 mm and £, = 1 .50, then 

Aw, = 0.01128 mm. 

ii) For t = 0.009 - 8 = 0.00796 mm and \ = 1 .50, then 

Aw 2 = 0.00997 mm. 

From Table 3.2, the following characteristic impedance calculations are made: 

i) Using Z. ext with w' = w + Aw, gives 

Z 0 ( w' = 0.51 928, h= 1.270, t' = 0,e r = 1.0) = 178.604 O 

ii) Using i- tota j with w' = w - 8 + Aw 2 and h' = h + 8 gives 

Z 0 (w' = 0.51797, h= 1.27104, t' = 0,e r = 1.0) = 178.802 Q 

iii) Using Z. ext , but with the substrate present, from (4.7) gives Aw' = 0.006, and 

Z 0 (w' = 0.514, h = 1.27, t' = 0, e r = 9.6) = 72.63 0 


At 4.0GHz, ko = 7.5 cm and, from (4.35) 

8 . 6867 c 178.802- 178.604 

“c 7.5 72.63 

i.e. a,- = 0.0099 dB.cnf' 


dB.cm 1 


The surface roughness will increase the attenuation along the line. From (4.25) 


etc = Cfo 


1 + — arctan 

7t 


1.4x0.001 


0.00104 

giving an overall conductor loss of 0.016dB.cm _1 . 


The characteristic impedances that have been evaluated in this example 
using formulae in Table 32 are not accurate to the quoted number of significant 
figures. However, for small variations in the line parameters , any systematic 
errors in impedance will cancel when a difference value is found. 


4.2.3 Shielding enclosures 

In Chapter 3, the characteristic impedance and relative effective permittivity were 
derived for microstrip lines on the assumptions that only uniform lines were 
considered, that no additional lines were nearby and that both the ground plane and 
the region above the substrate were infinite in extent. In later chapters, when 
component designs are considered, the infinite nature of the ground plane and air , 
region will be retained. However, in a practical system it will be necessary to have 
finite dimensions for the overall circuit. A modular system of enclosed housings, 
either at a component or subsystem level, not only provides easier handling and 
strength, but also may be required for internal or external electromagnetic shielding 
and hermetic sealing to reduce circuit deterioration from external elements. 

The presence of sidewalls and a top plate modify the geometry of the ground 
plane. These additional conducting planes increase the line capacitance per unit 
length for a given w/h ratio and, in particular, increase the percentage of the energy 
that is transmitted through the air region. Thus both the characteristic impedance and 
effective relative permittivity of any line are decreased. A compromise for the 
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SIDEWALL 



Figure 4.4 The presence of a sidewall, showing the odd-mode equivalent structure 


housing between minimal circuit interference and overall compactness generally 
means that circuit effects should be small and may be considered as senate 
perturbations from one of the sidewalls and from the top plate. P 

A single sidewall 

Sewal^^h^h^'H thC e T eUy ° f 3 Sing,C miCr0Stri P line in ** vicinity of a 
sidewall. The boundary conditions at the sidewall are maintained with the use of an 

mage hue. The combination of the line and its image is identical to the odd mode 
configuration that will be described for parallel-coupled lines in Chapter 8 

The equations in Chapter 8 for the odd-mode impedance, where two lines 
rj‘ ed by f a dlSta " c f. s = 2 d are driven in anti-phase, are used directly to give the 
° f 3 S1 " gle , hne ln thc P roxim ity of a sidewall. The results, giving the line 
impedance normalized to Z*,, the value of Z 0 as d -> oo, and as a functL of d/h for 
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three substrate relative permittivities (1.0, 2.5 and 9.8), are plotted for lines that have 
Zq = 500 in Figure 4.5a. The plots are fairly insensitive to e r and may be used to 
estimate the effects on the impedance over the permittivity range 1 .0 < e r < 1 0.0. The 
procedure for designing a 500 line that has to pass close to a sidewall is illustrated in 
Example 4.5. Further plots that show the reduction of line impedance for 30, 50 and 
800 lines on an e r = 2.5 substrate are illustrated in Figure 4.5b. 

Not only is the characteristic impedance reduced by the presence of the wall, but 
so also is the effective relative permittivity, now that there is a higher percentage of 
energy transfer above the substrate. £ e g- will be required if any wavelength dependent 
lines appear as parts of the circuit near the sidewall. In Figure 4.6, the reduction 
factor, k, for e e fj- is shown as a function of the distance of a nominal 500 line from 
the sidewall for e r = 2.5 and 9.8. More precise calculations may be made for other 
line combinations by evaluating, from Appendix 4, the odd-mode effective 
permittivity for a coupled line. 

Example 4.5 

A 500 line on a 1.58 mm thick, e r = 2.5 substrate is situated adjacent to a sidewall of 
an enclosure with 2.0 mm clear substrate between the line and the wall. What is the 
required width for the line? 

Solution: 

From the dimensions that are given, with d/h = 1.27, a 500 impedance line with 
w/h = 2.837 is reduced by a factor of 0.95 to 47.50. Assuming that this factor is 
insensitive to small impedance changes, the geometry of a 50/0.95 = 52.60 line 
is required. From Appendix 3, for this line w/h = 2.625, giving w = 4.15 mm. In 
this case, a line width reduction of 0.34 mm is required for a 500 line due to the 
proximity of the wall. The edge of the line remains at 2.0 mm from the wall. 


The top plate 

Consider a microstrip line with a metallic shield placed as a top or cover plate at a 
distance H above the substrate and strip as illustrated in Figure 4.7. The line 
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Figure 4.7 The geometry of a covered microstrip line 


capacitance will increase and the characteristic impedance decrease as H is reduced. 
Bahl [4.9] provided the first set of closed-form equations that allowed for the effects 
of the top plate. These were corrected and extended by March [4.10], on whose 
expressions the following equations are based. 

With reference to Figure 4.7 and with T = (l+H/h) and V = w/h, the 
characteristic impedance of the unshielded microstrip line with air dielectric for the 
substrate region is modified to give 

Z 0 (air, shielded) = Z 0 (air, unshielded) - AZ 0 (4-36) 

where AZ 0 = 270 1 - tanh 1.192 + 0.706 VT - 1389 x 

T 


x 1.0109 -tanh' 


[ 0.01 2 V + 0. 177 V 2 - 0,027 V 3 


( l T 2 JJ (4.37) 

The effective relative permittivity is reduced by the presence of the cover plate. It is 
still expressed in terms of an effective filling factor and the substrate permittivity with 

E eff = 1 + q(shielded) X (e r - 1) (4.38) 

where q(shielded) = 0.5 + q' x (q(unshielded) - 0.5) 



Normalized distance to the top plate, H/h 

Figure 4.8 Correction factors for the presence of a top plate in the case of a shielded 
microstnp line 


Microstrip transmission lines — further considerations 77 


ana q = tanh |0.922 + 0.121 T- **^ 1 * (4.39) 

When H = h, giving T = 2 and q' = 0.5, the electric flux density is symmetrical about 
the plane of the strip and e e g- = (e r +l)/2 for all values of w/h. Finally, the 
characteristic impedance of the shielded line is given using (4.36) and (4.38) as 

Zo(air, shielded) 

Z 0 (e r , shielded) = (4.40) 

AZq from (4.36) for an air line is plotted as a function of H/h with w/h as a parameter 
in Figure 4.8. The correction factor q' is also shown in the figure. 

4.3 SUBSTRATE MATERIALS 

It will have been observed that, up to this stage, the majority of examples have been 
concerned with a substrate with e r = 2.5. While this value is typical of a range of 
materials and has been used in Appendix 3 for calculations, there are also many other 
suitable substrate materials. In Table 4.1, a brief description of the properties of some 
of the substrate materials is given, highlighting some of the advantages and 
disadvantages of them. A more thorough discussion of this topic may be found in 
Hoffmann [4.11], 

4.4 DISPERSION 

In Chapter 3, a microstrip line was considered with low frequency approximations 
that allowed the line to be described in terms of its capacitance per unit length both 
with and without the presence of a dielectric substrate material. The majority of 
topics in this book will be presented in terms of the low frequency or quasi-static 
assumptions to allow the underlying principles of components and systems to be 
studied. However, an attractive feature of the microstrip line is that it may be used at 
high frequencies with compact circuit configurations, but where the cross-section 
dimensions of the line are no longer very small compared with the operating 
wavelength. The quasi-static assumptions that require predominantly transverse 
electromagnetic fields are inadequate at high frequencies and a full-wave solution 
allowing for the complete matching of the fields at the dielectric-air interface is 
needed. 


4.4.1 The effective relative permittivity 

Among the early work on the dispersive effects in microstrip lines, Chudobiak et al. 
[4.12] derived empirical expressions to fit both their experimental £ e g- results and 
those of Troughton [4.13] and Arnold [4.14], Their expressions were straight line 
approximations for the frequency dependence of E e (j for frequencies greater than f 0 , 
the frequency above which dispersion no longer may be neglected. This frequency 
limit is given [4.12] as 


hv/ePT 


GHz, with h in mm and Z 0 in fi 
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Table 4.1 The properties of substrate materials 


Material 

G 

tan5 

@ 10GHz 

Advantages 

Disadvantages 

t 

Air 

1.0006 

= 0 

Pure TEM wave. 
Assumed as free space. 

No support for strip. 
Large physical size. 


PTFE 

2.1 

0.0003 


High thermal expansion. 
Poor mechanical properties. 


Reinforced 

plastics 

2.3 - 2.6 

<0.001 

Improved mechanical 
properties. 

Large sizes — low cost. 

High thermal expansion. 
Variability between batches. 

1 

Quartz 

3.78 

0.0001 

Reproducible substrates. 
Useful in the mm range. 
Low thermal expansion. 



Ceramic 

loaded 

plastics 

2.5 - 10 

<0.002 

Good mechanical properties. 

Variability between batches. 


Alumina 
99.5% pure 

9.8 

0.0001 

Reproducible substrates — 
improving with purity. 

Brittle. 

Slightly anisotropic. 

1 

Sapphire 

A1 2 0 3 

9.4 

11.6 

0.000 1 

Reproducible substrates. 
Very smooth surfaces. 

Anisotropic crystal. 
Small size — high cost. 

2 

GaAs 

12.9 

0.002 

Integration with high 
frequency active devices. 

Thin substrates (-0.15 mm). 

3 

Rutile 

TiO, 

85 

0.004 

Reduced size components. 

Rough surfaces. 
Temperature sensitive e r . 

4 


t Notes 

1 . Readily available and popular substrate materials. 

2. The cut with the C-axis normal to the ground plane gives electrical properties 
that are independent of the direction of propagation across the substrate. For 
electric fields along the C-axis, e r =11.6. 

3. tan 5 < 0.001 for the high resistivity material. 

4. A negative thermal coefficient of permittivity. 


with frequency. If £ e ff(f) is the effective relative permittivity as a function of 
frequency, then it should possess the following properties: 

i) e e ff (f) has a zero derivative with respect to frequency at f = 0 and increases 
smoothly with frequency. 

ii) At high frequencies, £ e ff (f) approaches an asymptotic value that is equal to e r , 
when all the energy is transmitted through the substrate region. 

iii) An inflection frequency exists at which the second derivative of £ e ff(f) with 
frequency is zero. 

Atwater [4.16] compares seven published formulae for e e ff(f) with 120 data values 
that have been selected from a wide range of publications and concludes that the 
closed-form design equation of Kirschning and Jansen [4.17] shows the lowest 
average deviation from the measured results. Further measurements by Deibele and 
Beyer [4.18] support the use of this expression for circuits that have a high 
(frequency) x (substrate height) product, expressed in GHz. mm, up to the quoted limit 
of validity of the expressions, namely 39 GHz.mm. This limit corresponds to a 
maximum value for the substrate thickness of 0.13 x (free space wavelength). The 
Kirschning and Jansen expression is based on extensive numerical data, that were 
derived using the full-wave theoretical analysis of Jansen [4.19]. Other more recent 
variations in the approach to the full-wave solution are given by Kobayashi and Ando 
[4.20] and Shih et al. [4.21], In these papers, emphasis is placed on the two- 
dimensional representation of the currents in the strip, as the incorrect treatment of 
the singularities associated with the currents may otherwise be a major source of 
error. 

As the emphasis throughout this book is towards the lower frequency analysis 
of microstrip circuits, a simpler expression by Pramanick and Bhartia [4.22] is 
presented here. This expression, shown by Atwater to be one of the more accurate 
formulations, will give satisfactory results unless the high range of (f x h) products 
are to be used. As derived from the equations in [4.22] 


Eefftf) 


£ r £ e ff{0) 
l+(f/f T ) 2 


(4.42) 


with 


fr 


£ e ff( 0 ) 


Zp 

2poh ’ 


h in meters 


(4.43) 



The model upon which (4.41) is based is a linear piecewise fit to the low 
frequency variations of E e ff. A significant advance was made by Getsinger [4.15] 
with an analysis of a waveguide model that possessed similar field characteristics to 
the microstrip line along the dielectric-air interface near the strip. Although it is 
stated that the analysis only holds for thin substrates, h < X s /4, and lines with 
w < Xj/3 where 2. s is the wavelength of a plane wave in the substrate material, the 
analysis does show the distinctive features of the variation of effective permittivity 


An accurate, but more complicated, dispersion formula by Kobayashi [4.23] has been 
developed from analytical results [4.20] for use at higher frequencies in microwave 
computer aided design. 

Example 4.6 

With quasi-static approximations, a 500 microstrip line on E r = 2.5 substrate has the 
parameters w/h = 2.837 and £ e g(0) = 2.09 . If the substrate thickness is 1 .58 mm, plot 
the variation of the effective relative permittivity for frequencies up to 10.0GHz. 
Indicate the frequency range over which the quasi-static approximations may be used. 
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Frequency, GHz 

Figure 4.9 The frequency dependence of the effective relative permittivity from Equation 
(4.42), Specific points with bars for their quoted accuracy are derived from the equations of 
Kirschning and Jansen [4.17]. 


Solution: 

In this solution, dispersion results for (fxh) up to 15.8GHz.mm are given From 
(4.43) ■- 

f = 2.5 ]*.. 50 

T [2.09 J 2x4 jt 10 _7 x0.00158 


= 13.8 GHz. 


Now with the frequency in GHz, (4.42) becomes 

£ eff (f) = 2.5- —' 041 T 

1 +(f/13.8) 2 


This expression, together with the quasi-static limit of (4.41) and specific values 
calculated from the more comprehensive equations of [4.17], are plotted in Figure 


4.4.2 The characteristic impedance 

The concept of characteristic impedance may only be applied in a rigorous manner to 
a pure TEM transmission line as the ratio of voltage to current for a propagating wave 
along the line. The hybrid nature of the fundamental mode of a microstrip line 
requires that careful consideration be given to the meaning of characteristic 
impedance before the frequency dependence of the value can be determined. 
Associated with the propagating wave, there are three quantities — the average 
power flow, P av , the magnitude of the total longitudinal current in each conductor, I z , 
and the potential difference, V x , between the conductors along the line of maximum 
electric field strength between the centers of the conductors. Definitions of the 
characteristic impedance may be made in terms of any two of the quantities, noting 
that V x and I z will be the pea); quantities. Thus 

Z 0 (P,I) = ~ 2 ^~ 

*z 



(4.44) 
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(4.45) 

(4.46) 


Once the quasi-static approximations are no longer valid, each definition leads to a 
different value for the characteristic impedance with Z 0 (P,1) being the geometric 
mean of the other two values. Jansen and Kirschning [4.24] discuss how the 
appropriate choice of expression is made in such a way that the theoretical full-wave 
solution and the use of characteristic impedance in circuit analysis give the best 
agreement for the majority of line configurations. The power in the propagating wave 
must be one of the terms in the impedance definition, if the power properties of 
associated network matrices in Chapter 2 are to be described correctly. Further, in 

[4.24] , it is argued that since I z is much less dependent than V x with the increase in 
frequency for a constant power, then I z (f) is more suitable for use in the TEM- 
equivalent concept of characteristic impedance. 

The use of (4.44) with its insensitive dependence on frequency has been 
supported by measurement, particularly when broadband and low reflection 
transitions have been considered between 50C2 coaxial and microstrip lines (England 

[4.25] and Majewski et al. [4.26]). As with the dispersion effects on the effective 
relative permittivity, so Jansen and Kirschning [4.24] have published a detailed 
expression for this Z 0 (f), based on data generated by the full-wave solution. Within 
the context of this chapter, it suffices to present typical variations in Figure 4.10 for 
lines on e r = 2.5 and 9.8 substrates. These curves show typical trends for Z 0 (f) with 



(fxh), GHz.mm 

Figure 4.10 The frequency dependence of characteristic impedance, normalized to the 
quasi-static characteristic impedance and based on the equations of Jansen and Kirschning 
[4.24] 


i 
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(f*h) up to a maximum of about lSGHz.mm, corresponding to 10GHz for a 1.5 mm 
thick substrate. 

Example 4.7 

Estimate the line width for a 50 n microstrip line on a 1.58 mm thick, e r = 2.5 
substrate at 6.3 GHz. 1 

Solution: 

For this substrate at 6.3GHz, (fxh) = 10.0GHz.mm. From Figure 4.10, with 
w/h = 2.8 for a 500 line (from Appendix 3) 

Z 0 (f) = 50 0 = 1.025 Z 0 (0) 

trom which it is seen that a 48.80 quasi-static characteristic impedance will 
provide the required 500 impedance at 6.3 GHz. From Appendix 3. for a 48.80 
line 

w/h = 2.943, i.e. w = 4.65 mm 

The effect of dispersion may be judged, if this value is compared with 
w = 4.48 mm for a quasi-static 500 line. 


4.5 OTHER MODES OF PROPAGATION 

A microstrip transmission line is an unbounded structure in the transverse plane and 
any discontinuity in the uniform nature of the line may generate other modes of 
propagation. A surface wave mode that is guided in the plane of the substrate, with 
the substrate on the ground plane providing the guiding structure, is discussed in 
§4.5.2 but is a less significant effect than that of radiation into the surroundings of the 
line. Nevertheless, it is important that all unwanted modes are reduced to a minimum 
to prevent cross-coupling and interference in other parts of a circuit. The choice of 
substrate parameters, line dimensions and the dimensions of any shielding structures 
all play an important part in this minimization process. 


4.5.1 Radiation 


Radiation from a microstrip line is a desirable effect in the design of microstrip 
antennas in Chapter 10 but what is desired for the design of non-radiating circuits is 
narrow high-impedance lines on thin high-permittivity substrates, in shielding 
structures that possess a cut-off frequency above the frequency of operation of the 
microstrip circuit. 

Radiation power calculations generally follow the approach of Lewin [4.27], 
who has evaluated the power radiated from a discontinuity, P rad . From the results of 
[4.27], for an incident power P m 



2n ^ |f 

Z 0 1*0 


2 

' F (h) 


(4.47) 


where r) 0 - 376.7 Q is the intrinsic impedance of free space and F(e r ) is a factor that 
is to be determined for each type of discontinuity. 


i 

1 
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The small percentage of power radiated from the open-circuit termination of a 
microstrip line may be modeled in terms of a shunt conductance, G rad , across the 
open circuit. Ideally, G rad < 1 / Z 0 and the voltage across it is essentially that across 
a perfect open circuit, namely 

v oc ~ 2Vj n = 2 x/Pjn Zq (4.48) 

where Vj n is the voltage of the wave incident upon the open circuit. Thus 



1 

4Z 0 


Zo 



(4.49) 


= fy-1 F(£ t ) 

z 0 1*0] (4.50) 

Van der Pauw [4.28] derived more exact expressions than those of Lewin but, 
following the work of Abouzahra and Lewin [4.29], better agreement between the 
two approaches was obtained, once the effective permittivity derived by Lewin was 
replaced in the various parts of the expressions for F(e r ) by e r or e e ff as appropriate. 
Abouzahra [4.30] derived a more general formula for F(e r ,e e g-), in terms of the 
current reflection coefficient of the termination on the microstrip line, and applied it to 
both matched and short-circuit terminations, as well as the open-ended line. It should 
be noted that in all these derived expressions, the termination is at a plane coincident 
with the edge of the substrate and ground plane. 

For an open circuit, with a current reflection coefficient of -1, F(£ r ,£ eff ) is 
plotted, Figure 4.11, as a function of the characteristic impedance of the line for a 
substrate relative permittivity of 2.5. Increasing the permittivity of the substrate 
reduces the value of F(e r , e e ff), as is seen from the asymptotic expression for large 
e r , given by Abouzahra and Lewin [4.29], namely 



20 40 60 80 100 120 140 160 180 200 

Characteristic impedance, C2 


Figure 4.11 The radiation factor, F(e r ,e e (f), for an open-circuit termination on a substrate 
with E r = 2.5 as a function of the line impedance, i.e. as w/h is varied 


t 
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F(e r ,ee ff ) -» 


8 

3e eff 


1 + 


4 

3e eff 



(4.51) 


The accuracy of (4.51) improves for lower impedance lines with their higher effective 
permittivities on any given substrate, as seen in Figure 4.11, where a comparison is 
made with the full expression for £ r = 2.5 . It also improves with the use of higher 
relative permittivity substrates. 


Example 4.8 

Consider the open-circuit termination on a 50f2 characteristic impedance microstrip 
line that is used as a matching element at 2.0GHz. The substrate is 1.58 mm thick 
with E r = 2.5 and with no shielding around it. Calculate 

i) the percentage power loss due to radiation from the open circuit. 

ii) the equivalent radiation conductance, G ra( j , 

iii) the V.S.W.R. on the microstrip line. 

Solution: 


0 


From Figure 4.11, the open-circuit termination radiation factor for a 500 
characteristic impedance line on e r = 2.5 substrate is 

F(e r ,e eff ) = 1.28 


At 2.0GHz, the free space wavelength is 150 mm. Now using (4.47), the 
radiated power for one watt of incident power onto the termination is 


'rad 


= 2rt 


376.7 

50 


1.58 


150 


1.28 


= 6.7 mW 


Thus there is 0.67% power loss by radiation from the open circuit 
termination. 

ii) The radiation conductance from (4.49) is 
Grad = x 0.0067 

= 33.6 pS 


iii) The 500 line is terminated by a radiation resistance of 29.7 kO instead of a 
true open circuit. This load resistance gives a voltage reflection coefficient of 


in 


29700 - 50 
29700 + 50 


0.9966 


and a V.S.W.R. of about 600. 


Note 

Practical transmission line losses on their own will probably reduce the V.S.W.R. 
from the ideal value of infinity to a value less than the one just calculated. 





! 


4.5.2 Surface waves 

A dielectric sheet on a ground plane will act as a guiding structure for surface waves, 
see e.g. Collin [4.31], With the ground plane in the y-z plane and with a propagating 
lossless wave in the z-direction given by e^ < “ t_ P 2;) , a solution for the complete set of 
TM and TE-modes may be derived. Now for situations where field components in 
the direction of propagation have to be included in the solution, it is useful to 
distinguish between the different phase coefficients, kg and [). In the direction of 
propagation, (3 = 2k IX, while for a plane wave in free space, k 0 = 2k/Xq. In the 
substrate, the field components are uniform in the y-direction and vary as cos(P x ) 
along the normal to the ground plane. Above the ground plane, the fields decay 
as e ux . The electric field lines for the lowest-order TM-mode are illustrated in 
Figure 4.12. The magnetic field lines are in the transverse x-y plane and are 
proportional and orthogonal to the transverse components of electric field. Now p 
and u, each controlling the field variations in the transverse plane, are related to [i 
which must be equal in the two regions, giving 

P 2 = k o + u 2 and P 2 = E r k 0 “ P 2 (4.52) 

Thus, it follows that 

u 2 + p 2 = (e r - l)kg ( 4 . 53 ) 

The waves may propagate in any direction parallel to the surface and do not require 
the strip for guidance. The lowest order mode, which is the TM-mode, will propagate 
down to d.c., but is so weakly guided by the surface that the waveguide wavelength 
will be almost as long as the free space wavelength and vastly different from the 
microstrip-mode wavelength. Matching the H v and E z field components across the 
air-dielectric boundary gives [4.31] 

tan(ph) = uh 

E r (4.54) 


The intersection of plots of (4.53) and (4.54) in the first quadrant of a diagram with 
uh and ph as the axes gives the solution for surface wave modes. Solving for (ph) for 
the lowest order mode, eliminate u from (4.53) and (4.54) and use 


k o 


P 2 -ko 2 


k 0 


ko 


ko 


e r ko “P 


( e eff- 0- 


' E eff 


(4.55) 



Figure 4.12 The electric fields of the lowest-order TM-mode surface wave, with no field 
variation in the y-direction of the transverse plane 
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where £ e ff, still defined as (Xq /\ ) 2 , is the effective relative permittivity for the 
appropriate surface wave mode. Thus from (4.54) 


ph 


arctan 


_ U i 


[e r 

£eff 1 

1, 

2 

£r _ | 

= arctan 




pj 



e r _ £ eff 



(4.56) 


Now, substituting for p and rearranging gives 


h 1 


e eff * 

lx 

2 

— _ i -*■ til L Id. 11 

4 O 2Kfe r -£ e ff 

e r 

e r - e e£f 



This equation gives the substrate thickness that is required if the lowest order TM- 
mode is to propagate with a guided wavelength such that the effective relative 
permittivity is £ e jf. It is the only mode that has no lower cut-off frequency and, at 
low frequencies, the majority of the energy is transmitted above the substrate so that 
£ e ff = 1 . As the propagation coefficients for this surface wave mode and for the 
normal microstrip quasi-TEM mode are quite different, the coupling between the 
modes will be negligible at low frequencies. At high frequencies, the two phase 
coefficients can become comparable, since £ e g- for the surface wave will increase with 
frequency. This situation will most likely occur with very narrow microstrip lines 
since, when w/h — >0, the microstrip e e ff = (£ r + l)/2 and is its minimum value. 
Substituting this value into (4.57) gives the lowest frequency, f s , at which substantial 
coupling to the surface wave may occur, i.e. 
f _ cxarctan(£ r ) 

' Jth v/2(e r - 1) (4.58) 

Coupling to the surface mode is avoided by always operating at frequencies below f s . 


Example 4.9 

i) Below what frequency should a 5.0 mm thick, E r = 2.5, substrate be used if 
surface wave coupling is to be avoided? 

ii) If in fact the smallest line width to be used on the substrate is w/h = 0.1, at what 
frequency will synchronous coupling with the lowest-order TM-surface wave 
occur? 


Solution: 

i) To avoid coupling with the surface wave, the maximum frequency to be used 
from (4.58) is 

f _ 3 x 10 s arctan(2.5) 

s 7t x 0.005 x V 2 (2.5 - 1) 


= 13.1GHz. 


ii) Using the data from Appendix 3, for £ r = 2.5 and w/h =0.1, the effective 
relative permittivity is 1.851 . Now, from (4.57) 



! 


i 


3 x10 s 

2.5 

1.851 - 1 

lx 

2 

27txO.005xV2.5- 1.851 

2.5-1.851 



= 14.6 GHz. 


4.5.3 Transverse microstrip resonance 

A possible resonant structure results when two open-circuit planes are X/2 apart. 
This situation occurs in the transverse plane of a microstrip line as illustrated in 
Figure 4.13. For the lowest resonant frequency in the transverse plane, the wave 
propagation is TEM in the y-direction, the fields are constant in the z-direction and 
( E x , H z ) are the fields that are present. While the magnetic field in this idealized 
resonant mode is orthogonal to that in the usual propagating wave along a microstrip 
line, the presence of any form of line discontinuity may limit the extent of the 
resonant mode in the z-direction and, in closing the magnetic loops in the y-z plane, 
be sufficient to give coupling to the (E x ,H y ) fields of the usual propagating mode. 
The end-correction length, A/, at the open circuit for a very wide line (here, in the 
sense of a very large width along the i-axis), is a function of £ r and h and is 
considered in detail in §5.2. For dielectric substrates with £ r > 2, it will be seen in 
Figure 5.2 that A / = 0.5 h . Thus, an estimate of resonance conditions in terms of the 
wavelength, X s , of a plane wave in the substrate is given by 


w + 2A/ = -r- = 


2 


(4.59) 


c 

2y[e^(w + h) 


with 2 A/ = h 


(4.60) 


The transverse microstrip resonance is only supported if transverse currents can flow 
in the strip. These currents may be suppressed with minimal effect on the 
propagating mode by having narrow longitudinal slots in the strip. 

Example 4.10 

Estimate the free space wavelength and the frequency of the lowest transverse 
microstrip resonance for a line with w/h = 3.0 on a 0.5 mm thick, £ r = 9.7 substrate. . 



Figure 4.13 The line geometry for a transverse microstrip resonance 
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Solution: 

From (4.59), the free space wavelength at resonance for the lowest order 
transverse mode is given by 

X<, = 2 V^rCw + h) 

Substituting e r = 9.7, h = 0.5 mm and w = 1.5 mm, gives Xq= 12.5 mm and a 
resonant frequency of 24.0GHz. 


4.5.4 Waveguide cavity resonance 

The shielding of a microstrip circuit in an enclosed metallic box creates a waveguide 
cavity that is partially loaded with the dielectric material of the substrate as shown in 
cross-section in Figure 4.14. 

Consider the cross-section of the waveguide without the substrate present. The 
lowest frequency for propagation is in the TE-mode that has a maximum electric field 
across the center of the waveguide between the centers of the broad faces. This is the 
dominant mode. From the theory of rectangular waveguides [4.32], the free space 
wavelength at the lowest frequency that may propagate, called the cut-off wavelength 
Xq, is given for A > B by e 

x c = 2A (4.61) 

The only field component not required in the complete field solution for the 
dominant mode when the substrate is present is H x . Thus the magnetic fields lie in 
the y-z plane and the mode is described as being a Longitudinal Section Magnetic 
(LSM) mode. An approximate expression for the LSM-mode cut-off wavelength 


X c - 


2A 


1 +(y[e ~ T ~ 1 )— 


(4.62) 


gives a small overestimate of for intermediate substrate heights. If the length (i.e. 
along the z-axis) of the shielding box is D, with D > B, the free space wavelength for 
the lowest order resonance when no dielectric is present is 

32 


(4.63) 
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Note that with Xr es < A. c , the resonant frequency of the shielding box is greater than 
the cut-off frequency of the transverse cross-section waveguide. The parasitic 
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Figure 4.14 A typical cross-section of a shielded microstrip line circuit 
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waveguide resonator modes may be excited by the radiation from microstrip 
component discontinuities and coupled between any two such radiation points within 
the cavity. Since the microstrip conductors will perturb the cavity fields, it is not 
practical to calculate accurate resonant frequencies. Effective suppression of the 
resonant modes is required if a resonant frequency occurs near or below the 
frequencies used in the circuit. Suppression may involve moving the resonances to 
higher frequencies by using metallic posts in the x-direction and placed near the 
center line given by y = A/2. The posts must be kept clear of the microstrip lines. 
Further suppression of the modes may be achieved with lossy dielectric materials that 
are placed alongside the top or side plates, but outside the range of the wanted 
microstrip line fields. 


EXERCISES 

4.1 A 100ft microstrip line on a 1.58 mm thick, e r = 2.5, substrate is constructed with a line width 
of 1.26 mm, assuming negligible thickness conductors. If the actual conductor thickness is 
0.2 mm, what is the true characteristic impedance for the line? 

4.2 What is the maximum normalized line thickness, t/h, that may be used if the impedance of a 
50ft line calculated for t = 0 on an e r = 2.5 substrate is not to be in error by more than 2ft? 

4.3 i) Calculate the attenuation per wavelength from dielectric losses for a 100ft line at 1 ,0GHz, 

if the substrate parameters are e r = 2.5 and tan5 = 0.002. 
ii) Repeat pan (i), but with e r = 9.8 . 

4.4 Calculate the skin depths at both 1.0GHz and 10.0GHz for the following materials: 


Material 

Conductivity 

Silver 

Copper 

Gold 

Aluminium 

6.2 x 10 7 S.m -1 

5.8 x 10 7 S.m -1 
4.1 xlO 7 S.m-' 

3.8 x 10 7 S.m -1 


4.5 i) Plot the factor for increased attenuation due to the surface roughness of a conductor, as a 

function of r.m.s. surface roughness normalized to the skin depth, i.e. A/6, 
ii) If the increased attenuation due to the surface roughness of the conductors is not to be 
greater than 20%, what is the maximum r.m.s. surface roughness allowable for each of the 
materials given in Exercise 4.4? 

4.6 Calculate the conductor loss at 2.0GHz for a 50ft microstrip line that has the following 
parameters: w = 4.385 mm, h= 1.58 mm, e r = 2.5 and t = 0.1 mm. The copper conductors have 
conductivity, o = 5.8 x 10 7 S.m -1 , and may be assumed to be perfectly smooth. 

4.7 The characteristic impedance of an ideal 60ft microstrip line on a 1.5 mm thick, £ r = 2.5, 
substrate is influenced by its proximity to a side wall of a shielding box. Estimate the minimum 
distance between the strip and wall, if the characteristic impedance is not to be reduced by more 
than 2%. 

4.8 A 50ft microstrip line on 1.0 mm thick alumina substrate (e r = 9.8) has a width of 0.97 mm 
and ee ff = 6.56 at low frequencies. Plot e e frC0 for frequencies up to 20GHz and indicate over 
what frequency range quasi-static approximations may be used, if wavelength calculations arc to 
be accurate to 5%. 

4.9 The radiation factor for a right-angled comer in a microstrip line [4.271 is F ~ 4/(3e r ). Estimate 
the percentage power radiated at 10.0GHz from a comer in a 50ft line on a 1.0 mm thick 
alumina substrate, E r = 9.8 . 
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! 4.10 A microstrip circuit is constructed on a 40x80 mm piece of 1.58 mm thick, e r = 2.5, substrate. 

I The circuit is completely shielded by a metallic box with the top plate at a height of 13 mm 

- | above the substrate. Calculate the expected frequency for the lowest-order waveguide 

i resonance. 5 
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Discontinuities 


5.1 INTRODUCTION 

The accurate representation of the fields and currents of straight and uniform 
microstrip lines with constant characteristic impedance are well known and have been 
discussed in Chapter 3. As soon as such a line is used in a practical circuit, there will 
no longer be a continuous cross-section geometry, but there will be changes brought 
about by the joining together of lines, the changing of characteristic impedance or 
propagation direction and the connection to various loads. Three classes of 
discontinuity effects that may be considered are: 

i) the presence of fringing quasi-static electric fields and the associated capacitance, 
for example when there are sudden changes in the width of the line and in 
particular at open-circuit terminations; 

ii) the changes to the normal flow of conduction current and the associated series 
inductance; 

iii) the launching of higher order modes and surface waves as well as unbounded 
radiation. These effects have been described in Chapter 4 and may be modeled 
by a shunt conductance to represent the loss of power from the line whenever 
their influence on the choice of substrate permittivity and thickness for microstrip 
systems is important. 

When the discontinuity is produced by a change in the line transverse 
dimension, an effective way to represent the first two cases is to convert the 
discontinuity effects into an equivalent dimensional change in the line geometry of an 
idealized line, i.e. a line in which there are no fringing effects. 



5.2 THE OPEN-CIRCUIT END CORRECTION 

Open-circuit terminated microstrip transmission lines are commonly used in matching 
networks and filter structures because reasonable open circuits are easier to realize 
than short circuits. In practice, an approximate open circuit is constructed by using 
the open end of a transmission line. The ideal field patterns associated with a 
standing wave from the open-circuit terminated line are distorted by the abrupt 
termination with fringing electric fields from around the end of the line to the ground 
plane. At low frequencies the fringing fields, Figure 5.1a, and the increase in 


SOURCE ' ' 
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Figure 5.1 The electric fields at the open-end termination of a microstrip line, showing (a) 
the fringing electric fields, (b) the equivalent fringing capacitance, and (c) the equivalent line 
extension to an ideal open circuit 


electrostatic energy as a result of the extra stored charge may be modeled by a 
capacitive termination, C F , across a true open circuit at the terminating plane of the 
open-ended line as illustrated in Figure 5.1b. The fringing capacitance at the 
termination of the line is equivalent to extending the line by A / in Figure 5.1c, i.e. the 
apparent line length is greater than the physical line length. 

Using (1.54), the input impedance of an open-circuit terminated lossless line is 
Z in = -jZ 0 cot(p/) (5.1) 

In (5.1), the correction length, l s A/, that gives the appropriate impedance for the 
fringing capacitance 


jcoC F (5.2) 


is therefore given by 

A l — "p- arctan(coZoC F ) ^ ^ 

In practical situations, such as a single-stub matching network where the theoretical 
length of an open-circuit terminated line is known, it must be remembered that the 
calculated line length is shortened by the correction factor for the constructed circuit. 
As a correction term at low frequencies with A I « X/l 6, and using P = V £ e ff (co/c), 
(5.3) may be written as 


a; _ 

cZ 0 

w 

Cp 

h 

V^eff 

h 

W 


This capacitive model is the first approximation to the correction term and 
neglects both the inductance to account for the redistribution of the current flow in the 
line and the conductance to model the loss of power by radiation. Equation (5.4) is 
consistent with the intuitive notion that C F = CAl, which is really an expression of the 
short line approximation of Figure 2.16b, valid at a current zero position. Silvester 
and Benedek [5.1] evaluate the excess capacitance associated with the fringing fields 
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directly, avoiding the possibility of large errors that may occur when the difference is 
taken between the charge associated with the open-ended line and the same length of 
uniform line. They give empirical equations for six selected substrate permittivities 
expressing the fringing capacitance normalized with respect to the width of the line’ 
(C F /w), as a function of (w/h) for 0.1 < (w/h) < 10 . Their error analysis suggests 
that the capacitance values will probably be on the low side of the true values The 
six empirical equations for capacitance in Table 1 of [5.1] have been reduced by 
Hammerstad [5.2] to one equation such that the normalized line extension Al/h is 
given in terms of e r and w/h as 

f = 0.412 x £ eff +0 ' 3 
h 


w/h + 0,262 

£ eff~ 0-258 " w/h + 0.813 


(5.5) 

The maximum error for A / in (5.5) compared with the data that was used for fitting 
the expression is less than 0.05h for e r = 1 and less than 0.01 h for e r > 2.5 . 

In a hybrid-mode analysis of the end effects, Jansen [5.3] formulated the 
problem in terms of the field and surface current distributions that occur in the plane 
ot the microstrip. The complete termination is considered to be enclosed within a 
perfect metal wall structure, with the walls being sufficiently far from the microstrip 
line for them to have minimal influence on the solution. The method may also be 
used to predict the frequency dependence of the end-effect correction term. 

An empirica! formula that accurately models results derived from the method of 
Jansen [5.3] for the effect of an open end on a microstrip line has been given by 
Kirschnmg et al. [5.4], From [5.4] y 

A/ ' h = K&W (5 .6) 

with 


Ci = 0.434907 


e cfr 1 + 0-26 
f'l’i 1 -0.189 


(w/h) 08544 + 0.2.36 
(w/h) 0 ' 8544 + 0.87 


r = t 0.5274 x arctan(0.084l'w/h) 19413 Ct) 


P 0.9236 
e e£f 


with % = 1 + 


JzM 


.0.371 


2.358 e r + 1 
C3 = 1 -0.218 exp(-7.5w/h) 

C4 = 1 +0.0377(6-5exp(0.036(l-e r )))xarctan(0,067(w/h) 1 - 456 ) 

, , acc . uracy of the fit of ( 5 - 6 ) t0 theoretical results at 1.0GHz is better than 
^nnittivities less tha " 5 0 and line geometries in the range 
. - w/h _ 100. While this error, when compared with the overall circuit 

dimensions appears to be small for a total line length l » h, its effect may still have 
o be carefully considered in those cases where either the susceptance of a parallel- 
connected line that is approximately X/4 long or the length of a X/2 resonator is being 
computed. 6 

Over the ranges 0.04 < w/h < 10 and 2.2 <e r < 2.6 that cover the majority of 
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situations for microstrip lines using polystyrene-based substrate materials, a 
simplified expression to replace (5.6) that introduces less than 1 % additional error at 
low frequencies has been derived for this book and is given by 


A / 


= EApd + (2.4 -e r )(0.022 + 0.008 w/h) 


i = 0 


where x = /n(w/h), and A; is listed in Table 5.1. 
Likewise, for 9.6 < e r < 10.0 

f = XBpd 

11 i = 0 

with Bj also given in Table 5.1. 


(5.7) 


(5.8) 


Table 5.1 End-effect correction coefficients 


i 

Ai 

Bj 

2.2 <e r S 2.6 
Equation 5.7 

9.6 S £ r < 10.0 
Equation 5.8 

0 

0.3817 

0.3173 

1 

0.1038 

0.07592 

2 

0.00879 

-0.00201 

3 

-0.00073 

-0.00288 

4 

-0.00068 

-0.00030 

5 

-0.00019 

-0.00004 


The Al/h of equation (5.6) is plotted in Figure 5.2 (the solid line) as a function 


0.8- 

(5.6), [5.4] 

• . . .(5.7) 


0.6- 
A l 

h " 

XXX X [5.1] 


(5.5), [5.2] 



0.4- 

[5.5] 

(a) 

- 



0.2- 



0.0- 




[ — | I j J , 1 [- 

0.05 0.1 0.2 0.5 1 2 5 10 

w/h 


Figure 5.2 A comparison of theoretical results and empirical formulae for the low 
frequency open-circuit end correction factor with e r = 2.5. The asymptotic limit (a) from 
Wheeler [5.6] is for E r »1. Experimental points [■ •] are from [5.5] for e r = 2.53 . 
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of w/h with e r - 2.5. Data points (• •) from (5.7) illustrate the fit of the simplified 
but restricted permittivity range, equation to the more complete equation. The 
Silvester and Benedek results (x x) and the derived equation by Hammerstad (the 
dashed line) tend to support the former authors' analysis that their results are 
expected to be low. The theoretical results of James and Tse [5.5] were extracted 
from a small published graph and plotted as the dotted curve. The experimental 
results, also from [5.5] (■■) but without any stated errors, were obtained for 
e r - 2.53. Figure 5.2 thus compares Silvester and Benedek’s results with those based 
on Jansen’s approach for the case of e r =2.5. The agreement between the two 
methods improves for large E r , but substantially deteriorates as e r tends to unity. 

Since the fringing fields at the end of a line are similar to the fringing fields at 
the edge of a line, asymptotic values for A//h may be deduced for lines with large 
w/h from the expressions derived by Wheeler [5.6, 5.7], These expressions allow for 
the fnngtng fields of a uniform line and give the increase of the effective line width 
over the actual line width. In one case, with e r 1, from [5.6, eqn. 21], it is found 
that 


A/ In A 
h jc 


0.441 


(5.9) 


giving an equivalent line extension of 0.441 xh for open circuits on wide lines for 
high permittivity substrates. This asymptote is shown as (a) in Figure 5.2. Secondly 
with e r = 1.0, from [5.7, eqn. 35] 



(5.10) 


This equation gives A//h = 1.097 for w/h = 10 and shows a linear increase of A//h 
with /n(w/h). 


Example 5.1 

Calculate the open-circuit fringing capacitance for a microstrip line with 
w = h = 2.0 mm and e r = 2.5 . 

Solution: 

Equation (5.4) may be rewritten to give the open-circuit fringing capacitance 

C F = A/C = A/^S 
c Z 0 

where C is the capacitance per unit length of a uniform line with dimensions w 
and h. From Appendix 3, with w/h = 1.0 and e r =2.5, it is found that 
Z 0 -90.20 and e eff = 1.966, giving C = 51.9pF.nT 1 . With A//h = 0.379 from 
(5.7), then C F = 19.7 xh pF. Thus, with a substrate thickness of 0.002 m, the 
open-circuit fringing capacitance is 0.039pF. 


Example 5.2 i 

A X/2 1.0GHz resonator that has open-circuit terminations is constructed from a 

| 
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1000 microstrip line on a 5.0 mm thick, e r =2.53, substrate. What physical 
correction factor is required to compensate for the fringing electric fields at each end 
of the resonator? 

Solution: 

For a 10012 line on e r = 2.53 substrate 

w/h = 0.787 and e e ff = 1.964 (See Example 3.5) 

giving x = ln( w/h) = -0.240. Hence, substituting values in (5.7) gives 

A/ V* i 
-j- = Iv - 0.004 
n i = 0 

= 0.353 


leading to A/ =1.76 mm as the length by which the resonator line must be 
shortened at each open-circuit termination in order to compensate for the fringing 
electric fields. 

At 1 .0GHz, the free space wavelength is 300 mm. Thus the half- 
wavelength resonator length, /, is given by 


/ 



2x1.76 


i.e. I = 103.5 mm 


5.3 CORNERS 

Comers are required, not only for the convenience of improving the usage of a given 
substrate area, but also for such components as directional couplers where it is 
necessary to bring two lines into close proximity for a known electrical length. If 
space is not a limiting factor in the design, Howe [5.8] shows that for a balanced 
stripline a rounded comer with a radius of curvature greater than 3w will give a 
comer that is hard to distinguish from a normal straight section of line. Nevertheless, 
it is the abrupt comer that will be used in the majority of situations, as it can be 
designed to create a minimal disturbance on the line. 

Consider a microstrip comer with uniform lines leading up to the two reference 
planes as illustrated in Figure 5.3a. The comer, between planes /?, and R 2 , may be 
modeled by the T-network in Figure 5.3b. Here, L c accounts for the current and 
stored magnetic energy and C c for the charge and stored electric energy. The comer 
also affects the current and voltage distributions in the uniform connecting lines. 
These disturbances, however, can be considered as a part of the comer segment and 
thus lumped into the equivalent circuit in Figure 5.3b. In evaluating these 
disturbances to the uniform connecting lines in the theoretical analysis, auxiliary 
planes are introduced some distance away from the comer reference planes. At these 
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Figure 5.3 The geometry of a microstrip comer and its equivalent circuits 


planes, it is assumed that the fields and currents are identical to those of the uniform 
transmission line and are not affected by the presence of the comer. L c and C c in 
Figure 5.3b have been evaluated in [5.9, 5.10] and [5.11] respectively. 

A T-network is also an equiva lent circuit for a short length of line that has a 
characteristic impedance of y] L c / C c . However, because of the excess capacitance at 
a square comer, this characteristic impedance value will be lower than that of the 
uniform connecting lines. In Figure 5.3c, the inductance is accounted for by the line 
length, A/ c , that has a characteristic impedance equal to that of the connecting lines. 
From Figure 2.15 and (2.42) 

A/ c = L C /L (5.1 1) 

The excess capacitance over that required for the A/ c line is shown as the shunt 
susceptance, B. This latter model is to be preferred here as it is more useful in 
practical situations where the comer geometry is modified to reduce the excess 
capacitance and the equivalent line length A/ c is given. 

Inductance and capacitance values have been experimentally verified by Easter 
[5.12], using half- and full-wavelength L-shaped resonators with open-circuit 
terminations, and by Douville and James [5.13] using a square loop resonator that, 
when excited from a movable probe, could be arranged to have either an electric field 
maximum or a current maximum at each comer. L-shaped resonators are used in one 
of the experiments in Chapter 13. An electric field maximum and no current flow at a 
comer makes the capacitive effect dominant, while for a current maximum it is the 
inductance that is the dominant element. In both cases, a change in the resonator 
frequency is interpreted as due to appropriate line extensions, Ax(c> in the capacitive 
dominant case and Ax(L) in the other. Since the comer dimensions are very much less 
than the wavelength, the short line equivalent circuit is valid and the comer 
capacitance and inductance are obtained from (2.42) and (2.43) to give 



C c = CAx(C) = 

., Ax(C) 
cZ 0 

(5.12) 

and 

L c = LAx(D = 

V^eff Z 0 . 

Ax(L) 

c 

(5.13) 


Experimental details for the measurement of Ax(C) and Ax<l) are given in §13.4. 
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The reader will recall from (1.17) that the characteristic impedance of a line is 
given by 

(5.14) 

At a microstrip comer, the region between the two reference planes has inductance 
and capacitance values, L c and C c respectively. Thus, with the comer dimensions 
small compared with the microstrip line wavelength, the characteristic impedance of 
the comer section of line is 



7 

^corner 



(5.15) 


with an equivalent line length, not necessarily of a 50 £2 line, of 
A/ = 

\ E eff 


(5.16) 


It turns out that Z corner for the geometry of Figure 5.3a is significantly less than 
Z 0 . Thus the comer may be considered to have either insufficient inductance or 
excessive capacitance. It is therefore necessary to either increase the comer 
inductance with a narrow slit in the line [5.14] or reduce the comer capacitance in a 
symmetrica] manner, as illustrated in Figure 5.4, in order to obtain a low reflection 
from the comer. Reducing the comer capacitance has been the preferred technique 
[5.13], as it is both dimensionally less sensitive in practice, i.e. easier to construct, 
and more suitable for theoretical evaluation. 

A comparison of theoretical results for a comer between equal width lines is 
given in Figure 5.5, with Neale and Gopinath results [5.15, from Figure 6] shown as a 
solid curve, those of Thomson and Gopinath [5.16, Figure 3] shown as a dashed 
curve, and the measurements of Easter [5.12] for the comer inductance as individual 
points. The results are plotted with the inductance, L c , normalized to h and the 
inductance per unit length of the uniform transmission line, L. This latter inductance, 
independent of the substrate material, is given by 

L = Z fs /c (5.17) 

where Zf s is the characteristic impedance of the line in free space. Negative 
incremental inductance values for small w/h ratios occur as a result of the 
redistribution of current flow in the lines leading up to the comer, giving a reduced 
inductance contribution to the overall effective inductance of the comer. 



(a) increased inductance (b) decreased capacitance 
Figure 5.4 Compensation techniques for a microstrip comer 
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Figure 5.5 A comparison of theoretical and experimental results for the 
inductance of a right-angle comer, showing results for (a) the basic comer 
mitered corner 


normalized 
and (b) the 


The results from Douville and James [5.13] for the inductance of a mitered 
comer are also included in Figure 5.5. It is seen that the miter increases the comer 
inductance. Since the mitered comer is matched for the characteristic impedance of 
the line, the equivalent line length of the comer may be derived as the normalized 
inductance value times the substrate height. 

The comer capacitance for a 90° bend in a 500 line, deduced from the 
theoretical results of Silvester and Benedek [5.11], is presented in Figure 5.6. Care 
should be taken in using the closed form expressions for the capacitance given by 
Garg and Bahl [5.17] and quoted by others, as the expression for w/h < 1 does not 
take into account the major correction that was published by Silvester and Benedek to 
amend their earlier paper. 

A detailed experimental analysis on the effects of reducing the comer 
capacitance by mitering the comer as in Figure 5.4b has been presented by Douville 



Figure 5.6 The capacitance of a right-angle 
by Silvester and Benedek [5.1 1] 


corner in 500 line, deduced from results given 


i 


!. 


2.0 
y 1.8 

w 

1.6 
1.4 
1.2 
1.0 

Figure 5.7 Data for cutting the mitered comer for a right-angle bend 



h 


and James [5.13]. The percentage miter of the comer is defined by 

m = 4x100% 

d 


(5.18) 


The m required for a good match depends on w/h, but has been found to be fairly 
insensitive to the substrate permittivity. Their single smooth empirical curve to fit the 
data is given as 


m = 52 + 65 exp(-l .35 w/h) % (519) 

where w/h > 0.25 and E r < 25. This implies that the miter is cut with a distance 
along each direction from the outer comer of y (see Figure 5.4b) given by 

y = w = (1.04 + 1.3 exp(- 1.35 w/h)) w (5 2Q) 

This distance is plotted as a function of w/h in Figure 5.7. 


5.4 THE SYMMETRICAL STEP 

The step discontinuity at the junction of two transmission lines with different 
characteristic impedances on a uniform substrate occurs frequently, for example in 
matching networks and in the design of filters. Consider the symmetrical step that is 
illustrated in Figure 5.8a, where a high impedance line with characteristic impedance, 
Z 0 i , joins one of lower impedance, Z 02 . As shown, the step is symmetrical with 
respect to the center line of the strip conductor. 

In the vicinity of the step there will be a transition region, assumed small 
compared with the wavelength, where the current flow from one line to the other is no 
longer that of either of the infinite uniform lines. This effect will be modeled by a 
series inductance for the step, L s . The electric field will be distorted as the comers of 
the step are approached and, in particular, there will be fringing electric fields from 
the transition edge. The excess charge stored in this region will be modeled by the 
step capacitance, C s . Thus, an equivalent circuit for the step is formed, Figure 5.8b, 
with the inductance component split into two equal parts. 

Thomson and Gopinath [5.16] describe a method of calculating the microstrip 
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Zero Length 




i I 


R * R> (c) 

Figure 5.8 The symmetrical microstrip step discontinuity with (a) the fringing electric 
nelds and current flow, (b) the quasi-static lumped equivalent circuit as seen from planes 
outside the transition region, and (c) the line shortened to retain the correct impedance at R 2 
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Figure 5.9 The theoretical values for the discontinuity inductance for a symmetrical step 

°L“"® Wldth WIth experimental results for w,/h = 1.0, from Gopinath et al. [5.18] 
\<s> 1976, IEEE) 
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w,/h 
}0.5 

},.° 

1 2.0 


0 1.0 2.0 3.0 4.0 5.0 

w 2 /h 

Figure 5.10 The discontinuity capacitance for a symmetrical step change of width, from 
Gupta and Gopinath [5.21] (© 1977, IEEE) 

discontinuity inductance. The method was used to give detailed theoretical 
inductance values for a symmetrical step discontinuity by Gopinath et al. [5.18] and 
gave the total junction inductance normalized to both L Wl , the inductance per unit 
length of the uniform microstrip line of width w, , (w, < w 2 ), and substrate height as 
plotted in Figure 5.9. Also shown for comparison in Figure 5.9 are experimental 
results [5.18] that were obtained for w,/h = 1.0. 

The excess capacitance associated with a microstrip symmetrical step change 
has been evaluated by Farrar and Adams [5.19] and Benedek and Silvester [5.20], 
with more detailed results given by Gupta and Gopinath [5.21]. The data from [5.21] 
is presented in Figure 5.10 for three substrate relative permittivities: 2.3, 4.0 and 9.6 . 
The discontinuity capacitance is normalized with respect to both the substrate height 
and the capacitance per unit length for the uniform line of width w 2 , C W2 where 
W 2 > W]. 

Example 5.3 

Derive an equivalent circuit that includes the discontinuity effects at the symmetrical 
junction between two microstrip lines, W[/h = 1.0 and w 2 /h = 4.0, where 
h = 1.58 mm and e r = 2.3 for the substrate. 

Solution: 

With e r = 2.3 and the line dimensions as given, the analysis formulae of Table 
3;2_give characteristic impedances of 93. 2D and 40,90. and effective relative 
permittivities of 1.838 and 1.989 for the narrow and wide lines respectively. Let 
the equivalent circuit take the form shown in Figure 5.8b, with L s and C s 
representing the total discontinuity inductance and capacitance. 
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From Figure 5.9, using the curve for w,/h = 1.0 at w 2 /h = 4.0, the step 
inductance is given by 

L s = 0.2x L Wl x h 

The inductance per meter of the uniform narrow line 

z 0l V e effl 

c 

93,2 VT838 
3xi0 8 

i.e. t H , 1 = 4.21 x 10~ 7 H.nT 1 

Substituting values in the equation for L s , gives L s /2 = 67 pH. 

From Figure 5.10, it is seen that 

C s = 0.22 x C W2 x h 
where, for the broad line 

C W2 = = U5xl0-‘° F.m-' 

Z 02 c 

Thus, on substituting the relevant values 
C s = 40 fF 

The resultant equivalent circuit that includes the discontinuity effects is 
shown in Figure 5.11. 



67 pH 67 pH 



Figure 5.11 The equivalent circuit of the step discontinuity for Example 5.3 


Compensation for the fringing capacitance may be achieved in several ways if its 
effect on the overall transmission line network is considered. However, the approach 
that will be taken here is one where the compensation takes place in the proximity of 
the junction. It is designed to give the same impedance at the reference plane R 2 in a 
practical network as is required for the theoretical design using idealized lines. The 
excess capacitance, as the dominant component in the equivalent circuit, has the effect 
of making the lower impedance (i.e. wider) line appear to be electrically longer by the 
ength i A/, Figure 5.8c. This means that if the junction position, on the basis of ideal 
lines free from fringing effects, was calculated to be at the plane R 2 , then in a 
practical circuit the junction would be moved by an amount A/ to /?, . The wider line 
would thus be shortened by M and the correct calculated impedance at R-, would be 
retained. 
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On the assumption that the fringing capacitance is proportional to the step size, 
Hammerstad and Bekkadal [5.22] proposed that A / just discussed is given by 


A / 


1 


W|_ 

w 2 


A /„ 


w 2 > w f 


(5.21) 


Here A is the correction factor for an open-circuit termination on a strip of width, 
w 2 . With information from Figures 5.10 and 5.2, it can be deduced that (5.21) 
overestimates the capacitive effect and length correction, even at an open-circuit 
plane, and represents a simplification of the situation that is now to be addressed. 

It was seen in §5.3 for corners that either the discontinuity capacitance or 
inductance was dominant, if the discontinuity was at a plane of voltage maximum or 
minimum respectively. The same is true for the step discontinuity. However, the 
comer had equal width lines on each side of it and, by mitering the comer, it was 
possible to make it look like a constant length of line, irrespective of any standing 
wave that may be present. The same is not true for a step discontinuity which, by its 
very nature, includes a change in line impedance. Now, it is necessary to know the 
impedance at the step before accurate compensation can take place. 

At a voltage maximum, the equivalent length to compensate for the capacitance, 
from (2.43) is 


A/ c = C s /C = 


cZ 02 
V e eff 2 


x C s 


(5.22) 


This correction term will now give the same impedance at R 2 as is required at the 
transition between two ideal lines. As long as the approximations remain valid, A/ c is 
independent of frequency. 


THE WIDE LINE IS SHORTENED BY THE LENGTH A l c 


At a voltage minimum, the equivalent length to compensate for the inductance, 
from (2.42) is 


A A. = 

This is the length 
inductance. Hence 


L s/L 



(5.23) 


of the narrow line that compensates for the discontinuity 


THE NARROW LINE MUST BE SHORTENED BY A l L 


Equations (5.22) and (5.23) are approximations that are also valid for some of 
the cases where there is a high V.S.W.R. on the line. Consider two cases, (i) where 
there is a very high impedance, approximately an open circuit, at the discontinuity 
and (ii) a typical practical situation where there is still an impedance that is greater 
than the characteristic impedance of the line, but nowhere near an open-circuit value. 
The following analysis will show how the correction for case (i) is to be modified to 
take care of case (ii). Both cases will be expressed in graphical terms on the Smith 
Chart, shown as a part of an admittance chart, Figure 5.12, with the admittance values 
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A SECTION OF A SMITH CHART, y = g+jb 



Figure 5.12 Illustrating the increase in line length that compensates for the steo- 
discontinuity capacitance by returning the admittance to its original value 

normalized to Y 0 , . For readers not yet familiar with the Smith Chart, its derivation 
j and use are described in Chapter 6. 

i First consider the plane where y L = 0 (an open circuit, A). A normalized 

i capacitive susceptance +j0.1 in parallel with this load admittance gives B. Without 

j having moved any physical distance, this is identical to a line extension towards the 

i generator of A 1^, i.e. 0.01 58 X. Cutting back the original line by this amount gives a 

combined admittance that is equivalent to an open circuit. 

Reducing the length of the wider line at a step transition now follows on from 
j ttlc Previous discussion, if a junction between the original line and an extremely high 

| impedance line is considered. Now consider a load admittance that is real and less 

| than unit y' say yL = 0-5 at point C on Figure 5.12, with the junction susceptance still 

, +J 0.1 The parallel combination of 0.5 +j0.1 is plotted, D. In this region of the 

I Snuth Chart - the cir cles of constant conductance and of constant V.S.W.R. are almost 

j | identical and it is seen that the length correction to bring the admittance back to the 

, i real axis is now greater than the previous open-circuit case with the same shunt 

| [ susceptance. 

i A multiplying correction factor, m, applied to the open-circuit approximation 



Normalized load conductance, with b = 0 
Figure 5.13 The correction factor, m, for the discontinuity capacitance 
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R i \^ / ,R 2 


W 1 




\ 

w 2 

\* 3 




Figure 5.14 The geometry of a T-junction 


will minimize the errors of discontinuity capacitance. This factor is plotted in 
Figure 5.13 as a function of the normalized real part of load admittance. 


5.5 THE T-JUNCTION 

At the junction where two transmission lines are joined in parallel to a common input 
line, the electric fields and current flow in the lines are distorted. This is a common 
situation in microstrip circuits, occurring, for example, in bias networks, stub 
matching networks, hybrid couplers and power dividers. A typical T-junction of 
three transmission lines is illustrated in Figure 5.14, with the shunt line having a 
different characteristic impedance to the main through transmission line. Reference 
planes, R x ,R 2 and R 3 , are taken as shown. 

The quasi-static equivalent circuit, Figure 5.15, assumes that line cross-sectional 
dimensions are very much smaller than the wavelength, and includes a transformer 
with turns ratio 1 : n. If there is no dispersion, n = 1. 

The normalized discontinuity inductances, I. A /(L W1 xh) and Lg/j/.^ x h), are 
mostly negative and independent of the substrate material (assumed non magnetic) 



Figure 5.15 The T-junction equivalent circuit 





108 Chapters 

w 2 /h 
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' j Figure 5.16 Normalized discontinuity inductance values for a T-junction, (a) for the 

; ! straight-through arm and (b) for the stub arm, from Neale and Gopinath 15 151 (© 1978 

> t tPRct J ' 


j and have been evaluated by Neale and Gopinath [5.15] for a number of cases. Their 

: results are summarized in Figure 5.16. 

The normalized discontinuity capacitance, C T , is also expected to be negative 
■ when the reference planes are taken as in Figure 5.14, since some of the fringing 

j electric fields, especially from the through line, will no longer be present. The 

] normalized capacitance values from Gopinath and Gupta [5.23] for a T-junction that 

; has equal width lines are presented in Figure 5.17. In [5.23], results are also given for 

! 



Figure 5.17 Normalized discontinuity capacitance values for a T-junction with equal width 
lines, from Gopinath and Gupta [5.23] (© 1978, IEEE) 
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unequal line widths, provided that w/h = 1 for the through line. These latter results 
may be of interest for designs on e r = 9.6 substrate material, where w/h = 1 gives a 
5012 line. 

Example 5.4 

A single-stub matching circuit is used to match a load, Z L = 50 + j 5012, to the input 
transmission line. 5012 characteristic impedance lines on a 1.0 mm thick, e r =9.6 
substrate are used throughout. The theoretical solution to the matching problem is 
illustrated in Figure 5.18. What are the line length corrections that have to be made to 
account for the T-junction discontinuity effects? Assume (i) low frequency 
approximations are valid and (ii) that the open-circuit end correction has been 
considered separately. 

Solution: 

With low frequency approximations, the dispersion effects will not be considered 
and the transformer turns ratio for the shunt arm will be assumed as 1 : 1. The 
three inductances in the equivalent circuit for the T-junction, Figure 5.15, are 
individually converted to their respective extensions in a 5012 line. The negative 
inductances between the planes R l and /? 2 are equated to negative lengths of line, 
which represent in the practical line an extension of R j towards the source with a 
similar extension of R 2 towards the load. The negative lengths of line also have 
negative capacitance which has to be taken from C T , i.e. the total junction 
capacitance Cj will become less negative and maybe even positive. A similar 
calculation for the stub line is also made. Now, the stub line in effect has some 
shunt capacitance in parallel with it at the junction, and its line length must be 
further adjusted to give the desired total shunt susceptance at this plane 
(i.e. +j0.02S in this case). 

For a 50C2 characteristic impedance microstrip line with e r = 9.6, the line 
parameters are w/h = 0.991 and e e ff = 6.44. A value of w/h = 1 will be assumed 
here. At the planes R l and R 2 , the normalized discontinuity inductance 
La 

~ = -° 07 
*"W\ 

i.e. the inductance of a length of line, A/, = A l 2 = -0.07 h. For the stub arm 
A U L r 

-j— = — r = -0.38 (Here, Wj = w 2 ) 



Figure 5.18 The matching circuit for Z L = 50 + j 50 £2 to a 50f2 line 
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Thus, with h = 1 mm, A/! = A l 2 = -0.07 mm and A / 3 = -0.38 mm. The junction 
capacitance for the equivalent circuit from Figure 5.17 is Cj- = -0.58(C x h) pF. 
To this must be added the capacitance of the length (A/, + A l 2 + A / 3 ) of 500 
transmission line. With £ eff = 6.44, the total junction capacitance 

c, = X (0.07 + 0.07 + 0.38 -0.58) h = -0.017pF 

cx/, 0 

The cancellation of Cj cannot be achieved by further reference plane 
adjustments at the junction and, from this point on, the solution will depend both 
on the frequency and the circuit environment. Taking the frequency as 2.0GHz, 
the normalized shunt susceptance of C; is -jO.Oll at the plane k 3 . Thus for 
single-stub matching, the stub admittance in this case must now be +j 1.011, 
instead of being ideally +jl.0. This value can be achieved by increasing the stub 
length from 0. 1 25 A. to 0.1259X. This increase in stub length is equivalent to 
moving /? 3 out from the junction by 0.0009 X and keeping the stub length to /? 3 
unchanged at X/8. 

The microstrip wavelength at 2.0GHz is 150/Ve e ff = 59.1 1 mm. Hence for 
the final circuit, the distance from the load to the center line of the stub is 
l\ = 14.78 + 0.07 = 14.85 mm 
and the stub length 

h = 59.11x0.1259 + 0.38 = 7.82 mm 
Corrections for the open-circuit termination of the stub line will further reduce l 2 . 


5.6 SERIES GAPS 

The series gap in a microstrip line, Figure 5.19a, has the obvious property of a d.c. 
open circuit that may be useful in a bias-feeding network but, as illustrated, will 
probably also have a high impedance at microwave frequencies because of its small 
capacitance value. The gap may be used as a coupling element between resonators of 
a band-pass filter although, in Chapter 9, it will be seen that this is not the preferred 
coupling mechanism, especially if a large amount of coupling is required. By 
exciting a resonator through a series gap, measurements of discontinuity effects have 



(a) (b) 

Figure 5.19 (a) A series gap in a microstrip line with (b) its equivalent circuit 
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been made with the discontinuity, e.g. a comer or a T-junction, built into a resonant 
length of line [5.12, 5.24]. 

The equivalent circuit for a gap may be represented as a n-network of 
capacitors, Figure 5.19b. At a voltage maximum along the line, the shunt 
capacitances may be equated to line extensions as was the case for an open-circuit 
terminated line, while the series capacitance component essentially remains unaltered. 
In this section, only gaps between two equal width lines are considered. For unequal 
line widths, the shunt capacitance components would be represented as different 
capacitance values. 

The capacitance values for a very large gap separation approach that of the 
open-circuit terminated line capacitance for Cj and zero for Cj2- Conversely for very 
narrow gaps, Q tends to zero and C 12 steadily increases as the separation is reduced. 

The theoretical values of the equivalent circuit capacitances are found by 
considering the even- and odd-mode capacitances of the gap, excited as shown in 
Figure 5.20. The Benedek and Silvester method [5.20] is preferred to that of Farrar 
and Adams [5.19], since the former is concerned directly with the excess charge in 
the vicinity of the gaps, while the latter approach is one where the excess charge is 
determined as a difference of two much larger quantities. 

From Figure 5.19, it is seen that the capacitance from the strips at +V to ground 
for the even mode is 


C 


even 


2C, 


(5.24) 


while for the odd mode, between +V and ground 
C odd = C l + 2C 12 


(5.25) 


Thus, if C even and are known, then 

,, c even 

Gl - 0 


(5.26) 


Cndd - c 1 

and C]2 = 1 (5.27) 

The even- and odd-mode capacitances for gaps on an E r = 2.5 substrate are 
taken from Benedek and Silvester [5.20] and plotted as normalized capacitances C/w 
and as a function of normalized gap separation s/w for w/h = 0.5, 1 and 2 in Figure 
5.21. Further capacitances curves are presented in [5.20] and Gopinath and Gupta 
[5.23], and the results have been presented as a closed form equation over a limited 
range of parameters for E r = 9.9 and with better than 7% accuracy by Garg and Bahl 
[5.17], Measurements supporting the theory and including the frequency dependence 
of the capacitance values have been given by Ozmehmet [5.25]. The following 


+V 


s 


+v 


1: 


+v r— 1 


-V 


Even mode — Odd mode 

Figure 5.20 Even- and odd-mode excitation across a series gap 
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Figure 5.21 The normalized even- (dashed) and odd-mode (solid) capacitances of a series 
g%r ( ©T 97 0 2 n ,EEE) a miCT0StriP Hne °" a " £r =2 ‘ 5 substra «' from Benedek and SUveTter 


example illustrates how the curves may be used to estimate the capacitances of a 
practical gap. 

Example 5.1 

Estimate the n-network capacitances for a 1.5 mm gap in a 50Q microstrip line that 
ts constructed on a 1.58 mm thick. e r = 2.5 substrate. 

Solution: 

The estimate of the capacitances is made in the following manner with the results 
presented in the table: 

i) Calculate s/w for each of w/h = 1 and 2; these being the parameters for the 
curves in Figure 5.21. 

n) Read off the values for the normalized even- and odd-mode capacitances in 
pF.m 1 from Figure 5.21 . 

in) Knowing w for each case, calculate the values for C even and C^. 

iv) From Appendix 3, for a 50Q line it is found that w/h = 2.84. 

v) Assuming that for constant h and s an increase in w will linearly increase the 
two mode capacitances, then for both C even and 


cl -cl + 084-2,0) 

c -cl 

w/h=2.84 'w/h = 2.0 (2.0- 1.0) 

l w/h =2.0 w/h = 1.0 
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vi) Evaluate the fl-network capacitances, C] and C 12 , from (5.26) and (5.27). 


Step 


w/h = 1.0 

w/h = 2.0 

w/h = 2.84 

(i) 

s/w 

0.949 

0.475 


(ii) 

Ceven/ W 

pF.m 1 

25.5 

20.9 

- 

(ii) 

Codd/ w 

pF.m -1 

27.5 

23.7 

- 

(iii). (v) 

Ceven 

fF 

40.3 

66.1 

87.7 

(iii). (v) 

Codd 

fF 

43.5 

74.7 

100.8 

(vi) 

Ci 

fF 

- 

- 

43.8 

(vi) 

Cl2 

fF 

- 

- 

28.5 


Thus, an estimate of the series gap IT-network capacitances is Ci = 44 fF and 
C ]2 = 29 fF. 


EXERCISES 

5.1 The conductor pattern for an open-circuit terminated half-wave resonator is fabricated on a 

3.2 mm thick substrate with e r =2.3. If the pattern has negligible thickness and is 6.0 mm 
wide by 1 10.0 mm long, calculate its resonant frequency. Ignore dispersion effects. 

5.2 Estimate the equivalent line length and characteristic impedance for a right-angle comer in a 
50f2 line on an E r = 2.5 substrate 

i) with a square comer section, 

ii) with a mitered comer section. 

5.3 Calculate the impedances at 2.0GHz that are associated with the discontinuity effects given by 
the equivalent circuit in Figure 5.11. If the 40.9n line is terminated with a matched load, what 
is the input impedance, normalized to the 93.2n line at the discontinuity 

i) ignoring discontinuity effects, 

ii) including discontinuity effects? 

5.4 The equivalent circuit for a typical step discontinuity is shown in Figure 5.8. If the 
discontinuity effects are small, i.e. |Z L | « Z 0 and | Y c | « Y 0 , the T-equivalent circuit may 
be redrawn without significant additional error as one of the L-networks as shown below. 

Consider the case of a discontinuity in an otherwise output matched transmission line 1 
(Zq 2 = 50 £2) where Z L and Y c have discontinuity impedances of +jl and -j4000H 
respectively. 

Calculate the input impedance at plane A for each version of the equivalent circuit and 
comment on the importance of the order in which Z L and Y c appear as their values increase. 



5.5 The theoretical position for an ideal 30f2 quarter-wave transformer on a microstrip transmission 
line, e r = 4.0 and h = 1.0mm, that matches a load at the end of a 50£2 line to the 50£2 
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characteristic impedance input line is found to be between planes rt, and R 2 as shown below. 
Calculate the inductance and capacitance for each discontinuity. What is the practical position 
of the transformer with respect to R\ and R 2 when a correction is made for the step 
discontinuities? 


Given for e r = 4.0 

Zo 

W 

h 

«e£f 

300 

4.35 

3.29 

500 

2.05 

3.08 


Zo = 5on z,. = 3on 

Zin = 50 fl — 


z 0 = soo 


LOAD 


■R 2 
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The Smith Chart 
and its uses 


6.1 INTRODUCTION 

A load placed at the end of a transmission line with an impedance not equal to the 
characteristic impedance of the line will reflect some or all of the incident forward- 
traveling wave, to create a wave that now travels in the reverse direction. The 
combination of forward and reverse waves along the line sets up standing wave 
patterns. In this chapter the reflection coefficient at the load, as well as those that 
represent the ratio of reverse to forward waves at any plane along the line, will be 
taken as voltage reflection coefficients, i.e. the ratio of the voltages carried by the 
reflected and incident waves. 

The presence of a standing wave along the line in many circuits may be 
detrimental to the overall operation of the system. For example: 

i) With reflected power from the load, in most practical situations there will not be 
maximum power transfer to the load. 

ii) The input impedance will depend critically on the length of the line from the 
input plane to the load. 

iii) The interaction between two or more reflections will cause a frequency dependent 
response that is determined by the electrical lengths between the reflections. This 
may be ideal in the design of a band-pass filter but, unless specifically designed 
for, normally is detrimental to performance. 

iv) Both the output power of an oscillator and its frequency may be perturbed by the 
uncertain load impedance that is attached to it. 

v) For high power systems, although less likely to be found in microstrip circuits, 
the presence of peaks of voltage and current along the standing wave will reduce 
the power carrying capability. 

These effects are reduced if one or both of the ports of a circuit are matched to 
the characteristic impedance of the connecting transmission line. The reader will 
recall from Chapter 2 that the word "matching” may refer either to matching for no 
reflections or to conjugate matching for optimum power transfer. In this chapter, 
while it is the matching for no reflections that is the main concern, conjugate 
matching is also considered. 

The construction of the Smith Chart as a graphical aid for transmission line 
problems will be developed and important features, such as its relationship to the 
reflection coefficient and its use as either a normalized impedance or admittance chart. 


i 
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will be discussed. For clarity, most of the charts will be drawn in a simplifed form. 

The load impedance is evaluated first from measurement data. Then a wide 
range of techniques will be introduced, that may be used to match a load to the 
characteristic impedance of the feeding line. There are advantages in being familiar 
with the majority of matching techniques for, while some of them may be more 
applicable for microstrip circuit design than others, an improved working knowledge 
of transmission line networks will be gained by a more thorough study of the topics. 
In general, the transformation between two complex impedances will require the 
determination of two real parameters associated with the matching network. These 
parameters will be either line lengths, as in single-stub matching, or a combination of 
a line length and a characteristic impedance, as in quarter-wave transformer matching. 
It is not usual practice for all the line lengths to be fixed and only two characteristic 
impedances to be evaluated as this approach is too restrictive on the range of load 
impedances that may be matched within the range of realizable characteristic 
impedances. 


6.2 THE SMITH CHART 

The Smith Chart is useful as a graphical aid in the design and understanding of 
transmission line problems. The chart is a plot of the reflection coefficient, T, in the 
complex plane and, as such, any value of F may be plotted with respect to the origin 
at the center of the chart. There is a one-to-one correspondence between r and the 
normalized impedance z, both of which are complex quantities, at any point along a 
transmission line. For easy conversion between T and the impedance that produces it, 
contours of constant resistance and reactance are overlaid on the complex plane. In a 
passive circuit with | F | <1, the chart may be bounded by | T | = 1, still covering all 
possible impedances. Since the underlying basis of the chart is the reflection 
coefficient, moving along a lossless transmission line causes the reflection coefficient 
to move along a circle with its center at the center of the chart. A complete revolution 
is achieved in a half wavelength. 

Consider the complex representation of T L as illustrated in Figure 6.1 where 

r L = |r L lZ$ (6.1) 



Figure 6.1 The reflection coefficient plotted on the complex plane 
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On this diagram of complex reflection coefficients, it is possible to draw the loci of 
constant normalized values of resistance and reactance, r and x. This will lead to the 
Smith Chan. 

If the axes on Figure 6.1 are labeled u and jv respectively, then, in general 

r = u + jv (6.2) 

However, from (1.44), the reflection coefficient and normalized impedance at any 
plane are related by 

„ _ z - 1 _ r + j x - 1 

z+1 r + jx+1 (6.3) 


Equating (6.2) and (6.3) for F leads to two equations, one for the real parts and the 
other for the imaginary parts. From these equations, either one of the unknown 
variables (r or x) may be eliminated, giving the other as a function of u and v, namely 


u 


2 


r 

r + 1 


+ v z 


1 

(r+1) 2 


(6.4) 


and 


u- 1 

L 

+ 

v-i] 



X 


(6.5) 


If r and x are constant, (6.4) and (6.5) are equations of circles that form the basis of 
the Smith Chart. With r = 0, (6.4) becomes 

u 2 + v 2 = 1 (6.6) 

giving the equation of a unit-radius circle with its center at (u=0,v=0). All 
impedance values with a positive real component lie within this circle, shown in 
Figure 6.2, with the loci of constant r and constant x being circles or portions of 
circles within this unit-radius circle. The position of the other major circles shown in 



Figure 6.2 Major elements in the construction of the Smith Chart 
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Figure 6.2 may be verified from (6.4) and (6.5). To be useful as a graphical aid in 
transmission line work, the finer detail of the intermediate values of resistance and 
reactance values is desirable. This is provided on commercially available charts such 
as that illustrated in Figure 6.3. Design examples in this book will use skeleton charts 
for clarity. 

Admittances 


The normalized admittance, y = 1/z. However, with 


i + r 


z l - r 

(6.7) 

where T is the voltage reflection coefficient, then 


i - r 


y l + r 

(6.8) 


Thus the transformation to the normalized admittance point is obtained by taking the 
negative of the voltage reflection coefficient vector, this being equivalent to a 180° 
movement around the chart. The same chart may now be used as an admittance chart, 
with the resistance circles read as conductance circles, g, and the reactance circles 
becoming the susceptance circles, b. 


6.3 MEASUREMENT OF A LOAD IMPEDANCE 

6.3.1 Measurement based on the voltage reflection coefficient 

When an unknown load impedance is attached to a transmission line that has a 
characteristic impedance Z 0 , then, for every possible load impedance, there will be a 
unique complex voltage reflection coefficient at the plane of the load, given (1 .44) by 

T _ Z l ~ Z Q 

L z l + Z 0 (6.9) 


In particular, it is seen that a short-circuit termination replacing the load 
impedance will give r L = — 1. The short circuit is used to provide a reference for 
both the magnitude and phase in reflection coefficient measurements, when for 
example a network analyzer is used to measure load impedances. 

The normalized load impedance, z L , may be derived directly from (6.9) as 


Z L 


r L + 1 
r L - 1 


( 6 . 10 ) 


or obtained directly from the Smith Chart once F L has been plotted. As was seen in 
§6.2, the radial distance on the chart is a linear measure of | I j j . varying from zero 
for a matched load at the center of the chart to unity for all pure reactances. The 
angle of r L is read in exactly the same way as angles in any complex plane, by going 
counter-clockwise from the zero-angle position. An open circuit with T L = 1 /0° 
gives the zero-angle reference. These points are emphasized in Figure 6.4 for a 
normalized load impedance of 0.16 + j 0.37 . Since the phase angle of the reflection 
coefficient at some point becomes more negative as the distance l between that point 
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Figure 6.4 The determination of a load impedance from its voltage reflection coefficient 
The r L shown corresponds to Z L = 0.16 +j0.37. 


and the load is increased, see Figure 6.1, it follows that a clockwise rotation on the 
Smith Chart is required for movement along a transmission line towards the 
generator, and an anti-clockwise rotation for movement towards the load. 


6.3.2 Measurement based on the standing wave pattern 

A standing wave pattern is set up when a transmission line is terminated with an 
unmatched load. From measurements made on a typical voltage standing wave 
pattern. Figure 6.5, the normalized load impedance may either be deduced from the 
Smith Chart or calculated from first principles, using (6.10). 



Figure 6.5 Standing wave measurements for the determination of the normalized 
impedance (a) with the load termination and (b) with the load replaced by a short 


circuit 
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The procedure is as follows: 

i) Measure the voltage standing wave ratio (V.S.W.R.), S, on the line terminated 
with the unknown load. 

ii) Measure the position of the minima on the line terminated with the unknown 
load. 

iii) Measure the position of the minima on the line terminated with a short circuit at 
the plane of the load. 

The determination of a load impedance from a typical set of measurements is now 

illustrated using specific values. 

Example 6.1 

An unknown’ load sets up a standing wave with a V.S.W.R. = 3.0. The voltage 

minimum of the standing wave pattern is 0.1 A. to the generator side of the voltage 

minimum plane that is found when a short circuit replaces the unknown load. 

Calculate the normalized impedance of the unknown load. 

Solution: 

The standing wave pattern that corresponds to this set of data is illustrated in 
Figure 6.5, with the separation between the two planes A and B being d = 0.1 A. 

The standing wave pattern is repeated every half wavelength along the line, 
consistent with the fact that impedances on the line are equal at any two planes 
that are an integral number of half wavelengths apart on a lossless transmission 
line. A standing wave pattern that does not possess good symmetry and 
repetition indicates that serious errors may be caused by the presence of multiple 
frequencies, attenuation, or poor dimensional tolerances that cause uneven 
coupling of the detector to the standing wave pattern. The separation between the 
clearly defined voltage minima of the standing wave pattern for a short-circuit 
termination may be used to calculate the transmission line wavelength at the 
operating frequency. When the line is terminated with a resistive load with a 
magnitude SZ 0 , it follows from (1.49) that the V.S.W.R. will be S. Here S is the 
ratio of the voltage maximum to voltage minimum of the standing wave pattern 
and is given by 

s = ^nax = |Vf| + |V r | 

^min |Vfl - |V r | 

with Vf and V r being the forward and reverse traveling waves respectively. All 
impedances that give the same | T| or S will lie on a circle, centered at the center 
of the chart. Thus, to plot the constant V.S.W.R. locus on the chart, draw a circle 
with its center at the center of the chart and with a radius passing through z L = S 
on the resistive axis. This is shown as Point 1 on Figure 6.6 for the V.S.W.R. of 
3.0. At Point 1, the voltage has a maximum value and the current a minimum 
value. 

At A where there is a voltage minimum and a current maximum, the 
impedance is again a pure resistance with the normalized value Z 0 /S (Point 2). 
However, it is the impedance at the plane of the load or at any plane nA/2 away 
that is required. When the load is replaced by a short circuit that gives a voltage 



minimum at the load plane, there will be voltage minima at all planes a half 
wavelength apart towards the generator. One such plane, B, will be considered to 
be equivalent to the load plane. The impedance at A, Point 2 on the Smith Chart, 
must therefore be moved through a distance of 0.1 A towards the load to bring it 
to B. The same load impedance is also obtained by moving 0.4 A towards the 
generator. Point 3 is therefore the load impedance, z = 0.48 -j0.61 . If it is 
required. Point 4 gives the normalized load admittance, i.e. the numerical value of 
the normalized admittance is equal to the normalized impedance transformed 
through a distance of A/4. 


6.4 SINGLE-STUB MATCHING 


In single-stub matching, the two variables are the electrical length of the stub / and its 
distance d from the load. This matching network is illustrated in Figure 6.7, with all 
the lines in this case having the same characteristic impedance. 

A parallel-connected stub line with an open-circuit termination is easily 
fabricated as a microstrip line and is the only case to be considered in detail here. 
The sections of line, d and /, will generally have the same characteristic impedance as 
the input line (as in Figure 6.7) but, as will be seen in Example 6.3, this need not 
necessarily always be the case. 

In carrying out the single-stub matching procedure, first of all plot the 
normalized load impedance, z L , on the Smith Chart and convert it to a normalized 
admittance, y L , in preparation for adding other admittances in parallel later. An 
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y L = gL+jb L 


open- or short-circuit terminated stub can present any possible value of normalized 
susceptance, y s = +j b s , at the junction plane. This is added to the load admittance 
after it has been transformed through the length d. The resultant must give 
y = 1 + j 0 for the matched condition. Thus the load admittance must be transformed 
by moving towards the generator, until a plane where y^ = 1 +jb s is reached, i.e. 
move the load admittance towards the generator on a constant V.S.W.R. circle until 
an intersection with the unit conductance circle is made. The distance so moved 
gives d. 

For the stub line, in general an open- or short-circuit termination may be chosen 
and used as the load admittance for the line but, as mentioned earlier, in microstrip 
circuits an open circuit is preferred in practice. Move towards the generator (there is 
no other direction to move if one is already at the load plane on the stub line) around 
the circumference of the chart, i.e. along the zero conductance circle, until the 
required admittance ± j b s is achieved. The distance traversed gives /. Thus, the two 
electrical lengths d and l have been obtained. 

Finally, the electrical lengths are converted to physical lengths, knowing the 
frequency of operation and the effective relative permittivity of the transmission lines. 
In practical microstrip circuits, corrections for discontinuity effects at both the open 
circuit and the T-junction will be required. 

Example 6.2 

Calculate the electrical lengths of a single-stub matching network with either a short- 
circuit or an open-circuit termination on the stub that will match a load impedance of 
(30 + j 70) f2 to a 50Q input transmission line. 

Solution: 

The solution for this example is illustrated in Figure 6.8. The load impedance, 
normalized to the characteristic impedance of the line, is z L = 0.6 + j 1.4 and 
plotted as (1). The admittance of the load is therefore y L = 0.259 - j 0.603, (2). 
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Now move a distance d wavelengths along the line towards the generator until the 
admittance on the line is of the form 1 ± j b s , i.e. (3), where the admittance is 
1 + jl .85 and the distance d is 0.275 7.. At this point on the line add a stub, in 
parallel, with a stub admittance of — jl .85. 

A short-circuit terminated stub with an infinite admittance is considered 
here, (4). Now move around the Smith Chart on the g = 0 circle, i.e. the 
circumference of the chart with a constant unit magnitude for the reflection 
coefficient, away from the short circuit, which in this case is the load, until an 
admittance O-jl.85 is reached, (5). The distance moved around the Smith 
Chart, 0.0787., is the required length l of the short-circuit terminated stub at a 
distance 0.2757. from the load. The input admittance of the load and stub 
combined in parallel is now 1 + jO, i.e. a perfect match at (6). 

Using an open-circuit terminated stub, the stub length will differ from that 
for the short-circuit terminated stub. Thus, in this case, the stub length will be 
increased by 0.25 7. to 0.328 7.. 

A further pair of solutions may be obtained if the length d is increased to a 
new point (3') where the admittance is 1 - j 1 .85 . Evaluate d and / for this case. 


Example 6.3 

Consider the schematic of a single-stub matching network that is illustrated in Figure 
6.9. The load, Z L = (140 - j70)D, is to be matched to the 50£2 input transmission 
line. The other transmission lines are no longer 50Q, but have the characteristic 
impedances shown. Find the lengths d and / to achieve matching if a short-circuit 
terminated stub is to be used. 
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Figure 6.9 The single-stub matching network for Example 6.3 


I . 

-? 



Figure 6.10 The Smith Chart solution for Example 6.3 


Solution: 

This example illustrates variations in single-stub matching brought about by 
having lines with characteristic impedances which differ from the input 50Q line. 
For the three types of line 

Zoo = 50£2 =>¥ 00 = 0.02 S, 

Z 01 = 70Q => Y 01 = 0.0143 S, 

Zoj = 40 £2 => Yq2 = 0.025 S, 
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Z L = 140-j70£i => Y l = 0.00572 + j 0.00286 S 

=> y L = 0.4 +j 0.2, normalized to Yoi- 

First consider the transformation of the load admittance through the distance d to 
the plane of the stub where an admittance Y(j = 0.02±jB s is required. 
Normalized to the Yoi characteristic admittance line, this represents a normalized 
admittance of 1.4 ± jb s . 

Plot z L = 2.0 - jl.O at (1) in Figure 6.10 with y L = 0.4+j0.2, (2). Move 
towards the generator to intersect the g = 1.4 circle (Cj) at (3). Here 
yd = 1 .4 -4- j 1.114, i.e. Y d = (0.02 +j 0.0159) S, which when renormalized to the 
0.02 S line, is (1.0 +j 0.796). 

Now consider the stub. With a short-circuit termination, the load 
admittance for the stub is infinite, (5). The stub line has a characteristic 
admittance of 0.025S and, for an actual input admittance of — jO.Ol 59S, a 
normalized stub input admittance of -j0.636 is required, (6). Moving towards 
the generator from the short circuit (5) to (6) gives an electrical length of 0.160 A.. 

A matched network is given with d = 0.1 50 A. and l - 0.160 A.. 


6.5 DOUBLE-STUB MATCHING 

In single-stub matching it is necessary to place the stub in the correct plane with 
respect to the load. In double-stub matching, the two stubs are normally fixed in 
relationship to each other and may be positioned at almost any plane with respect to 
the load. The adjustable quantities in a practical system are the lengths of the two 
stubs, 1 1 and / 2 . The two stubs are placed generally about A/8 or 3 A/8 apart, although 
this distance is not critical. However, as will be seen later, it may not be possible to 
match out every impedance and, for this reason, a third stub is often incorporated in 
stub-matching arrangements. If the stubs are n x A/4 apart and n is odd, the region , 
representing unmatchable load impedances on the chart is a maximum, while with n 
even the stubs are effectively in parallel at the same load plane and the situation 
reduces to that of single-stub matching with a fixed position stub. Nevertheless, for 
stubs that are close to a multiple of A/2 apart, most load impedances may be matched, 
but at the expense of larger standing waves on the connecting lines and a very 
narrow-band frequency response for the resultant matching circuit. 

This matching technique is a good introduction to the idea of working a problem 
from two viewpoints: (i) from the load and (ii) from the generator so that, at some 
plane within the network, two plots are obtained. The first plot is of all possible 
impedances (or admittances) that may be derived at the plane from the known load 
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Figure 6.11 A double-stub matching network 


with the variables of the network taken into account up to that plane. The second plot 
represents all desirable impedances, knowing that they may be matched out using the 
variables of the remainder of the network between the plane and the generator. The 
intersections of the two plots represent impedances that can be obtained from the load 
and matched out to the generator and are used to derive the final network parameters. 

The procedure is shown by means of a particular case using stub-line positions 
that are preset at 0.1 A, from the load and A./8 apart. The double-stub matching 
network is illustrated in Figure 6.11 and the use of the Smith Chart to solve this case 
in Figure 6.12. 
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■'? Consider the parallel stub connected at B. This stub may add any required 

susceptance to provide the final matched input. Thus the admittance of the network 
to the right of B must lie on the unit conductance circle while the input admittance of 
the network at a plane just to the left of A must be such that, when it is transformed by 
X/S towards the generator, it moves onto the unit conductance circle. Hence, draw 
the circle of desirable admittances by transforming the unit conductance towards the 
load from B to A. The resulting circle is shown as (C) for this case, i.e. with a A./8 
separation between the two stubs. 

Now consider a load with the normalized impedance z = r + jx, (1), giving the 
normalized admittance y = g+jb, (2). Transfer the admittance along the line 
towards the generator to the plane of A, through a distance of 0.1 A. Here the 
admittance of the load will be yj = gj + jbj , (3). A susceptance is added by the stub 
at A so that the sum of the admittance of the stub and y; , lies on the circle 
corresponding to the transformed unit conductance circle. Note that this last step has 
been along a constant conductance circle and gives y 2 = g, + jb 2 at (4). All points 
on this transformed circle (C), when moved by A./8 towards the generator, will 
become the unit conductance circle. The admittance to the right of B, (5), now has 
the form y 3 = 1 +jb 3 and only requires the correct susceptance of the stub at B to 
bring the admittance to the characteristic admittance of the line, i.e. y = 1 + jO. The 
load has now been matched by the two stubs. 

In the case that has just been considered, if the admittance of the load at A, (3), 
had been within the g = 2 circle, then the intersection point (4) could not have been 
realized on the (C) circle and the two stubs would not have been sufficient to carry out 
the matching procedure. 


Example 6.4 

Match a load impedance, Z L = (30 - j 50) Q, to the 50Q characteristic impedance of 
a microstrip line using double-stub matching with 50Q lines throughout. One stub is 
placed close to the load, being only 0.02 A. away from it, while the distance between 
the stubs is 0.1 4 A.. 

Calculate the lengths of the two stubs and illustrate the region of load 
impedances on the Smith Chart that cannot be matched out with the stubs in this 
given position. 

Solution: 

The solution to this example is illustrated in Figure 6.13 and may be found in the 

following manner: 

i) Draw a circle of desirable admittances (C) that, when moved towards the 
generator by 0.14A., becomes the unit conductance circle. Parallel-connected 
stubs are used here because they are readily fabricated as a microstrip 
matching circuit with a simple T-junction between the stub and the main line. 

ii) Plot the normalized load impedance, z L = 0.6 - jl.O (1), and move it along a 
constant V.S.W.R. circle towards the generator by 0.02 A. to (2). Convert to 
the input admittance of the load and 0.02A. line, y = 0.543 + j0.917 at (3). 

/ 
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Figure 6.13 The Smith Chan solution for Example 6.4 


iii) The stub that is closer to the load is used to add susceptance and move the 
admittance from (3) along a constant conductance circle to intersect at one of 
two points with the circle of desirable admittances at that plane, (C). Using 
an open-circuit terminated stub, the solution at (4) will lead to shorter stub 
lengths and will be used here. At (4), y = 0.543 + jl.614 and is obtained by 
adding a parallel stub with a normalized admittance of +j 0.697. 

iv) Moving from (4) by 0.143. towards the generator gives y = 1.0 — j 2.278 at 
(5) and, with the addition of a normalized stub admittance of +j 2.278, the 
matched condition at (6) is obtained. 

v) Open-circuit terminated stubs are also to be used to go from (5) to (6). The 
open-circuit admittance at (7) is moved towards the generator to 
y = + J 0 697 at W and to y = +j 2.278 at (9), giving lengths of 0.097 3. and 
0.1 84 a, for the stubs closer to the load and generator respectively. 

vi) If point (3) had had a normalized conductance greater than 1.683, then no 
addition of any susceptance value would have given an intersection with 
circle (C). Converting these unmatchable admittances to impedances and 
moving them by 0.023. towards the load gives the shaded circle on Figure 
6.13. This circle represents all normalized load impedances that cannot be 
matched with the present spacing of parallel-connected stub lines. 
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6.6 QUARTER-WAVE TRANSFORMER MATCHING 
6.6.1 The single-section transformer 

Consider a transmission line network as illustrated in Figure 6.14. In general, from 
(1.54), the input impedance of a line that has a characteristic impedance Z T and length 
l and is terminated with a load impedance Z L is 

„ „ Z L cos(P/) + jZ T sin(p/) 

Zj cos(P0 + j Z L sin(P 0 ( 6.1 1 ) 

Here, Z L is the load seen by the Zj line at its junction with the Z 0 line. If the line 
length / is 3./4, the line is known as a quarter-wave transformer. In that case 
cos(p/) = 0 and, if the input to the transformer is to be matched, then 

Zjn = Z 0 = ~- 

Z L (6.12) 

l e ' = ^ Z in Z L = Z 0 V z i n z L (6.13) 

As the characteristic impedances Z 0 and Z T are in practice real quantities, the 
impedance at the load end of the transformer must also be real if a matched condition 
is to be realized. The line impedance will look purely real at the voltage maxima and 
minima planes. Any load may be transformed to the real impedance at such a plane 
through an appropriate length of transmission line. This fact, then, together with the 
properties of the 3,/4 transformer, allows any load impedance that has a finite 
resistance component to be matched to the characteristic impedance of the input line. 

The two unknown quantities that have to be determined for a quarter-wave 
transformer matching network are the distance from the load to the transformer, d, 
and the characteristic impedance of the transformer, Z T . 

The matching procedure is as follows: 

i) Plot the normalized impedance of the load to be matched z\ = Z\ /Z n on a 
Smith Chart. 

u) Move around the chart on a constant V.S.W.R. circle, i.e. with | T| constant, until 
the circle intersects the resistive axis, giving a plane where the impedance looking 
into the transmission line is real. This normalized impedance is the z L for the 
quarter-wave transformer in (6.13). The rotation around the chart in a clockwise 
direction, towards the generator, gives the line length d. 


TRANSFORMER 



Figure 6.14 Matching with a single-section quarter-wave transformer 
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in) For a matched condition requiring z in = 1 + j0, the characteristic impedance of 
the transformer section becomes 

Zt = Z 0 ViZ (6.14) 

iv) As the constant | F| circle of part (ii) intersects the real axis at two points, there 
are two possible solutions for quarter-wave transformer matching, one with 

Zt > Z 0 and the other w i* Z T < Z 0 . Naturally, the line length d will be 
different for the two cases. 

Example 6.5 

i) Calculate the position and characteristic impedance of a quarter-wave transformer 
that will match a Idaaimpedance, (15 + j25)fl, to a 50 Q input line. 

ii) What is the magnitude of the reflection coefficient within the transformer? 

Solution: 

i) This example uses the variables given in Figure 6.14 and is solved using the 
Smith Chart, as is illustrated in Figure 6.15. The two unknown quantities for 
this matching network are the length of the 500 line that connects the load to 
the output of the transformer and the characteristic impedance of the 
transformer. Thus 

a) Plot the load impedance normalized to the 50£2 line, (1). 



Figure 6.15 The quarter-wave transformer solution for Example 6.5 
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b) Move towards the generator along the 500 line to a plane where the 
impedance is real, (2). Here Z L = 50 x z L = 211.5 0 and the distance 
moved is 0.171 X. 


c) The quarter-wave transformer impedance 
Zt = V50x 211.5 = 102.80 


ii) The magnitude of the reflection coefficient within the transformer is 


Zl + Zj 


The magnitude and phase of the reflection coefficient within the 
transformer are further illustrated by following through the plots on the Smith 


tnruit 1, p „ : „ . /p\ *u~ : > _ j *_ _ 

iiuii lw Li iv,/ iiijpuL ut uii/ iiL<i w ut a. 1 unu yz.) la uic u i lj^uai i kc nurffiaiiZtHj iu a 


500 line at the load end of the transformer. Since the absolute impedance at 
this plane remains constant, renormalizing to the transformer characteristic 
impedance gives 

Point (3) = Point (2) x = 2.057 +j0 

lU2.o 


= 2.057 +j0 


Moving along the transformer towards the generator gives (4). This 
impedance, when renormalized to the 500 input line, provides the perfect 
match at (5). Along the line from (3) to (4) there is a constant V.S.W.R. of 
2.057 with |F| equal to 0.346. 


6.6.2 Multiple-section transformers 

Multiple-section quarter-wave transformers are most often used when a low residual 
mismatch is required over a broad band of frequencies between transmission lines 
that have different characteristic impedances. 

The simplified theory below assumes that the complex reflection coefficients, 
caused by each step in transmission line characteristic impedance in an otherwise 
matched system, may be added together at the input as vector quantities to give the 
resultant mismatch reflection coefficient. With only small magnitude reflections from 
each transition, second order reflections of the form are ignored. At any change 
of characteristic impedance between two matched transmission lines from Z A to Z B , 
the voltage reflection coefficient as seen from the Z A line is 

r = z b — z a = (z B /z A )-i 

Z B + Z A (Z B /Z A )+1 (6.15) 


Substituting w = (Z B /Z A )-1 gives 


Provided that w is small, which is the case if the impedance change is small, the first 
two terms of (6.17) are identical to those for the series expansion of 


1 
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iMi + w) = 1 


r = ±ln( Z B /Z A ) 


|w|<l 


The benefit of this approximation, where even the third term of the expansion in 
(6.17) differs by only w 3 /12 from (6.18), will be appreciated when the range between 
the two characteristic impedances Zg and Z L is subdivided to give intermediate 
characteristic impedances for the specific ratios of the reflection coefficients at the 
junctions. 

Consider a two-section quarter- wave transformer, as illustrated in Figure 6.16, 
with / = A./4. With no loss of generality, it will be assumed that Z L > Z 0 . At each of 
the transitions between the lines, the reflection coefficients are given by 

r 3 = jln(Z l /Zb) 
r 2 = ±l„( Z B /Z A ) 

and F, = lln( Z A /Z 0 ) (6.20) 

The three reflection coefficients will be real and positive if Z L > Z B > Z A > Z 0 . 
If the individual reflection coefficients are small, the resultant reflection coefficient at 
the input does not contain any terms such as T^, so that 

r = r i + r 2 e ~ 2jP ' + r 3 e^‘iP / (6.21) 

For quarter-wave sections of transmission line with l = A./4 

r = r, - r 2 + r 3 ( 6 . 2 2) 

and it can be seen that, if Tj : r 2 : T 3 = 1:2:1, there will be no resultant reflection 
coefficient at the input. In general, the required individual reflection coefficient ratios 
will be given by binomial coefficients, [6.1], 

At the input and at the design or center frequency, f 0 , the phase change between 
adjacent reflection coefficients is ()> = 1 80°. At a frequency of, say, 0.8 x f 0 , the phase 
change is <J) = 144°. As illustrated in Figure 6.17, the resultant reflection coefficient at 
the design frequency is zero. At 0.8 xf B the magnitude of the resultant reflection 
coefficient is still small with a magnitude of 0.382 | Tj | , i.e. less than 10% of 4 | T, | , 
which would be the reflection coefficient caused by an abrupt step from Z L to Z 0 . A 
multiple-section quarter-wave transformer matching circuit has bandpass 



Figure 6.16 A two-section quarter-wave transformer network 
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bandwidth »■ 


Figure 6.17 The derivation of the resultant reflection coefficient for a multiple-section 
quarter-wave transformer 

characteristics and it is usual to specify the maximum reflection coefficient 
magnitude, or input V.S.W.R., that may be tolerated, together with the bandwidth 
over which the specification is to apply. 

The curve shown in Figure 6.17 is typical of a maximally-flat response, where 
any further broadening of it would result in pass-band ripples. If, in the two-section 
transformer that has been discussed, the transformer impedances are recalculated such 
that 

T] = r 3 = kr 2 , where k>0.5 (6.23) 

then there will not be a perfect match at the center frequency. However, there will be 
two frequencies, one on each side of the center frequency f 0 , at which a perfect match 
is achieved. For all frequencies in the immediate vicinity of the two matched points, 
the resultant V.S.W.R. will be less than that for the maximally-flat case, [6.1]. This 
approach is the basic design philosophy of Chebyshev transformers, where increased 
bandwidth is achieved at the expense of a V.S.W.R. ripple of controlled levels within 
the design band. A comprehensive treatment for the design of multiple-section 
quarter-wave transformers is given by Matthaei et al. [6.1], with detailed expressions 
for both maximally-flat and Chebyshev responses. 

For a rigorous analysis, let 0 be the ratio of characteristic impedances of the 
input and output lines, i.e. <J> = Z L /Z 0 . For maximally-flat response filters, 
expressions in [6.1] lead to the impedances for the two-section transformers as 

i 

Z A = Z 0 <J> 4 (6.24) 

1 

and Z B = Z 0 O‘ (6.25) 

while for the three-section case, with transformer impedances, Z A , Z B and Z c , the 
equation 

y 4 + 2 VOy 3 - 2 VOy -0 = 0 (6.26) 

is solved first for y , from which 
Z A = yZ 0 


(6.27) 
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= VOZ n 


ana Z = — n. - ^ 

v v (6.29) 

It is interesting to note that, for the particular case of a maximally-flat two- 
section transformer, the approximations of (6.20) actually give the same line 
impedances as those for the rigorous solution. 

Example 6.6 

Calculate the characteristic impedances for a three-section quarter-wave transformer 
with a maximally-flat response that will match a 200Q load to a 5012 input line 
Compare the results from the exact and approximate theories. 

Solution: 

a B „Vrri ,en8th f ° f ; He 2000 characteris,ic ^pedance line between the load 
il o i r? t0 Z %°' thC 20 ° Q '° ad my connected directly to the 
(6.26) tecomes 0rmerS ' 6X301 S ° lution ’ 0 = Z l/Zq = 4.0. Hence 

y 4 + 4y 3 -4y-4 = 0 


V = 1.1907 
Z A = 59.540, Z B = 100.000 and Z c 


167.97 0. 


S tsri: 

"1 Zl ” d,,,,W "*«K» coefficients having STSS 

Ulus r, = = 0.08664 

giving Z A = Z 0 e 2r ‘ = 59.460 

while r 2 = 3 Tj leads to Z B = 100.00 0 

and r 3 = 3 r 2 leads to Z c = 168.180 

The exact and approximate solutions for matching this ratio of ,w.vi 
almost identical, close enough for the fabrication ctuT * ” 
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6.7 IMPEDANCE MATCHING WITH A TAPERED LINE 

Z r °a a n d d b 7 d rt" 8 v tW T tW ° transmission lines with characteristic impedances 
transf d ^ u ^ aChleved *° some extent ty “sing multiple-section quarter-wave 

However it will always be the case that at twice the design frequency 

fhtai^d 0 h S beCO,ne N X/2 ° ng and thC matchin g Performance is no better than that 
of rtans d byj0lm , ng the l T lnes directIy t0 8 elher For a broader bandwidth, a length 
:r mi S,0n lne ln 4 W the cross ‘ secli onal dimensions gradually change from 
he characteristic impedance Z 0 to one of Z L may be used [6.2* The manneHn which 
the charactenstic impedance of the tapered line changes with distance gives the type 
of taper, e.g. exponential, hyperbolic, parabolic, etc., that is used. ^ 

Unless there are other very good reasons, it may be most expedient to use a 
taper type that has the simplest of geometries and is the ea"--* - — 1- »#— 

tapered rtansmission line transformer's that are one wavelengTor mom^ng^n 
reduce the reflection coefficient to less than 20% of that from a step transition 

h^h" J 6 tW h I 1 " 65 ' An ’ nCreaSe ’ n lransform er length will tend to improve the 
broadband match between the two impedances. 

variation 6 a microstri P ta P er on *r = 2.32 substrate with a linear width 

A f f u e ! lne , belwcen 15Q and 50n characteristic impedances has been 
analyzed for this book by subdividing the overall length of the taper into 100 short 
u uniform, sections of line. The characteristic impedance and effective relative 
permittivity were evaluated for each section. The V.S.W.R. for this model of the 

SSnSg Th? Ut i ne terminated by a ma *hed load, is illustrated as curve (a) in 
^ performance of th,s taper, which is of simple construction, is 

described bvKhlfa Si r C ° n . tlnuous microslri P tapers (a Chebyshev taper) 
described by Khilla [6.3]. Curve (b) m Figure 6.18 illustrates the Chebyshev taper 

performance for the same impedance transformation on an e r = 2.32 substrate. 



04 0:8 >-2 1.6 2.0 
Taper Length, \ 


Figure6. IS The performance of a microstrip taper between 1512 and 5012 lines on 

S.h £ ■ iISS ” *' *" 
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6.8 MATCHING WITH LUMPED LOSSLESS ELEMENTS 


The lumped lossless elements may be either discrete components or approximations 
to lumped inductance and capacitance obtained from very short transmission line 
lengths. 

6.8.1 Short lengths of transmission line 

The reader will recall from §2.2.2 that there are two important approximations that 
may be used for short lengths of transmission line. A short length of high 
characteristic impedance transmission line may be represented by an equivalent senes 
inductance, while that of a low characteristic impedance may be approximated by a 
shunt capacitance. If the short length approximations are not good enough for 
matching purposes, then the methods for single- and double-section line matching 

that are described in §6.9 and §6.10 could be used. 

The short line equivalent circuit derived in §2.2.2 is reproduced in Figure 6.19 
for the case of a high impedance line where the inductance, L = LI. For the case of a 
low impedance line, the series inductance is replaced by a shunt capacitance, C - Cl. 
In terms of the respective characteristic impedances of the lines 

L = (6.1) 

c 

c = J (6.2) 

^LOW c 



Figure 6.19 The equivalent circuit of a short length of high impedance line 


6.8.2 The matching procedure 

In this section, the discrete component matching techniques will only be considered 
for the simple combinations of series inductance and shunt capacitance illustrated in 
Figure 6.20. Similar matching procedures may be used for other component 
combinations, such as the series and shunt combination of capacitors in Exercise 

615 Consider case (a) in Figure 6.20. If the normalized admittance of the load with 
series inductance is of the form y = 1.0-jb, then the capacitor may be used to add 
the necessary positive susceptance to give a matched condition. For the matching 
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X 


(a) (b) 

Figure 6.20 Matching networks that have series L and shunt C elements 



Figure 6.21 Impedance regions for the lumped element matching networks of Figure 6.20 

procedure, transfer the negative susceptance half of the unit conductance circle to the 
impedance chart, i.e. (CJ becomes (C,) on Figure 6.21. Provided a load impedance 
lies in Region (i), i.e. the lower half of the chart bounded by (C^ and (C 2 ), an 
inductance can always be found with a positive reactance which, when added in series 
with the load, will produce an impedance on (C t ) and thus an admittance on (C 2 ). On 
the other hand, in order to match with a network of type (b), the load admittance must 
lie within Region (i), i.e. the load impedance is in Region (ii). 

Example 6.7 

Using the Smith Chart, calculate the component values in Figure 6.20b that will 
match a 15012 load to a 50Q source impedance at 100 MHz. 

Solution: 

The Smith Chart solution is illustrated in Figure 6.22. Plot the normalized load 
impedance, z L = 3.0+j0.0 as Point (1), and convert to the admittance chart to 
obtain y L = 0.333 +j 0.0 at (2). As the series inductance will add positive 
reactance to complete the matching process, the negative reactance half of the 
unit resistance circle is transferred to the admittance diagram to become (Cj). 
Along a constant conductance path, add positive susceptance to the load 
admittance to give an admittance that lies on (Cj), i.e. y = 0.333 + j 0.47 1 at (3). 
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Figure 6.22 The Smith Chan solution for Example 6.7 


Thus ~ = 0.471 or. at 100 MHz, C = 15.0 pF. 

Y o 

Transfer (3) back to the impedance diagram at (4), where z=1.0-jl.414. A 
normalized positive reactance of +jl.414 for the series inductance completes the 
matching procedure. 

Hence ~ = 1.414 or, at 100 MHz, L = 113 nH. 

A o 

The resultant matching network at 100MHz is as shown in Figure 6.23. 


113nH 



Figure 6.23 The matching network at 100 MHz for Example 6.7 


6.9 SINGLE-SECTION LINE MATCHING 

The representation of a short length of transmission line by a lumped L or C is, of 
course, only an approximation. The IT-equivalent circuit of §2.2.1, on the other hand, 
is an exact equivalence for all lengths of line. This IT network could also be used for 
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Figure 6.24 Impedance transformation with an arbitrary length of transmission line 


matching purposes, but the matching procedure is actually better carried out in terms 
of the transmission line itself. 


When the line is X/4 long, the particular case of the quarter-wave transformer 
occurs, as considered in §6.6. In the present section, the matching properties of a 


tTfln^mKClfin lint* r»f arhifrant lAnntk Ifx A 1 ora 

— «*■ **“V v* IVUglli I'-'-TJ UtV Vl» JCUJOCU, 

characteristic impedance as variables. 


Consider the network illustrated in Figure 6.24 where, in a 50f2 characteristic 
impedance system, a normalized input impedance z; n is to be derived from the load 
impedance, z L . For conjugate matching to a source impedance, as discussed in 
§2.1.5, z in may be complex, while when no reflections at the input are required, 
z in = 1 +j0. Plot z L and zj n on the Smith Chart, Figure 6.25, as (1) and (2) 
respectively. When these two impedances are each renormalized to the characteristic 
impedance of the transformer section, they must lie on a circle of constant |T|, if a 
transformation along the transformer length is to convert one impedance to the other. 
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The problem is thus to find a value of Z T , such that when z in and z L are the result of 
normalization with respect to Z T they lie on a circle with the origin at the center. A 
systematic way of finding the appropriate Z T is based on the following property: 

On traversing a length of transmission line, the impedance along the line 
continues to traverse a circle in the r plane — that is when plotted on the normalized 
resistance and reactance curves — even when the normalization is done with respect 
to an impedance that is not the characteristic impedance of the line. If the circles are 
normalized to real impedances, the center of each new circle will continue to lie on 
the real axis. 

In Figure 6.25, (C 2 ) is the circle that results when the normalization is with 
respect to Z T and (C[) when the normalization is with respect to Z 0 , both circles 
nevertheless referring to the impedance variation along the Z T line. The center for 
(C.) is at the intersection of the real axis and the perpendicular bisector of the line 
from (1) to (2). That (Cj) is a circle follows from the properties of the bilinear 
transformation 


which transforms between the normalized impedance plane and the reflection 
coefficient plane. A bilinear transformation transforms circles into circles, with some 
circles becoming straight lines in limiting cases [6.5]. Since (C 2 ) is a circle in the 
T-plane, z is also a circle in the impedance plane. On multiplying z by the constant 
(Zt/Zq), the resulting impedance continues to be a circle in the impedance plane. 
Transforming (Z T /Z G ) x z back to the T-plane via (6.32) again produces a circle, 
namely (Cj). 

To see how this property allows Z-r to be systematically determined, first it is to 
be noted that real impedances lie along the real axis on both the (Cl) and (C 2 ) circles 
and their normalized values - r' min , r^ x on (C 2 ) and r min , r max on (C,) - only 
differ by a multiplicative scale factor, k, so that for the renormalization to the 
transformer section 


with k = Zj/Zq. Thus 

^ r min r max = r min r max (6-35) 

Since r'min = (fmax) - 1 . then 

k = V r min r max (6.36) 

Draw the new circle (C 2 ) and on it plot the calculated load and input impedances 
z L /k and Zj n /k as (3) and (4) respectively. The movement towards the generator 
from (3) to (4) gives the length of the transformer section that has the characteristic 
impedance Zy = k Z 0 . 


Example 6.8 

A single-section matching line is required to transform a load impedance of 
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(100 -j 100) £2 to an input impedance of (65 + j 30)£2. Calculate the length and 
characteristic impedance of the matching line. 

Solution: 

It is common for many transmission line systems to have 500 characteristic 
impedance for the majority of transmission lines and it is to this value that the 
load and input impedances are normalized here. However, the final answer will 
be independent of the impedance to which these values are normalized and it is 
only necessary to choose a value that gives a clear presentation on the Smith 
Chart. The solution is the one that is specifically illustrated in Figure 6.25, with 
z L = 2-j2, Point (1) 

z; n = ! .3 + j 0.6 Point (2) 

The center of (Cj) is at r = 2.52, giving r^,, = 1.24 and r max = 7.26 . Thus the 
renormalization factor, k, equals 3.00 and the transformer line impedance is 
150.0Q. The r^in and values for (C 2 ) are 0.413 and 2.42 respectively and 
the renormalized load and input impedances of 0.667 - j 0.667 and 0.433 + j 0.2 
are plotted as points (3) and (4). Hence the electrical length of the 150£2 
transformer is 0.1562., going from (3) to (4). 


6.10 DOUBLE-SECTION LINE MATCHING 

A pair of discrete matching elements, in particular in the form of series inductance 
and shunt capacitance, have been used in §6.8. While these elements may be 
approximated by short lengths of high and low impedance lines respectively, a more 
general solution [6.6] for matching with the finite line lengths, as shown in Figure 
6.26, is presented here. 

The high and low impedance lines, Z H1GH and Zlq W , are chosen to be typical of 
practical lines. For this discussion, the following typical values Z raGH = 100 £2 and 
2 -low = 30 £2 are taken. The matching procedure is again one where an intersection 
is found between two plots, representing impedances that can be obtained from the 
load and those that are desirable, in the sense that they can be matched to the source. 

Working from the 50£2 impedance source towards the load with 
Zi = Z HIGH = 100 £2 and Z 2 = Zlo W = 30 £2, for an input match the following 

D C B A 


( Y N 



Figure 6.26 The impedance planes and selection of transformer impedances for double- 
section line matching 
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Figure 6.27 Load impedances that lie between the dashed circles for matching with a 
double-section transformer, Z { = Z HICH = 100O and Z 2 = Z L0W = 300 


impedances are required at the planes D to A, always looking towards the load. They 
are illustrated in Figure 6.27. At each plane the impedance is normalized to the 
characteristic impedance at that plane. 

At D: z D = 0.5 + jO.O, for a 500 impedance at the input end of a 1000 line. 

At C: the impedance lies on a constant |r| circle that, through the length / j, will 
transform C to D. Thus z c lies on circle (C). 

At B: z B lies on circle (B), i.e. the circle of normalized impedances that when 
multiplied by Z 2 /Z! gives the z c on (C). 

At A: z A must lie within the region bounded by the circles A! and A 2 , if a 
transformation along the low impedance line is to intersect with circle (B). 

At the load: Renormalizing A] and A 2 , i.e. converting Ai and A 2 to the actual load 
impedances by multiplying by Z^ and then normalizing to Z 0 , gives the region 
between the dashed circles that may be matched to 500 with the chosen impedance 
lines. 

The remaining steps of the matching procedure are illustrated in the context of a 
numerical example. Figure 6.28 illustrates the regions of load impedance that may be 
matched to a 500 source impedance with one or other sequence of the 300 and 
100Q transformer line impedances and the shortest overall length of matching 
elements. In Figure 6.28, Z HIGH = mZ 0 and Z L0W = nZ 0 , with m = 2 and n = 0.6. 
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Figure 6.28 Load impedances to be matched to 500 with m=2, n=0.6, using a double- 
section matching transformer 

Example 6.9 

Using 1000 and 300 transformer sections, find the line lengths that match a 
(60 - j 60) Q load to a 500 input transmission line. 

Solution: 

From Figure 6.28, it is seen that, to match a normalized impedance of 1.2 - j 1.2, 
the high impedance line should be closer to the load, leading to a matching 
network, as shown in Figure 6.26, with Zj = 300 and Z 2 = 1000. The matching 
procedure is illustrated in Figure 6.29. 

i) Plot the load impedance z L , normalized to 500 (1) and renormalized to 
1000 to give z A at (2). 

ii) z B lies on the constant | T | circle (Cj) that passes through (2). 

iii) Renormalizing (C j) to the 300 line gives obtainable values of z c as the 
circle (C 2 ). 

iv) To match to the 500 source impedance, z D = (50 + j 0)/30 = 1 .67, (3), is 
required. 

v) The required values of z c lie on the constant |T| circle (C 3 ) that passes 
through (3). 

vi) Solutions will be given by the intersections of (C 2 ) and (C 3 ). In particular 
for minimal line lengths, a solution is given at (4). 

vii) (4) is renormalized back to (C 2 ), giving the solution for z B at (5). 

viii) / 2 is the movement towards the generator from (2) to (5) along the 1000 
. line. 
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Figure 6.29 Double-section transformer matching of (60 - j 60) Q to a 50£2 source impedance 

ix) /j is the movement towards the generator from (4) to (3) along the 30£2 line. 

For the solution, the following specific values are obtained: 


Point (1) 

Z L 

1.2 -j 1.2 

Point (2) 

z A 

0.6-j0.6 

Point (3) 

z d 

1.667 + jO 

Point (4) 

z c 

1.391 +j 0.467 

Point (5) 

Z B 

0.417 +j0.140 


h 

0.054 A. 


h 

0.133A. 


6.11 IMPEDANCE SYNTHESIS 

Most of this chapter has dealt with the situation where a given load impedance is 
transformed through a matching network to become an impedance equal to the 
characteristic impedance of the input line. There are situations, e.g. in Chapter 11, 
where the converse is required and a specified impedance has to be derived from a 
matched load. While in principle this may be achieved by reversing the steps of any 
of the previous techniques, it is better to take a direct approach that makes use of both 
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Figure 6.30 Illustrating impedance synthesis with 50£2 lines, showing (a) matching a load 
(30 + j70)£2 to a 500 source, and (b) the reinterpretation of the network in (a) as converting 
a 500 matched load into an input impedance of (30 - j 70)0 


the conjugate matching properties of a lossless network, discussed in §2.1.5, and the 
matching procedures just presented. 

Consider the single-stub matching network that was derived for Example 6.2. 
This network is redrawn in Figure 6.30a. As there is conjugate matching (500 to 
500) at the source end, there will also be conjugate matching at the load end. 
Consequently, the source impedance as seen from the load will be 
Z A = - (30 - j70)O. In Figure 6.30b, the network is redrawn in the reverse order, 

i.e. the original matched source is now the load, and an input impedance (30 - j70)O 
is obtained. Thus, to derive an impedance Zj n starting with a matched termination, (i) 
choose a load equal to Z* n , (ii) carry out the matching process as in Figure 6.30a, and 
(iii) reverse the order of the matching elements as in Figure 6.30b. Note that the stutr 
is now placed at a matched load plane and that the length l is required between it and 
the desired impedance plane. The length / must not be confused with the latter 
length being arbitrary in both Figures 6.30a and b. 


EXERCISES 

6.1 The characteristic impedances of the A/8 lines in the figure below may be selected such that 
25 £2 < Zlow < 50 £2 and 50 £2 < Z mGH < 100 £2. Using a Smith Chart, construct the region of 
load impedances, normalized to 50£2, that may be matched using this network. 
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INPUT Z„ = 50f2 


What normalized load impedances give the following voltage reflection coefficients'! 

i) 0.7 /- 30° 

ii) 0.5/90° 

iii) 0.1 /180° 

iv) 1.0/0! 

The V.S.W.R. for a standing wave pattern set up by an unknown load is 2.0 with a voltage 

minimum at 102.5 mm. When the load is replaced by a short circuit, there are voltage minima 

at 25. 1 and 123.3 mm, the smaller value being closer to the generator. 

t) What is the normalized load impedance referred to the attached short-circuit plane? 

ii) If the previous readings had been obtained when the plane of the replacement short circuit 
was 5.0 mm in front of the actual load plane, what would be the normalized load 
impedance at the load plane? 

i) Illustrate on a Smith Chart the region of normalized load impedances that may be matched 
using the lumped element network illustrated in the figure below. 

ii) What capacitance values are required for the network to match a (30 + j 50) £2 load to a 
50£2 source impedance at 1.0GHz? 



In Example 6.8, the load and source impedances were normalized to 50 £1 in order to carry out a 
Smith Chart solution. Verify that the same answer is obtained if the impedances are normalized 
to 100£2 instead. 

Calculate the length and characteristic impedance of a single-section impedance transformer, 
Figure 6.24, that will match a (70 — j 50) £2 load to a 50 £2 source impedance. 

In Example 6.4 for double-stub matching, there are two sets of stub admittances that may be 
used. Solve the example for the second solution and, having found the required normalized 
stub admittances, determine the stub lengths assuming short-circuit terminations. 

The circuit elements shown in the figure below are expressed as normalized admittances. What 
is the distance in wavelengths, /, between the two susceptances if there is to be maximum 
power transfer from the matched input line to the load? Is there a voltage maximum or 
minimum at plane A, midway between the two susceptances? Deduce the results from a Smith 
Chart. 



Determine the length and position of a single-stub matching network, using 50£2 lines, that will 
match a load, (30 + j 20) £2, to a 50£2 input line. With the stub matching network, estimate the 
approximate percentage range or bandwidth for the V.S.W.R. to remain less than 1.2, assuming 
that the load remains (30 + j 20) £2 over the frequency range of interest Hint: Observe on the 
Smith Chart how the input impedance varies for a small frequency change. 
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6.10 A 100 £2 characteristic impedance line with a 100 £2 load is to be matched to a 50£2 line using 
sections of 30£2 and 120£2 lines as illustrated in the figure below. Using the Smith Chart, 
determine the lengths, / and 1 2 as fractions of a wavelength, that are required for the input 
match to be achieved. 


INPUT 50 £2 



6.1 1 The figure below illustrates the conductor pattern for a microstrip network that is to be used to 
match a load, (12.5 -j 37.5) £2, to a 50£2 input line. Determine (i) the length / of the open- 
circuit terminated stub that has a characteristic impedance of 100£2 and (ii) the characteristic 
impedance of the quaner-wave transformer necessary to achieve the matched condition. Ignore 
discontinuity effects. 


Z s = 100 £2 



open circuit 


6.12 With line lengths given in wavelengths where appropriate, match a (15 - j 25) £2 load to a 50£2 
source with the following methods and constraints: 

i) single-stub matching with 50£2 lines and an open-circuit stub termination, 

ii) double-stub matching with 50£2 lines and open-circuit terminated stubs at 0.2k and 0.33k 
from the load plane, 

iii) quarter-wave transformer matching with the transformer impedance less than 50 £2, 

iv) a series inductance, shunt capacitance network with the component values calculated at 
1.0GHz, 

v) a double-section transformer with 25£2 and 100£2 impedance lines. 

6.13 50£2 and 100£2 characteristic impedance lines may be matched together at a spot frequency by 
alternating lengths of each line type as shown in the figure below. Calculate the line lengths for 
a matched condition. 



INPUT 50 £2 


6.14 i) Using the approximate theory for multiple-section quarter-wave transformers, calculate the 

transformer impedances between a 20£2 resistive load and a 50£2 input line for the 
maximally-flat 1-, 2- and 4-section cases. 

ii) For the single-section case, show that the result derived in (i) corresponds to the normal 
quarter-wave transformer solution. 

iii) For the 2-section case, estimate from the Smith Chart the V.S.W.R. at 0.8 times the design 
center frequency. 

6.15 Indicate on a Smith Chart those impedances that may be matched using a series and shunt 
combination of two capacitors. 
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Hybrid-line couplers 


fA iNiwOuUCTiON 

Hybrid-line couplers represent the class of couplers that simulate the properties of the 
hybrid-coil transformer, Figure 7.1, in common use in telephony. With each port 
correctly terminated, a signal input at port 1 will give in-phase signals equally split 
between ports 2 and 3 and no output from port 4. Conversely, a signal input at port 4 
will give out-of-phase but equal amplitude signals at ports 2 and 3 with no output at 
port 1. The correct choice of loads ensures a perfectly matched four-port device. 
Hybrid-line couplefs are oTteri sunplyreferred to as hybrids. 

An ideal directional coupler may be defined as a lossless reciprocal four-port 
network that appears perfectly matched looking into any one port when the others are 
terminated with matched loads, i.e. it is matched in every port. It can then be proved 
that there must be complete isolation between two distinct pairs of ports, say ports 1 , 
4 and ports 2, 3 (see Exercise 2.7). When an ideal directional coupler is inserted into 
a transmission line with the input connection at port 1 and the output at port 2, as 
illustrated in Figure 7.2, then, for a forward propagating wave from port 1 to port 2, 
some portion of it will be coupled out at port 3 with nothing being coupled to port 4. 
When waves propagate along other port directions, the coupled waves are as shown in 
Figure 7.2. Thus, a reverse traveling wave that is incident at port 2 will result in the 
coupled signal appearing at port 4, while port 3 is now isolated. The directional 
properties of the coupler are now evident, since the signals that are measured on ports 
3 and 4 represent a measure of the forward and reverse traveling waves respectively 
on the through transmission line, i.e. from port 1 to 2 in this case. For each type of 
coupler that is discussed, the ports will be consistently numbered in this manner for 
comparison purposes. 



t I 1 


Figure 7.1 The hybrid-coil transformer 
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Figure 7.2 Power flow in a directional coupler 


Hybrid-line couplers may be regarded as directional couplers which can produce 
an equal power split between the output ports. This definition is good in the main, 
but it is possible to have hybrids with an unequal power split. Inherently, a hybrid 
and a directional coupler are the same type of device. The only difference is really 
one of construction, with the hybrid-line coupler historically arising out of structures 
which aimed to produce equal power splitting with good isolation, directional 
coupling aspects not being of interest. 

The hybrid-line directional couplers that are described in this chapter are thus 
constructed from an interconnected symmetrical network of transmission lines. The 
characteristic impedances of the interconnecting lines are chosen to give the input 
matched conditions for each port as well as giving the desired amount of coupling to 
the output ports. Directional couplers that derive their coupling from the action of 
closely spaced parallel transmission lines, without any direct connection between the 
lines, are the subject of the next chapter. 

Consider a practical coupler with matched terminations at all ports. The 
insertion loss, 1 dB, between the input and output ports is dependent on both the 
dissipation loss and the power that is transmitted to the other ports. The level of the 
coupled signal, C, at port 3 is used in the description of the coupler, e.g. a 20dB 
coupler where 1 % of the incident power comes out of that port. Thus, with matched 
loads at ports 2 to 4 


C 


- 10 log w 


Pout at port 3 
Pi n at port 1 


dB 


(7.1) 


Any unwanted signal strength at port 4 is compared with the coupled signal strength 
to give the directivity, D, as 


D = -10/ogjo 


Pout at port 4 
p out at port 3 


dB 


(7.2) 


If the unwanted signal is compared with the incident power at port 1, then the term 
"isolation" is used. 


Example 7.1 

At a certain frequency, a directional coupler has equal power outputs at -3.3dB 
below the incident signal level at the input. If the input V.S.W.R. is 1.2 and the 
directivity is -19.7dB, calculate the dissipation loss in the coupler. 



Solution: 

With an incident power to the coupler at port 1 of 1 ,0W, the following powers 
flowing out into matched loads are obtained: 

At port 1: 0.0083 W, since V.S.W.R. = 1.2 

At port 2: 0.4667 W 

At port 3: 0.4667W 

The power at the isolated port is 19.7 dB below the power output at port 2. Thus 
the power is 23.0dB below the input power level. 

At port 4: 0.0050W 

The total output power is 0.9487 W, leaving 0.0513 W of power being dissipated 
within the coupler. Hence the dissipation loss = 0.23dB. 


7.2 EVEN- AND ODD-MODE ANALYSIS 

A symmetrical four-port network is illustrated in Figure 7.3. This network may be 
analyzed in terms of even and odd modes with respect to the plane of symmetry. 

For the even mode, two signals of equal amplitude and in-phase with each other 
are the inputs at the two ports reflected in the plane of symmetry, in this case at ports 
1 and 4. On any line that crosses the plane of symmetry, there will be zero current 
flow at the plane together with a maximum in the magnitude of the voltage. This 
situation is equivalent to there being an open-circuit termination on any transmission 
line as it crosses the plane of symmetry. Thus, with no power flow across the 
symmetry plane, the circuit may be separated into two pans and analyzed 
accordingly. For the even mode, the four-port network now appears as two identical 
two-port networks. The detailed structure of the two-port network with an input 
signal at port 1 will determine the reflected signal amplitude and phase at port 1 and 
the transmitted signal amplitude and phase at port 2. 

The odd mode is characterized by the input of two equal-amplitude signals at 
ports 1 and 4 that have a phase difference of 180°. There will be zero potential along 
the plane of symmetry, equivalent to a short-circuit termination across each 
transmission line at this plane. As for the even mode, the four-port network may be 
analyzed as two identical two-port networks. 

An incident signal at port 1 with zero incident signal at port 4 may now be 
considered as the superposition of equal amplitude even- and odd-mode components 
with a phase relationship between them that gives a zero input signal at port 4. In 
general, there will now be a reflected signal at port 1 with transmitted signals to all 
the other ports. The ideal properties of a directional coupler are achieved if there is 
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Figure 7.3 A symmetrical four-port network 
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TWO - PORT 
NETWORK 


PORT 1 PORT 2 

(INPUT) (OUTPUT) 

Figure 7.4 The voltages and currents for a two-port network 

no reflected signal at port 1 and no transmitted signal to one of the other ports. This 
may be provided, for example, if both the equivalent two-port networks for the even 
and odd modes are themselves matched at their respective inputs. The direct and 
coupled signals to ports 2 and 3 may now be evaluated from a phasor addition of the 
transmitted signals for the two-port equivalent circuits. 

The ABCD or transmission parameters for a two-port network have been 
discussed in Chapter 2 and are defined in conjunction with the sign convention for the 
terminal voltages and currents, illustrated in Figure 7.4, as 


The reader will recall from Example 2.3 that the sj and Sf scattering parameters 
for the two-port network, normalized to Z 0 , are 
(A-D) + (BYq-CZq) 

S ‘ (A + D) + (BY 0 + CZ 0 ) (7.4) 


f (A+D) + (BY 0 + CZ 0 ) (7.5) 

Consider again the symmetrical four-port network with the ports as illustrated in 
Figure 7.3. The four-port network is analyzed in terms of two equivalent two-port 
networks, one for the even and the other for the odd mode. Associated with each 
mode will be the even- and odd-mode Sj, Sf parameters, denoted by sf e \ sf 0 ^ and 
s f (e) , s<°> respectively. With an incident wave, aj, at port 1, there will be reflected 
waves at all four ports, i.e. bj to b 4 inclusive. Now, in terms of the two-port 
equivalent networks, the incident wave at port 1 may be reconstructed as the sum of 
equal magnitude even- and odd-mode components, with their difference giving a zero 
incident wave at port 4. Thus, the four reflected waves are given by 


<■ (e) . (o) ’ 

s f + s f 


s f (e) - s<°> 
2 
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7.3 THE BRANCH-LINE COUPLER 

The fundamental structure for the branch-line coupler consists of four quarter- 
wavelength transmission lines that are connected together in a square format as 
illustrated in Figure 7.5. 

The limitations of permissible microstrip line characteristic impedances make 
the branch-line coupler suitable only for tightly coupled requirements with a typical 
range of 2dB to 9dB. As a directional coupler, it has a narrow bandwidth which, it 
will be seen, can be increased either by having multiple sections or by using external 
matching elements. The continuous connection of the microstrip line to all ports 
gives d.c. coupling and, if implemented with low-loss transmission lines, is suitable 
for higher power applications with little danger of breakover that may otherwise 
occur at narrow gaps between adjacent transmission lines. 

The even- and odd-mode analysis of the previous section will be used here to 
evaluate the performance of the basic coupler. The two-port network for the odd 
mode is illustrated in Figure 7.6, with the short-circuit terminations at the original 
plane of symmetry. 

The ABCD-parameter or transmission parameter matrix, [ T ], is used to find the 
overall transmission and reflection characteristics of the network, [7.1]. Let 
Z ser i e s = Z A = 1 /Y a and Z s y, unt =Z B = 1/Y B . The circuit is split up into its three 
parts, representing each stub and the series A/4 connecting line, as illustrated in 
Figure 7.7. 

SHORT-CIRCUIT 



Figure 7.6 Odd-mode symmetry for the branch-line coupler 


156 Chapter 7 



SHORT-CIRCUIT 

PLANE 


Figure 7.7 Circuit segments for the ABCD-parameter analysis of the odd-mode case 

For an infinitesimally short length of through line. A/, to which a X/8 short- 
circuit terminated stub with input admittance -jY B is connected, and ignoring the T- 
junction effects described in §5.5 

( T stub ) = _ j Yb 1 ( 7 .7) 

For the length of transmission line, /, between the two stubs, (2.31) gives 


. . COSp / 

j Z A sinp/ 


[ T linej = j Y a sinp/ 

cosp/ 

(7.8) 


When this line length is a quarter-wavelength long line, with p/ = y , then 
r i ® jZ A 

[Tlinej = [j Y a 0 (7.9) 

The complete transmission parameter matrix for the odd-mode network in 
Figure 7.6 is found from the multiplication in the correct order of the individual 
matrices for the network. Thus 

(Todd) = |T stu (,J |T[i ne j |T stu (, J ( 7 . 10 ) 

Substituting from (7.7) and (7.9), and evaluating, gives 


(Todd) - -j Y b 


° 

jz A 

1 0 

K 

0 

-jY B 1 


y b z a jZ A 

j(Y A -Y B 2 Z A ) Y B Z A j (712) 

Likewise for the even mode, with open-circuit terminated stubs that have an input 
admittance of + jY B 

f 1 _ [ _YbZa JZa 

[TevenJ = j( Y A -Y B 2 Z A ) -Y B Z A ( 7 .i 3 ) 
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Note that (A — D)odd = (A — D)even = 0* ®odd “ ®even ^odd = ^even • v * ew 
of (7.4), it follows that if BY 0 = C Z 0 , then both s/ e) and s[°> are zero and for the 
complete four-port network b] =b 4 = 0. In other words, the condition BY 0 = CZ 0 
ensures that with matched loads at ports 2 to 4 the four-port network is perfectly 
matched looking into port 1 and that port 4 is completely isolated. Thus, for 
matching and isolation, and in terms of normalized quantities 


J z a = J^a - 7b z aJ (7.14) 

i.e. y A = 1 + y B (715) 

From this equation, it is seen that the characteristic impedance of the series 
connecting X/4 line must always be less than the characteristic impedance of the 
external connecting transmission lines. 

Again, with A = D and BY 0 = CZ 0 , and substituting for the odd mode into 
(7.5), the transmission coefficient becomes 

s (°) = ! _ Ib-IJ. 

z A (y B + j) y A (7-16) 

The transmission coefficient magnitude is unity in view of (7.15), as expected for a 
lossless two-port network that is perfectly matched at the input. Retaining the 
quadrant information in the signs of the real and imaginary parts, the phase angle for 
the odd-mode transmission coefficient is given by 

0° = tan 1 — (7 , 17) 

Similarly for the even-mode, the transmission coefficient magnitude is also unity and 

© e = tan 1 -j- (7.18) 

The relative phase angles for the incident and transmitted waves for the two-port 
networks are illustrated in Figure 7.8. The phase angles of the even- and odd-mode 
transmission coefficients are symmetrical with respect to the -90° phase shift 
associated with a single quarter-wavelength line of unit characteristic impedance. 
This phase angle will now be taken as the reference angle. 
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Figure 7.8 Two-port network phase relationships 



ODD-MODE 

OUTPUT 



158 Chapter 7 


Hybrid-line couplers 159 


AT PORT 2 
THE THROUGH PORT 


AT PORT 3 
THE COUPLED PORT 


ODD-MODE 


ODD-MODE 

RESULTANT 


EVEN-MODE 



EVEN-MODE 
RESULTANT 


REFERENCE 

PHASE 


REFERENCE 

PHASE 


Figure 7.9 Output signal components for the branch-line coupler 


Returning now to the complete four-port network, an incident wave at port 1 is 
treated as the sum of two equal amplitude components of the even and odd modes 
added together in-phase. The direct wave out of port 2 is the phasor sum of the two 
mode components as illustrated in Figure 7.9, with an amplitude given by 

IM = c°s0 (7 19) 

where 9 = |0 e - 90° | = |90° - 0 O | . The direct wave is thus no longer unity. Now 
there is power flow across the plane of symmetry. 

The output at the coupled port, port 3, is given in a similar manner but being 
produced by the odd-mode incident wave out-of-phase with the even-mode 

component. The coupled signal amplitude 

I b 3 1 = sine (7.20) 

From the definition of coupling given in (7.1) 

C - - 10/og 10 (sin 2 6) dB (7.21) 

Therefore 


C = -20 log w 
Solving for y B gives 

y B = 

Vi -c 2 

where 


_ y P 

VTTy 2 


(7.22) 

(7.23) 


C = 10- c/2 ° (7.24) 

The results for a range of single-section branch-line couplers in a 50f2 characteristic 
impedance transmission line system are presented in Table 7.1. Referring to Figure 
7.8, it is also seen that the outputs at ports 2 and 3 are 90° out-of-phase with each 
other. For this reason, the branch-line coupler is a member of a class of couplers 
known as quadrature couplers. 

The power-split ratio, P, is used to express the coupling of a directional coupler 
in terms of the ratio of powers to the coupled and direct ports, i.e. 



P 


-20 log l0 


1M 

Ibal 


= C-I 


For a lossless coupler, the coupling coefficient may be expressed as 

C = , £ where p = I0~ p/20 

Vl+p2 


(7.25) 

(7.26) 


Table 7.1 Line impedances for a single-section branch-line coupler, designed for 50f2 
external connecting impedances 


Coupling 
C, dB 

y B 

y A 

'-shunt 

a 

^series 

Q 

2 

1.308 

1.646 

38.24 

30.37 

3 

1.002 

1.416 

49.88 

35.31 

3.01 

1.000 

1.414 

50.00 

35.36 

4 

0.813 

1.289 

61.48 

38.79 

5 

0.680 

1.209 

73.52 

41.35 

6 

0.579 

1.156 

86.33 

43.27 

7 

0.499 

1.118 

100.15 

44.73 

8 

0.434 

1.090 

115.21 

45.87 

9 

0.380 

1.070 

131.75 

46.75 

10 

0.333 

1.054 

150.00 

47.43 


There are advantages in using the power-split ratio when directional couplers are 
being used in a network to provide appropriate power ratios at several output ports. 
The relationship between the power-split ratio and the coupling ratio is illustrated in 
Figure 7.10. The asymptote, representing a plot of the coupling ratio on both axes, 
clearly shows how the power-split ratio approaches the coupling ratio for high values. 

The behavior of the branch-line coupler when the input is applied to another 
port can be deduced in a straightforward manner from knowledge of what happens 
with an input to port 1. It is readily observed that every port has an identical 
environment, with two lines of different characteristic impedances branching from it. 
The higher impedance line leads to the isolated port. 



Figure 7.10 Power-split ratio and coupling for an ideal directional coupler 
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At this point, it is worth remarking that for any type of coupler, there is no 
fundamental difference between the through and coupled ports. Both are output ports, 
but it is usual to take the port with the smaller amount of power as the coupled port. 

Example 7.2 

Calculate the power-split ratio in dB for a 6.02dB directional coupler. 

Solution: 

From (7.26) 

p = - C 

For a coupler with C = 6.02dB, then from (7.24) c = 0.50, giving p = 0.577 and a 
power-split ratio, P = 4.77 dB. 


Example 7.3 

A single-section 3.01 dB branch-line coupler has shunt and series line impedances of 
50.0 and 35.36Q respectively. To observe one possible effect of manufacturing 
tolerances, consider the case where the series line impedance is 37 . 0 Q while all other 
aspects of the coupler may be considered to be unaltered. Calculate the input 
V.S.W.R., coupling and directivity for this modified coupler. 

Solution: 

The circuit segments for ABCD-parameter analysis are shown in Figure 7.7. The 
line immittances are Y B = 0.02S and Z A = 37.012. From (7.12) and (7.13) 


T = 

1 even 


l -0.74 

j37.0 

j = [j 0.01223 

-0.74 

j 0.74 

j37.0 

j = j 0.01223 

0.74 


From (7.4), sf o) = — D) + ( BY ° CZ ° l 
(A + D) + (BY 0 + CZ 0 ) 

j (0.74 -0.61 14) 

= L 48 +j 1.3514 = °-° 642 ^! 

while s/ e) = 0.0642 /- 47.6° 

Each mode scattering parameter is for a unit incident wave. Now, for the 
complete coupler with half the incident wave at port 1 associated with each of the 
modes, from (7.6a) with a[ = 1 

S .W + c.(o) 

K _ r-. _ *1 ^ N 
b l = ~ ~ = 


0.0433 
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input V.S.W.R. = y— j jj - n j = 1.09 
* I Mn I 


At the coupled port, from (7.6c) 


s/ e >-s/°> 


i.e. bi = 


- [(A + D)+(BY 0 + CZ 0 ) j eyen [(A + D) + (BY 0 + CZo) 

giving b 3 = 148+ jj 3514 - _] 48 + j 1 .3514 = 0-737 

Hence, the coupled signal level = -2.65dB. 

From (7.6d), the reflected wave at the isolated port is given by 


= 0.737 


,.(e) _ o.(o) 


j 0.0474 


representing a power level of -26.48 dB with respect to the input power. Now, 
with a coupled signal of -2.65dB, the directivity of this branch-line coupler is 
23.8dB. 


7.4 THE BRANCH-LINE COUPLER 

— with improved coupling performance 

The single-section branch-line coupler was designed so that, when it was inserted into 
a matched system of transmission lines, a perfect match was provided at each port at 
the design frequency. This was achieved by maintaining a match for both the even- 
and odd-mode two-port equivalent networks. However, it is important to consider the 
performance of the coupler as the frequency of operation is varied. Ideally, the input 
should remain as near to a perfect match for both modes over as wide a frequency 
band as possible. How well this is achieved may be seen with the aid of the 
transformations through the two-port networks at the design frequency, f 0 , described 
in conjunction with Figure 7.11 using the line parameters for a 3dB branch-line 
coupler. 

The intermediate admittances are labeled at the respective planes commencing 
at port 2 , which is terminated in a matched load, through to the input at port 1 . 
Consider the case of the even mode with the A ./8 open-circuit terminated parallel-stub 
transmission lines. Each admittance is highlighted by a black dot on the expanded 
central section of a Smith Chart, Figure 7.11b. Commencing from the matched load 
termination, y,, the stub susceptance of +jl.O, normalized to a 0 . 02 S characteristic 
admittance (50 f2 characteristic impedance), is added to give y 2 . Renormalizing to 
35.36 n transforms the normalized admittance to y 3 . Note that this admittance is 
situated on the line that passes through the center of the chart and perpendicular to the 
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SHORT OR OPEN 




(b) the even mode (c) the odd mode 


Figure 7.11 The transformation of admittance through even- and odd-mode two-port 
networks 


zero susceptance axis. As will be seen when the odd mode is considered, this is 
necessary if both the even- and odd-mode equivalent two-port networks are to be 
matched. The A./4 line transforms the admittance to y 4 , while renormalization back to 
the 50C2 characteristic impedance line gives the admittance, y 5 . At this plane, the stub 
susceptance of +jl.O completes the perfect match, y g . 

For the odd mode, with the short-circuit terminated stub, the normalized stub 
admittance is — jl.O. Thus, using the same order of admittance points, the matching 
process is illustrated for the odd-mode case in Figure 7.1 lc. 

The perfect match at the design frequency will not be maintained as the 
frequency changes. Let the frequency be reduced by 10% to 0.9 f 0 . Each 
transmission line, with its fixed physical length, now has an electrical length that is 
reduced by 10%. Thus the normalized input admittance of the short-circuit 
terminated transmission line will become — jl .171 , while that with the open-circuit 
termination will become +j 0.854. The series line that was a quarter- wavelength at 
the design frequency is now reduced, in effect, to 0.225 X . With these changes, the 
even- and odd-mode admittance plots at 0.9 fg are illustrated in Figure 7.12. 



The input V.S.W.R. is evaluated from the input reflection coefficient 
Si< e > + Si<°> 


At 0.9 f 0 , the individual mode reflection coefficients from Figure 7.12 are 
s/ e) = 0.223 7-25.4° , Sj (o) = 0.298 7-111.6° 


(7.27) 


giving 

| Tin | = 0.192 and V.S.W.R. = 1.475. 

For a minimum V.S.W.R. at the input, it is not necessary for both even and odd 
components to be minimum, provided that the two components are out-of-phase with 
each other. 


OPEN CIRCUITS 



Figure 7.13 The 3.01 dB branch-line coupler with four external matching circuits and all 
line impedances of Z 0 unless otherwise specified, adapted from Riblet [7 .2] (© 1978, IEEE) 
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Additional networks, external to the ports of the two-port network, may be 
added without influencing the center frequency input impedance at each port for both 
modes, if at this frequency the additional networks appear as open circuits across the 
lines. An open-circuit terminated parallel-stub line with a 50Q characteristic 
impedance and X/2 long exhibits some of the necessary circuit requirements. This 
line has an infinite input impedance for both modes and may, in principle, be 
connected at any plane along the transmission line. However, an improved 
performance is obtained when the stub is connected at X/4 from each of the shunt 
arms of the branch-line coupler, as illustrated in Figure 7.13. A compact structure is 
achieved by folding the X/2 stubs. 

For this network at 0.9 f 0 , (7.27) gives 

0.244 /15.2° + 0.015 /105.9° 

in - 2 (7.28) 

The resulting V.S.W.R. of 1.278 is an improvement over the value obtained earlier. 

It will be seen later in this section that, by correctly selecting the characteristic 
impedances, precise lengths of the stubs and their positions relative to each port, 
[7.2], improved broadband matching may be obtained. A theoretical comparison for 
a 3dB coupler is presented in Figure 7.14. Curve (a) shows the performance of the 
basic branch-line coupler and (b) that of the same coupler with X/2 open-circuit 
terminated stubs placed at X/4 from each port. 

Instead of having a perfect match at the design frequency, f 0 , it is possible to 
match at two frequencies on either side of f 0 . The matching networks used are 
illustrated in Figure 7.15a. They are connected in tandem with each port. For a 
microstrip line it is more practical to use the open-circuit terminated stub transmission 
line. Figure 7.15b. With 0 = rc/2, a line of length 20 and normalized characteristic 
admittance y 2 /2 with an open-circuit termination will have approximately the same 
input admittance as the short-circuit terminated line of length, 0, and admittance, y 2 . 
The X/4 sections of the branch-line coupler also have the new electrical length, 0. 

From the results presented by Riblet [7.2], if Af/f 0 is the required frequency 



0.9 1.0 l.l 

normalized frequency 


Figure 7.14 The input VSWR for a 3.01dB improved branch-line coupler, showing (a) the 
basic branch-line coupler, (b) the coupler shown in Figure 7.13, and (c) using broadband 
matching elements of Figure 7.15 
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(a) Short-circuit stub (b) Open-circuit stub 

Figure 7.15 Broadband matching elements, attached to all ports of the hybrid coupler, from 
Riblet [7.2] (© 1978, IEEE) 


separation for the two matched frequencies, then 0 is given approximately by 



If £ = y l /y 2 and £ is a free parameter that is chosen such that ^ = 1 in order to give a 
realizable range of microstrip line admittances, then the two equations that must be 
satisfied are 


•22^- + (1 + 1/Q 2 cos 2 0 

y? 


sin6 


(7.30) 


sin0 • /\ COS 2 0 C ^ 

”-(i + i/^)[y lS .n0-y 2 ii^-J - - (c-ij (7.3D 

These two equations are symmetrical in 0 and (180° - 0), giving two solutions 
where the design frequency, fg , is the lower or upper matched frequency respectively. 
The particular case described in detail earlier and plotted as curve (b) in Figure 7.14 is 
given if Af/f 0 = 0 , i.e. the matched condition is maintained at f 0 . However, whereas 
50f2 characteristic impedance lines were used, an improved performance as predicted 
by (7.29), (7.30) and (7.31) is given if the line parameters are altered to y, = 1.026 
(48.73 £2) and y 2 = 1.195 (41.84 Q) respectively. In order to have the perfectly 
matched frequencies on either side of a central design frequency, the transmission line 
lengths become a quarter- or half-wavelength long at the center frequency. With this 
change, the V.S.W.R. at 0.9 and 1.1 xf 0 becomes 1.25; a small improvement, as seen 
by comparing curves (b) and (c) in Figure 7.14. 
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Figure 7.16 A symmetrical three-branch 3dB coupler, based on data from Lew and Lind 
[7.3] (© 1968, IEEE) 3 


p' impedance problem is solved by applying a computer-aided design that limits the 
I" maximum allowable line impedances. A penalty function, in terms of all the line 

I impedances, is summed at intervals across the desired frequency band. The function 

for a 3 dB coupler has terms of the form | s u | 2 , | s 2 i | 2 — 0.5, | s 31 1 2 -0.5 and |s 41 | 2 
and their sum across the frequency band is minimized by an appropriate search 
through possible line impedances. From their results, a four-branch 3dB coupler with 
the impedance values rounded to one decimal place is illustrated in Figure 7.17. 


7.6 THE HYBRID-RING COUPLER 


7.5 THE BRANCH-LINE COUPLER 
— with multiple sections 

Muldple-section branch-line couplers appear to offer the desirable coupler 
characteristics of constant coupling, low input V.S.W.R. and high isolation over a 
wider bandwidth than the single-section (two-branch) coupler. Levy and Lind [7.3] 
derive the theory for the synthesis of multiple-section couplers by considering a 
frequency dependent function that represents both the input reflection coefficient and 
isolation. Minimizing the function with maximally-flat or Chebyshev characteristics 
leads to the required line impedances for each of the coupler’s quarter-wave lines. 

Further design details are not given here because, from the tables of line 
impedances given in [7.3] for couplers having from 3 to 9 branches, it is seen that 
almost all couplers would be unachievable using microstrip transmission line circuits 
as a result of the high impedance shunt lines that are required. Limiting the 
characteristic impedance of all lines to the range of 25 to 150Q, maximally-flat 
coupler designs are restricted to the range of 2 to 4dB coupling at the center 
frequency. A 3-branch coupler with 3dB coupling at the center frequency is 
illustrated in Figure 7.16, where all the line lengths are nominally X/4 at the center 
frequency. 

Broadband designs for multiple-branch 3dB couplers that do not require 
excessively high line impedances have been described by Muraguchi et al. [7.4]. The 
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Figure 7.17 An optimized 3dB coupler, based on Example 4.9 of Muraeuchi et al 17 41 
(© 1983, IEEE) 1 ' 1 


7.6.1 Introduction 

The branch-line coupler described in the previous section may be constructed with the 
series and shunt transmission lines in a circular shape. However, this should not be 
confused with the hybrid-ring coupler that has X/4 and 3X/4 interconnecting line 
lengths as illustrated in Figure 7.18. The hybrid-ring coupler is also known as the 
"rat-race" coupler. Unlike the 3dB branch-line coupler where the phase of the 
coupled signals ideally differs by 90°, for the 3dB hybrid-ring coupler the output 
signal pairs are either in-phase or out-of-phase depending upon which port of the 
coupler is used for the input. For this reason the "rat-race” coupler is closer to the 
action of an ideal hybrid. Figure 7.1, and the waveguide junction "magic tee" than the 
branch-line hybrid. The facility of having two equal amplitude in-phase signals that 
are isolated from each other, and the improved bandwidth performance of this coupler 
compared with the single-section branch-line coupler, makes it an ideal choice for a 
matched power splitter in an antenna feed system (Reed and Wheeler [7.1]). 

It will be noticed that there is a plane of symmetry in Figure 7.18, which will 
allow the four-port network to be split into equivalent two-port networks with even- 
and odd-mode symmetry, as was done for the branch-line coupler. With the isolated 
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port still being designated as port 4, the port arrangement with respect to the plane of 
symmetry differs from that in Figures 7.3 and 7.5 by having ports 3 and 4 
interchanged. In Figure 7.3, the isolated port 4 was at the input end of the structure, 
whereas in Figure 7.18 it is port 3 that has that position. It will be seen in a later 
analysis that input matching is achieved not with sf e ^ = s/°* = 0, as for the branch-line 
coupler, but with s/ e) + s/ o) = 0. This also means that the resultant reflection 
coefficient at port 3 is not zero but is equal to s/ e ^ - sf°\ representing a transmitted 
signal flowing out of that port. 



7.6.2 A qualitative description 

The following simplified view of a 3dB hybrid-ring coupler leads to an understanding 
of which port is isolated as well as giving the correct characteristic impedance for the 
circular connecting line. Consider an input signal at port 1 that splits into two equal 
waves traveling in opposite directions around the ring. At port 2, the two waves have 
traveled distances X/4 and 5A/4 respectively and arrive at port 2 in-phase with each 
other. The same occurs at port 3, making the signal at port 3 in-phase with that at 
port 2. However, at port 4 the two waves that have traveled distances of X/2 and X, 
arrive out-of-phase and will cancel. Thus port 4 is isolated from port 1 . On the ring 
between ports 2 and 3 via port 4, there will be a standing wave present with zero 
electric field at port 4. The transmission line may be short circuited at this plane. 
This short circuit, through the X/4 and 3X/4 lengths of line, presents an open-circuit 
impedance at each of the junctions to the ring of ports 2 and 3 respectively. With 
each port connected into a matched 500 line, the connections from ports 2 and 3 
should each appear as a 1000 load at port 1 so that their parallel combination 
presents a matched load to the input. The 1000 impedance level is provided by 
transforming each 500 load of the coupled output ports through a 70.70 
characteristic impedance quarter-wave transformer. A similar argument when port 3 
is taken as the input to the hybrid-ring coupler leads to the complete ring being found 
to have a uniform 70.70 characteristic impedance. Further analysis will show that 
for an input wave at any port there will be equal power split to adjacent ports, either 
in-phase or out-of-phase, with isolation at the remaining port. 


7.6.3 A complete analysis 

The two-port network for even- and odd-mode analysis is illustrated in Figure 7.19. 
The characteristic impedance of the feed line at each port is assumed to be 500 while 
the characteristic impedances of appropriate sections of the ring become Z stu b and 
^series- F° r the even and odd modes, the stub lines are terminated with open and 
short circuits respectively. It will be noticed that the only difference between the 
two-port equivalent circuits of branch-line and hybrid-ring couplers is the length of 
the second stub, being X/8 for the branch-line coupler but 3X/8 in this case. The 
ABCD-matrix of the two-port equivalent circuit for the hybrid-ring coupler is now 
given by 
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(7.34) 


In order to evaluate s; and Sf via (7.4) and (7.5), certain symmetries inherent in 
(7.34) are to be noted, namely 


so that 


and 


(A + D) even 

= (A + D)odd ~ 0 

(7.35a) 

(A ~ D)even 

= — (A — = 2A even = — 2A oc | c i 

(7.35b) 

Beven 

~ Bodd = B 

(7.35c) 

*-even 
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n 

a 

Q. 

II 

n 

(7.35d) 

Sj< e -°> 

+ 2A even + (BY 0 -CZ 0 ) 
BY 0 + CZ 0 

(7.36) 

s/ e) 

- sJ 0) - 2 

f BYo + CZq 

(7.37) 


Returning now to the four-port network, the reflected waves out of the four 
ports for an incident wave at port 1 are 


bi = 


s/ e) + Si (0) 


(7.38a) 
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s f (e) + s f < 0) 

2 31 

S| (e) - Si <°> 1 


• s f (e) - s/ 0) 


This equation differs from (7.6) because of the interchange of ports 3 and 4, as 
explained earlier. In view of the values for s; and Sf just derived as well as the 
symmetry relations (7 .35), the reflected power wave expressions in (7.38) simplify to 
b = l BY 0 ~ cz o) 

1 BY 0 + CZ 0 a * (7.39a) 


BYq + CZq 


(7.39b) 


BY,, + C Z r 


(7.39c) 


° 4 “ 0 (7.39d) 

Isolation at port 4 is thus always achieved, i.e. for all values of Z series and Z„ tllh , but 
it is necessary that BY 0 = C Z 0 for input matching, giving 


In terms of normalized quantities and substituting from (7.34) 


z stub (7.44) 

and the condition B Yg = C Zg becomes 
— + ~T~ = 1 

z series z stub (7.45) 

In view of (7.43) and (7.44), it will be recognized that (7.45) simply states that 
the power out of ports 2 and 3 equals the power into port 1 . For an equal power split 
tween the two output ports, Series = Zstub = '^2> giving 10.7 Q. for the characteristic 
impedance of the ring in a 50Q system. 

Unequal power division may be obtained by alternating the characteristic 
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power-split ratio, P, dB 


Figure 7.20 Normalized line impedances for a hybrid-ring coupler with an output power- 
split ratio, P 1 


impedances of the ring lines between the two different values, as shown by Pon [7.5], 
The output signals at ports 2 and 3 retain the same phase relationship even for an 
unequal power split. When inputs are applied to other ports, an identical analysis 
reveals that each port is itself matched. Thus the hybrid-ring coupler, even with 
unequal power split, satisfies the conditions for an ideal directional coupler as 
outlined in §7.1. From (7.25) 




Substituting for b 2 and b 3 , and using (7.45), gives 


z stub = 1 + 10,V10 i and z series = fl + 10 p/1 °] 


The two normalized line impedances are plotted as a function of P in Figure 7.20. 


Example 7.4 

The hybrid-ring coupler, illustrated schematically in Figure 7.21, has power fed into 
port 1 and twice the power out from port 3 compared with that from port 2. If perfect 
matching and isolation are assumed in a 50S2 system, calculate the line impedance 
around the ring. 


Solution: 


The coupler has a power-split ratio of 3.01 dB. However, since the coupled 
power out from port 3 is greater than the transmitted power to port 2, the power- 
split ratio is actually -3.01 dB and in effect gives a directional coupler with 
C = 1.76dB. From (7.47) 

Zstub = 1-225 x 50 = 61. 2 Q 
Zseries = 1-732 x 50 = 86.6 


1 


and 
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Figure 7.21 Line impedances of the hybrid-ring coupler for Example 7.4 

Noting the position of the plane of symmetry in Figure 7.21, Z A is the stub 
impedance and Z B is the series impedance. 


7.7 THE HYBRID-RING COUPLER 
— with modified ring impedances 

With an upper limit on line characteristic impedance of about 150Q for many 
microstrip transmission lines, the hybrid-ring coupler is limited to typical power-split 
ratios from 0 to 9dB. In the modified ring structure, analyzed by Agrawal and 
Mikucki [7.6], the 3A./4 section is divided into three separate X/4 sections of 
transmission line, as illustrated in Figure 7.22. Increased power-split ratios may now 
be obtained while the line impedances remain below 1500. The output signals from 
ports 2 and 3 remain in-phase for the input at port 1 and out-of-phase for the input at 
port 4. The improved performance is, however, at the expense of the input match of 
each port and the isolation between ports 1 and 4, and ports 2 and 3. 


IN-PHASE 

OUTPUT 


INPUT 



Figure 7.22 The modified hybrid-ring coupler with alternating line impedances around the 
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Modified ring impedances of Z, = 118.60 and Z 2 = 52.10 in a 500 system 
give a power-split ratio of lO.OdB at the center frequency, with most of the power 
going to port 2. This modified hybrid-ring coupler has a theoretical input 
V.S.W.R. = 1.072 and directivity (port 4 with respect to port 3) = 8.5dB. These line 
impedances satisfy the requirements [7.6] that 


P 


20 log w 


2Z, 

Z 2 (l + Z 2 /Z,) 


(7.48) 


and for a good input V.S.W.R. condition, in terms of normalized quantities 



(7.49) 


In the conventional hybrid-ring coupler, an impedance Z 2 = 1 1 8.6 O (with 
Z 2 = 55.1 Cl) would only give a power-split ratio of 6.6dB. 


EXERCISES 

7. 1 Calculate the level of the transmitted and coupled signals from a directional coupler that has a 
total dissipation loss of 0.5dB, while retaining a OdB power-split ratio. The input return loss 
and directivity for the coupler are both 20dB. 

7.2 In the first stage of a three-way equal power-split coupler, an ideal directional coupler is 
required with a power-split ratio of 3.01 dB, i.e. the transmitted signal at port 2 has twice the 
power of the coupled port Calculate (i) the coupling, CdB required, and (ii) the line 
impedances for a two-branch branch-line coupler. 

7.3 In the design of a lossless 2.0dB branch-line coupler, the quarter-wave line impedances are 
38.24 and 30.370, see Table 7.1. Retaining the 38.240 line but changing the 30.370 line to 
59.300, gives the necessary line impedance values for a 3.81 dB coupler. Sketch the two 
coupler designs, label the ports appropriately and comment on the similarities and/or 
differences in the performance of the two designs. 

7.4 Calculate the input V.S.W.R. in a 500 system for a nominal 3dB hybrid-ring coupler, if the 
ring impedance is 750 instead of the designed value of 70.70. Is a voltage maximum or 
minimum expected at the input plane to the ring? 

7.5 Calculate the impedance parameters for a hybrid-ring coupler, to be used in a 500 system, that 
has in-phase output signals with a 0.5dB power-split ratio. 

7.6 Consider the three-branch directional coupler that is illustrated in Figure 7.16. Using ABCD- 
parameter analysis for the even and odd modes, calculate (i) the input V.S.W.R., (ii) the 
coupled signal level, and (iii) the directivity at 0.9 xf 0 and f„, where f 0 is the center frequency 
for the coupler. 

7.7 A 3dB branch-line coupler with Z^es = Z 0 /'T2 and Z s h un t = Z 0 in Figure 7.5 is driven by two 
inputs at ports 1 and 4 respectively. Identical load impedances, Z L , are connected to the two 
output ports, 2 and 3, and produce the identical impedances Zj„ looking into the inputs at 1 and 
4. In all cases, Z m and Z L are evaluated at the junctions of the connecting lines with the hybrid 
proper. Z m is a function not only of Z L but also depends on whether the input excitation is of 
the even- or odd-mode type. Show that 

Z in = jkZ 0 when Z L = oo 
and Zj n = -jkZ 0 when Z L = 0 

where k = +1 for even-mode excitation and k = — 1 for odd-mode excitation. 

7.8 Express the insertion loss /, coupling C, and directivity D of the directional coupler in Figure 
7.2 in terms of the scattering parameters of the four-port network. 
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(o) Parallel-coupled lines 
(o) and directional 
couplers 


8.1 INTRODUCTION 

The performance of hybrid-line couplers was analyzed in Chapter 7 in terms of the 
even- and odd-mode properties of the transmission line structures. For the hybrid- 
line couplers, there were transmission line connections between all the ports of the 
network. In this chapter, analysis in terms of the even and odd modes will again be 
considered, but this time for a network where there is continuous coupling — but no 
d.c. connection — between two transmission lines that are parallel and in close 
proximity to each other. Figure 8.1 illustrates a typical pair of parallel-coupled 
microstrip lines producing a directional coupler, with the coupling taking place over 
an electrical length 0. 

The microstrip lines are in the one plane and parallel to each other; for this 
reason this circuit is also described as an edge-coupled circuit. The separation 
between the line is s and the width of the lines in the coupling region is w. In 
general, this width is different from the width of the connecting lines at the ports, 
which will be denoted by w <50) , for a 50 Q characteristic impedance system. 

Following the convention that port 1 is the input port with ports 2, 3 and 4 being 
the direct, coupled and isolated ports respectively, it is seen from the labeling of the 



Figure 8.1 The parallel-coupled lines of an edge-coupled directional coupler 
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ports in Figure 8.1 that a solution with the coupled signal in the opposite direction to 
that in a branch-line coupler is anticipated. 

For the development of the basic coupled line theory [8.1, 8.2], it will be 
necessary to make three assumptions: 

i) that the quasi-static TEM-mode of operation holds and voltage and current are 
thus meaningful quantities on the lines, 

ii) that the transmission lines have the same e eff for both the even and odd modes. 
This is equivalent to the lines being immersed in a uniformly filled dielectric 
space with relative permittivity e eff . With this assumption, the even and odd 
modes will have the same phase velocity. In practice, the velocities for the two 
modes will be slightly different. This will produce some degradation in the 
performance of the coupler. 

iii) that the transmission lines possess an appropriate, plane of symmetry. 

8.2 EVEN- AND ODD-MODE ANALYSIS 

The two coupled lines make a four-port device. The total voltages that result when 
port 1 is excited by an input signal are shown in Figure 8.2a. If the two ports at one 
end of the structure are driven with the same phase and magnitude voltages, the 
even-mode configuration as illustrated in Figure 8.2b results, with four voltages and 
four currents at the ports. These variables are distinguished by the superscript "(e)". 
For the odd mode. Figure 8.2c, port 3 is driven antiphase to port 1 and the odd-mode 
voltages and currents are denoted by the superscript "(o)". 

The total voltages at each port are given by superposition of the even- and odd- 
mode voltages. Thus 

V, = Vj (e) + V/°> V 2 = Vcf + V<°> 

v 3 = VjW - Vj (0) V 4 = Vf - V<»> (g.l) 

The transverse electric field patterns for the even and odd modes for a microstrip 
line are illustrated in Figure 8.3. As was the case for the single microstrip line, rather 
than evaluating the inductance per unit length for each mode, each of the even- and 


odd-mode impedances, Zq,. and 7 . ()0 , is found from both air-filled and dielectric-filled 
line capacitances for the respective mode. The mode impedances represent the 
propagating wave voltage/current ratio on each line when the pair of coupled lines 
have been appropriately excited. 

Consider the line with a characteristic impedance Z 0 , as illustrated in Figure 
8.4. The load and source impedances give voltage reflection coefficients, T L and T s 
respectively, at the ends of the transmission line. In Exercise 2.11, the forward and 
reverse traveling waves were considered for this case, giving the voltages at each end 
of the line as 

r s - r L e-J 2fl 

1 -r s r L e--H (8 . 2) 



_ v s [ q~r s xi + r L )e-i e 
2 l - r s r L e-i 20 


and 


(8.3) 
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Figure 8.3 The electric fields for parallel-coupled microstrip transmission lines 


This formulation of the line voltages is also applicable to coupled lines in terms 
of the even and odd modes on the lines. For the even mode in Figure 8.2b, the load 
and source impedances are Zq and the characteristic impedance so that 

T -> r = Z °~ Zoe 

r Z 0 + Z 0e (8.6) 

Further, the V s in Figure 8.4 becomes the V s /2 in Figures 8.2b and c, giving 



r e (l - e~i 29 ) 
1 - r e 2 e -j20 


(8.7) 


v <e> = Vs f (l-r e 2 )e-j 0 ' 

° 4 i-r 2 e-i 20 


Likewise, for the odd mode in Figure 8.2c 

r -> r 0 = - z °~ z °° 

Z 0 + Z 0o 


(8.8) 

(8.9) 
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Note that 0 in (8.10) and (8.1 1) is identical to that in (8.7) and (8.8), by virtue of the 
assumption that the even- and odd-mode velocities are equal. 

Input match condition 

Apply an input signal to port 1 only. The input voltage V, = V ; (e) + V/ 0 *, so that 

v, --H + !— 0— <-*>)[ — 5-_„ + . J°_„. 11 ... 


4 [ ' 'l 1-1?.-* l-r 0 V'-«i| ,8., 2 ) 

The condition for a matched input at port 1 in Figure 8.2a is = V s /2, given when 


1 - r e 2 e J' 20 l-r o 2 eJ' 20 ( 8 . 13 ) 

To satisfy this condition in a frequency independent manner, i.e. for all 0, T e = - T 0 is 
obviously sufficient , but it is left to show in Exercise 8.9 that it is also necessary. 
Now, from (8.6) and (8.9) 

r - -r — s z ° _ ^Qo 

4 e ~ J 0 ^ ry - 


Isolation 

The voltage at port 4, where good isolation is required, is given by V^ e) - V^ 0) , 
yielding 

v _ V s f (1 I e 2 ) c-J 0 (l-r o 2 )e-i 0 l 


4 { 1 - r e 2 e-i 20 1 - r 0 2 e j2e I (8.16) 

Again, T e = - T 0 is clearly sufficient, and may likewise be shown to be necessary, to 
make V 4 = 0. 

The coupled port 

At port 3, the coupled port 

• v = V s[i r e(! ~ e ~ J29 ) , ] r o (l-e-i 20 ) 

3 4 1 - r 2 e“i 20 1 - r 2 e-J 20 (8.171 


v s r r e ( e j 0 - e-j 0 ) 


V = — a - j 

3 ~ 2 e-i 9 - r e 2 e~i 0 


v> = 


2 j f e sin0 


2 [ ( 1 - r e 2 )cos0 + j sin0( 1 + r e 2 ) 


Vs 2r e 

2 i + r 2 


e j i - r e z 1 

- cos0+jsin0 


( 8 . 20 ) 
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Now it is readily shown from (8.6) and (8.15) that 


Z 0e Z 0o 
Z 0e + Z 0o 


C, by definition 


where C will appear later as a coupling coefficient, consistent with its use in §7.3. It 
is simple to show that 


-r., ,, V s jcsin0 

Thus V, = — —===— 

2 "VI - c 2 cos6 + jsinG, (8.23) 

Transmission 

With the same condition T e = - r o , the transmitted signal at port 2 may be similarly 
found as 


V 2 = -f- 


2 [ vl — c 2 cos0 + jsinG J (8.24) 

Summary and discussion 

When V s is set as 2V for each of the two modes, a unit input voltage at port 1 results 
and the following relationships are found, namely 


V, = 1 


Vl - C 2 

Vl - c 2 cos0 + jsinG 
jc sinO 


n - C 2 cos0 + jsinG 


v 4 = 0 (8.25) 

The maximum coupling from port 1 to port 3 occurs when the coupling length 
is one quarter-wavelength, i.e. 0 = w/2 . Under these conditions 
V, = 1 


V 2 = — j Vl - c 2 
V 3 = c 

V 4 = 0 (8.26) 

To summarize, with the assumptions that have been previously stated and 
including condition (8.15), the following points should be noted with respect to (8.25) 
and (8.26): 

i) Port 4 always has zero output, irrespective of the electrical length of the coupling 
region. In practical circuits, a major cause of the poor isolation may be unequal 
even- and odd-mode phase velocities. 

ii) The input at each port is matched to the feed line characteristic impedance, Z 0 , 
again irrespective of the electrical length of the coupling region. 
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iii) The total output power equals the input power (see Example 8.1). 

iv) The maximum coupling to port 2 occurs at the frequency that gives a quarter- 
wave coupling length. This will be the mid-band frequency. Because of this 
property, these couplers are also known as quarter-wave couplers. 

v) At this maximum coupling frequency, the through-line voltage V 2 is 90° out of 
phase with the coupled line voltage V 3 , i.e. this coupler may be described as a 
quadrature coupler. The coupled voltage V 3 is in phase with V] and thus V 2 lags 
V, by 90°, the latter phase difference being identical to the electrical length of the 
coupling region. 

vi) At frequencies other than the maximum coupling frequency, the ideal frequency 
response is found by evaluating the terms |V 2 (0)| and |V 3 (0)|, remembering 


that S is a funciion of frequency. 


The coupling for a directional coupler is generally expressed in dB, i.e. 
coupling, C (dB) = -20 log ] 0 (C) 

Thus, it follows from (8.21) that 

7 - 7 f 1 + C |* _ 7 1 + 1Q- C/20 1* 

°e - z ° 1 _ c Z ° i _ 10 -C/20 


+ z fv* = 


10 -C/20 


00 u ^ u 1 1 + 10- c/2 ° J (8.29) 

The edge-coupled coupler may also have been analyzed in terms of the 
scattering parameters of the equivalent two-port networks as were the branch-line and 
hybrid-ring couplers in the previous chapter. For this alternative analysis, the 
required even- and odd-mode s-parameters can be deduced from the solution to 
Exercise 2.1(v). 

Example 8.1 

For a lossless directional coupler, there is a balance between the input and output 
powers. Verify this at the mid-band frequency. 

Solution: 

Assuming equal even- and odd-mode phase velocities, then, in the even- and 
odd-mode analysis, (8.26) has been obtained at the mid-band frequency for a 
quarter-wave parallel-line directional coupler. It is assumed that the coupler is 
matched to input lines with equal characteristic impedances, Z 0 . With the only 
input signal being applied to port 1, and there being no reflected wave at that port, 
then 

the input power = | Vj | 2 Zq 1 

and the output power = (|V 2 | 2 + |V 3 | 2 + |V 4 | 2 )Zo* 

Assuming, with no loss of generality, that V t = 1, then 

output power = ( |-j Vl -c 2 | 2 + | C | 2 + 0)Zq' = Zq 1 
= input power. 
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8.3 COUPLED-LINE PARAMETERS 


The quasi-static analysis of coupled microstrip transmission lines gives the 
capacitance in terms of the physical parameters w/h, s/h and the substrate 
permittivity, which in turn leads to the even- and odd-mode impedances, and 
Zqo , and the effective relative permittivity for each mode. This latter quantity relates 
the mode phase velocities to the phase velocity in free space by 


v (e,o) _ g — _ 

phase o) 

'' e eff 


(8.30) 


For the quasi-static TEM-mode propagation, Bryant and Weiss [8.4] produced a 
rigorous theoretical analysis using a Green’s function that expressed the discontinuity 
of the electric fields at the dielectric-air interface (see Appendix 2). Their published 
results for e r = 1, 9 and 16 have served as a benchmark against which later 
derivations have been compared. For each substrate permittivity, a graphical 
presentation of results gives the mode impedances as a function of w/h, with s/h as a 
parameter. Akhtarzad et al. [8.5] recognized the need for an easier determination of 
w/h and s/h when the mode impedances are known, while Ros [8.6] presented a chart 
for e r = 9.7 that had the mode impedances along the two axes with both the w/h and 
s/h contours drawn for interpolation. 

Jansen [8.7] extended these results for coupled microstrip transmission lines 
with a rigorous hybrid-mode solution, that gave the frequency dependence of the 
derived quantities. From this work, the detailed empirical formulae of Kirschning 
and Jansen [8.8] were later derived, giving Zge , Z ()0 and £^j 0 ^ as functions, not only 
of the line parameters w/h, s/h and e r , but also of frequency. The zero-frequency 
equations from [8.8] are presented in Appendix 4, together with sample data values. 
Using the equations of [8.8], Zge and Z {X) are plotted in Figure 8.5 at low frequencies 
for e r = 2.5 and 10.0. 



Figure 8.5 The even- and odd-mode impedances for coupled microstrip transmission lines, 
including the condition Zqq = (50) 2 , (dotted curve) 
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For directional couplers that are to be matched to the input feed lines, it was 
seen in (8.15) that only certain combinations of Z^ and Zqq would be required. As 
the majority of systems are designed for 50 £2 characteristic impedance 
interconnections, the required condition (8.15) is also plotted in Figure 8.5 . 



Coupling coefficient, C dB 
35 30 20 15 


-k — J-M-M ‘ 


0.0 


0.1 0.15 0.2 

Voltage coupling coefficient, C 


Figure 8.6 The line separation and width for a single section of an edge-coupled directional 
coupler, matched to 50Q input and output lines 
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Figure 8.7 Normalized even- and odd-mode effective permittivities for directional coupler 
design, with the condition = (50) 2 applying 


In the design of directional couplers, before the line parameters are considered, 
the necessary voltage coupling coefficients must be found. Figure 8.6 is derived from 
the equations in Appendix 4 and is plotted so that, given the coupling coefficient, the 
line parameters may be found. The curves cover the line-separation range 
0.1 < s/h < 4.0 and also give the width of the lines in the coupling region, 
normalized to the width of a single 50Q. characteristic impedance line on the same 
substrate. 

Curves for the effective permittivity for each mode, normalized to the substrate 
permittivity and for use in a 50Q system, are plotted in Figure 8.7 as a function of the 
coupling coefficient. An effective permittivity e eff that gives a phase velocity that is 
the arithmetic mean of the even- and odd-mode phase velocities is given by 



The percentage difference between the effective mode-permittivities and their 
average, which for the parameter range plotted in Figure 8.7 may be as great as 10%, 
tends to be greater for small s/h and large e r . 

Example 8.2 

i) Design a 20dB single-section parallel-line directional coupler with a center 
frequency of 1.0GHz on a 1.58 mm substrate for use with a 50H characteristic 
impedance system. The substrate permittivity is 2.5. 

ii) If the coupling is not to decrease by more than 1 .OdB, estimate the bandwidth for 
the design in (i), assuming equal even- and odd-mode phase velocities. 



i 


I 


Solution: 

i) Using Figure 8.6 and the e r = 2.5 curves, C of 20 dB gives 

w/w (50) = 0.98 and log 10 (s/h) = 0.02, i.e. s/h = 1.047 
Now from Appendix 3, w (50) /h = 2.837 giving, for the coupling region 
w/h = 2.78 


From Figure 8.7 

= 0.875 xe r = 2.188, and = 0.782xe r = 1.955 

and, from (8.31) 

e eff = 2 -07 

The wavelength aiong the coupling region at 1.0GHz is 
X = Xfl/^Egff = 208.5 mm 

Thus, for a 1.0GHz center frequency directional coupler on a 1.58 mm thick 
substrate 


s = 1.65 mm, w = 4.39 mm, and coupling length = 52.1 mm 
ii) From (8.25), the coupled signal for a 1 V input is 
jCsinO 


v 3 = -j—i 

VI - C 2 cos0 + j sin0 
The magnitude of this signal 

I V 3 1 = — 


CsinB 


(1 - C 2 )cos 2 0 + sin 2 0 


For a 20dB coupler, V 3 at the center frequency equals the value for c. i.e. 0.1 . 
When the coupled signal falls by a further l.OdB 
V 3 = 0.0891 


Therefore ( 1 - C 2 ) cos 2 0 + sin 2 0 = 


0.0891 


sin 2 0 


or 


giving 


tan0 


1 - c 2 

1 

2 

0.99 

(c/0.0891) 2 - 1 


0.259 


= 1.955 


0 = 62.9°, 117.1° 


The electrical length is inversely proportional to frequency. As the center 
frequency coincides with an electrical path length given by 0 = 90° and the 
coupling is not to fall by more than 1 .OdB, then 


fractional bandwidth = 


90° 


90° 


62.9° 


117.1° 


x 100 = 66 £ 
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8.4 MULTIPLE-SECTION DIRECTIONAL COUPLERS 

The analytical equivalence, originally developed by Young [8.9], between the single- 
section of a parallel-coupled directional coupler and the forward and reverse waves on 
a single stepped-impedance transmission line, is developed in this section. The 
equivalent line concept is then extended to analyze multiple-section directional 
couplers. 

Consider an electrical length, 0, of transmission line as illustrated in Figure 8.8, 
that has a characteristic impedance, Zj, and is connected to unit impedance lines at 
each end. The output is terminated with a matched load so that there is no reflected 
signal. 

In Figure 8.8a, the source and load reflection coefficients are identical. The 
voltages, V A and V B , are thus given by (8.4) and (8.5) with T being the reflection 
coefficient of a load Z 0 with respect to a Zi line, i.e. 
r _ Z 0 - Z, 

Zq + Zj (8.32) 

With no loss of generality, V s /2 can be set to unity and (8.4) and (8.5) can be 
rearranged to give 

x/ _ , ^ iv sine 


V A = 1 + 


n - y 2 cos0 + jsinG 


Vl - y 1 cos0 + j sin0 


Now, V A can be regarded as the sum of the voltages carried by the incident and 
reflected waves in the Z 0 line at A, of amplitudes 1 and d respectively, so that 
. _ j7sin0 


H - y 2 cos0 + jsin0 



input voltage, V, - 
coupled voltage, V 3 - 


-transmitted voltage, V 2 
-isolated voltage, V 4 


Figure 8.8 The equivalent transmission line for the coupling region of parallel-coupled 
lines (a) with no input to the isolated port, i.e. the isolated port terminated with just a 
matched load, (b) The more general analogy with inputs into both the input and isolated 
ports. 
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As there is no incident wave in Z 0 line impinging on B, in view of the matched load 
to the right of B, the amplitude of the wave moving right from B equals V B and is 
thus given by 

and t _ ^1 - y 2 

Vl - y 2 cos0 + jsinO (8.37) 

On comparing (8.36) and (8.37) with (8.25), it is apparent that d and t are identical to 
the values of V 3 and V 2 in (8.25) if C is equated with y 

„ 2r z, 2 -z 0 2 


Thus, an analogy between the total voltages at the ports of the directional 
coupler in Figure 8.1 and the incident and reflected waves in Figure 8.8a has been 
established. The coupled port output is simply given by the reflection coefficient 
looking into A from the Z 0 line. This reflection coefficient in the analogous circuit is 
in some circumstances easier to calculate than the coupling coefficient in the original 
coupled circuit. 

In Figure 8.8a there is no incident wave from the right of B, because of the 
matched load. This is analogous to there being no output at the isolated port 4. If 
there were to be a separate excitation at port 4, this would require an incident wave at 
B and simple linear superposition then yields the more complete equivalent circuit of 
Figure 8.8b. Note that the total voltages in a 4-port device are equated to the 
traveling waves (incident and reflected) in a 2-port device. With the help of this 
equivalence, it is now easy to see that cascading directional couplers, D, and D 2 , say, 
with 


Port 2 of Dj <-> Port 1 of D 2 
Port 4 of D, <-> Port 3 of D 2 


is equivalent to cascading appropriate lengths of single transmission lines. If need be, 
the Z 0 line may be considered to be of zero length, e.g. as at the junctions of the Z, 
and Z 2 lines in Figure 8.11. 

The equivalence just described does not particularly aid in the design of a 
single-section directional coupler, but is useful when multiple sections are considered. 
Provided that the condition, Z 0e Z 0o = Zo, is maintained throughout the coupling 
region, the principle may also be used for continuously variable coupling between the 
lines as in the exponential coupler [8.10, 8.1 1]. 


Example 8.3 

What configuration of two X/4-long sections of coupled lines, where ports 2 and 4 of 
one section are fed into ports 1 and 3 of the second section, gives an equivalent 3.0dB 
directional coupler? 

Solution: 

Two identical sections of X/4-long coupled lines joined directly together are 
equivalent to a X/2 coupled length and will not give any coupled signal to port 3, 
as seen from (8.25). 


i 
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Figure 8.9 The connection of two X/4-long directional couplers to produce increased 
overall coupling, (a) l'he circuit layout, and (b) the single line equivalent circuit. 

In physical terms, the coupled signal from the second X/4 coupler will be 
out-of-phase with the signal from the first and the two will cancel. To avoid 
cancellation, an additional quarter-wavelength line (without coupling) that gives a 
further 180° phase shift to the second coupled signal may be used. This is 
illustrated in Figure 8.9a with the single line equivalent circuit in Figure 8.9b. 
The center X./4 section (from B to C) is purely to provide a connection and the 
appropriate phase shift between the two coupled sections. In the equivalent 
circuit, it becomes a X/4-long Z 0 line. However, in order to derive results which 
can also be used in a more general situation later (viz. Figure 8.1 1), Z 2 in Figure 
8.9b is left arbitrary for the time being. With no loss of generality, Z 0 is made 
unity. 

The coupled signal level is found from the voltage reflection coefficient at 
the input of the equivalent single line. At the mid-band frequency where the line 
lengths are all X/4, each section of line acts as a quarter-wave transformer and 
this fact allows easy evaluation of the total effective load impedance at plane A. 



Normalized frequency 

Figure 8.10 The frequency characteristics of lOdB directional couplers with (a) a single 
section coupler, (b) a maximally-flat 3-section coupler, and (c) a 0.2dB ripple, 3-section 
coupler. 



A symmetrical coupler made from three sections may be synthesized with selected 
passband properties. Three typical coupler frequency characteristics are illustrated in 
Figure 8.10 and show (a) a single coupler for comparison, (b) a maximally-flat 
coupler, and (c) a coupler with 0.2dB ripple in the passband, all the couplers giving 
lOdB coupling at the center frequency. 

A maximally-flat coupler exhibits the greatest bandwidth without passband 
ripple. The acceptance of a limited amount of passband ripple will give an increased 
bandwidth. Young [8.9] gives a detailed analysis of the coupler parameter evaluation 
for 3- and 5-section symmetrical couplers. 

i 
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Figure 8.11 Variables for the design of a 3-section directional coupler 



Figure 8.11 shows a 3-section directional coupler and its equivalent single line 
model, with solutions for the equivalent line impedance, Z t , given in Figure 8.12. It 
has already been seen in the previous example that, from the equivalent single line 
model, the overall coupling coefficient 


c 


Zi 4 ~Z 2 2 
z, 4 + z 2 2 


(8.39) 



1.12 

1.10 
Zi/Zo 
1.08 

1.06 

1.04 

1.02 

1.00 

0 5 10 15 20 

Center-frequency coupling, dB 

Figure 8.12 The equivalent single line normalized impedance for the end section of 3- 
section directional couplers as a funcuon of the overall coupling at the center frequency 



l 
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Knowing C, Z] and Z 2 can now be determined. The solutions are strictly true only for 
pure TEM modes with equal phase velocities for the even and odd modes, as is the 
case with symmetrical parallel-coupled striplines. 

For small levels of coupling and a maximally-flat response, curve (a) gives the 
asymptotic expression 

7 + Vx 

Z > ' 8 (8.41) 

where % = (1 + |c|)/(T - |c|) and C is the mid-band overall voltage coupling 
coefficient. 

Broad bandwidth for a 3-section directional coupler may be achieved if a ripple 
in the coupled signal level is permissible in the passband. The advantage of having a 
0.2dB ripple has been illustrated in Figure 8.10. Design data for three different ripple 
levels (0.2, 0.5 and l.OdB) are presented in Figure 8.12. In each case, the center 
frequency coupling level gives the equivalent single line impedance for the two end- 
sections, while the center-section impedance is determined from (8.40). The data for 
a maximally-flat design is also shown as (c) in Figure 8.12. 

From (8.26), the coupled signal at the center frequency for a single-section 
directional coupler is in phase with the input signal. Further, it was seen in Example 
8.3 that there was no coupled signal for a pair of identical couplers in tandem, in 
effect forming a A./2 coupled section, as the 180° phase difference between the two 
parts gave complete signal cancellation. Now, for a symmetrical 3-section directional 
coupler, it turns out that the center section will have the highest coupling coefficient 
with the coupling from the two end-sections actually reducing the overall coupled 
signal level at the center frequency. Thus, for the overall coupler, the coupled signal 
at port 3 will be out-of-phase with respect to the input signal at port 1 , and the mid- 
band coupling coefficient in (8.39) and (8.40) will be negative. 

Example 8.4 

Design a symmetrical 3-section maximally-flat 20dB directional coupler, giving the 
results in terms of the coupling coefficients of the individual quarter-wave sections. 


Solution: 

For a directional coupler where C = 20dB, the magnitude of the voltage coupling 
coefficient is 0.1, and thus C = -0.1 for the overall symmetrical 3-section coupler. 
Using the asymptotic expression (8.41) gives the equivalent single line 
normalized impedance for the end section as 
Zj = 1.0132 


while for the center section, from (8.40) 


i.e. Z 2 = 1.1349 

The coupling coefficients for the individual quarter-wave directional couplers are 
found by working out the input reflection coefficients of sections such as in 
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Figure 8.8a. (Remember: the Z 0 lines may be of zero length.) 

For the end section, Z\ = 1.0132 — » Cj = 0.0131 

and the center section, Z 2 = 1.1349 — » C 2 = 0.1259 

Thus, the end- and center-section couplers are 37.7dB and 18.0dB couplers I 

respectively. t 

These results serve to reinforce the fact that, in a multi-section directional jj 

coupler of this form — as a trade-off for the larger bandwidth achieved — the 
center section will have tighter coupling when compared with a single-section 
coupler possessing the same mid-band coupling specification. This may be a 
limiting factor in the design of broadband directional couplers requiring a tight 
coupling specification. 



8.5 THE LANGE COUPLER 

A 3.0dB directional coupler has a voltage coupling coefficient of 0.707 and, in a 500 
system, even- and odd-mode impedances of 120.70 and 20.70 respectively. For 
parallel-coupled microstrip lines, extrapolation of the contour plots of Figure 8.5 
indicate that, while narrow line widths are required, it will be the minute separation 
between the coupled lines that is the limiting factor for manufacturing purposes. The 
small line separation is needed in order to enhance the odd-mode capacitance between 
adjacent lines, for the small odd-mode impedance to be achieved. 

An isolated third conductor [8.13] above, but close to, the parallel-coupled pair 
of lines will increase the odd-mode capacitance. Figure 8.13. However, this 
configuration has the disadvantage of using additional dielectric material, as well as 
not being fabricated with all the conductor patterns in the one plane. 

Increasing the number of parallel lines in the one plane for the coupling 
structure in place of the original two lines will give more adjacent pairs of edges and 
the possibility of increasing the odd-mode capacitance. A series of four parallel lines 
is illustrated in Figure 8.14. 

For the even mode, all the lines are driven in phase. Figure 8.14(a). For the odd 
mode with pairs of lines driven in opposite phase, Figures 8.14(b), (c) and (d), it is 
the configuration (b) that gives the maximum capacitance between positive and 


w' 



jh' < h 

T 


Figure 8.13 The use of a third parallel line to enhance the odd-mode capacitance, from 
Malherbe and Losch [8.13] (Reprinted with permission of Microwave Journal, from the November 
1987 issue, © 1987 Horizon House, Inc.) 
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(c) (d) 


Figure 8.14 Non-degenerate modes for four parallel-coupled lines, showing (a) the even 
mode, (b) the odd mode with maximum odd-mode capacitance, (c) and (d) the other odd- 
mode configurations, from Paolino [8.16] (© 1976, Microwaves and RF) 

negative driven lines, for fixed line widths and separations. The required odd-mode 
potential distribution is forced by connecting the pairs of similar polarity lines 
together as illustrated. It will always be necessary for some wire bonds or bridges to 
be used in the construction of a practical directional coupler of this type. 

The Lange coupler [8.14] is a 3dB coupler design that was the first to utilize this 
approach. The coupler is illustrated in Figure 8.15, where it will be observed that the 
layout of the ports differs from that for a conventional two-line coupler, with the 
direct and isolated ports interchanged. The odd-mode potential configuration is that 
of Figure 8.14b. Waugh and LaCombe [8.15] unfolded the Lange coupler design, 
Figure 8.16a, to give a design that requires fewer wire cross-connections, as well as 
interchanging the physical position of the direct and isolated ports. A further line 
configuration, Figure 8.16b, that possesses the same port geometry as the original 
Lange coupler, has been suggested by Paolino [8.16], This design, as with the 
original Lange design, may be used if a 3dB equivalent directional coupler is to be 
made from a pair of 8.34dB directional couplers, since the output ports of the first 
coupler feed directly into ports 1 and 4 of the second coupler. 

Initially, the four-line Lange couplers and their derivatives were developed 
using an intuitive approach and it was some time before Ou [8.17] provided the basis 
for a synthesis approach. Ou considered the capacitances of a system of an even 
number of lines, n, with identical widths and separations, Figure 8.17. Only the 
capacitances between adjacent lines were considered with the capacitances between 
non-adjacent lines being neglected. 

For any strip, m 

C m , m+1 = C 12 (8.42) 


COUPLED DIRECT 



Figure 8.15 The four-strip Lange coupler, from Lange [8.14] (© 1969, IEEE) 




Figure 8.16 Alternative layouts for the Lange coupler, showing (a) the "unfolded" coupler 
of Waugh and LaCombe [8.15] (© 1972, IEEE), and (b) the Lange coupler variation of 
Paolino [8.16] (© 1976, Microwaves and RF) 


C m0 

_ Cio 

if m= l,n 

(8.43) 


= C 20 

if m#l,n 

(8.44) 


— c ~ — 

C 10 C 12 


Mo 

Mo 

C,o + C I2 

(8.45) 


In [8.17], equations are developed to achieve (i) the matched conditions 
necessary for a A./4-long directional coupler, and (ii) the required coupled power to 
port 3. When a system of only an adjacent pair from the n-conductors (i.e. a two-line [ 

system) is considered, the line capacitances for the pair may be derived from the > 

known even- and odd-mode impedances for the composite structure as in Figure 8.14. 

It is thus possible to present the final equations for the n-conductor system in terms of 
the established parameters for a two-line coupler. This approach has been further , 

developed and verified experimentally by Presser [8.18]. Results for multiconductor 
couplers are given by Tajima and Kamihashi [8.19], in particular for the six-line 
couplers that are required for 1.5dB coupling levels in the center section of a three- 
section 3dB broadband coupler. For the important case of four coupled lines, further 
manipulation of the equations given by Presser leads to the following design 
formulae. 

Let Zgg and Zqq be the even- and odd-mode impedances of a pair of coupled 



Figure 8.17 Interline capacitances for a system of n parallel-coupled lines 
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lines that have w/h and s/h equal to that of the final four-line coupler. The ratio, 0, is 
defined by 


0 = 


Z 0o 

z 0e 


(8.46) 


and is always less than unity. From the equations of [8.18], <t> may be shown to be a 
function of C, viz. 


O 


- c + V 9 - 8c 2 
3c + 3 


when n = 4 


(8.47) 


C here is the voltage coupling coefficient for the complete four-line coupler. For the 
complete coupler to be matched to the input connecting lines of impedance Z 0 , then 
Zqo for the two-line coupler must be 

7 - 7 ^30 3 + lQ0 2 + 30 

°o “ ^0 1+0 (8.48) 


Hence, given Z 0 and C for the four-line coupler, Z ()c and Zqq for a two-line coupler 
are derived, giving the necessary values for w/h and s/h. Constructing a four-line 
coupler with these dimensions and a Z./4 coupling length will provide the necessary 
coupling and matched conditions. 


Example 8.5 

Design a 6.0dB four-line interdigitated microstrip directional coupler on a 1.58 mm 
thick, e r = 2.5 substrate. 

Solution: 

The voltage coupling coefficient, C, for a 6.0dB directional coupler is 0.5 . For a 
coupler with only two lines, it is seen from (8.28) and (8.29) that the even- and 
odd-mode impedances will be 86.8 Q and 28.9 Q respectively. A rough 
extrapolation of the curves in Figure 8.5 would indicate that a value for s/h c 0.1 
is required if there are only two coupled lines in the directional coupler. From 
(8.47), the odd- to even-mode impedance ratio, 0, is 0.4768, with (8.48) giving 
the odd-mode impedance of a pair of coupled lines with the same w/h and s/h as 
Z 0 o = 67.96 fi. To give the desired impedance ratio, the even-mode impedance 
for the same pair of lines is = 142.5 £2. Using the equations from [ 8 . 8 ], 
reproduced here in Appendix 4, for these impedance values, gives w/h = 0.664 
and s/h = 0.283 while, from (8.31), e e £f = 1.89. 


The treatment given here so far has assumed zero thickness conductors. Finite 
conductor thickness for given w/h and s/h will have the main effect of increasing the 
odd-mode capacitance, i.e. Zqq is reduced, leading via ( 8 . 21 ) to overcoupled 
characteristics for the coupler. 

From detailed experimental studies with e r = 6.6 and 10.0, Presser [8.18] 
concluded that a line-separation correction term, modified from one in Wheeler [8.20] 


As 

h 



1 +ln 


47tw/h 

t/h 



(8.49) 
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was applicable. For a practical circuit, the line separation has to be increased by As 

over the value calculated for zero thickness lines. The increased gap is achieved in 

practice by reducing the widths of the coupled lines, keeping the overall lateral 

dimension constant. 

EXERCISES 

8.1 Two SOU characteristic impedance microstrip lines, forming different parts of a microwave 
circuit, are in parallel with each other for a distance of 50 mm with a separation of 5 mm 
between the lines. The lines are on a 1.58 mm thick, e r =2.5 substrate. Estimate the 
maximum level of interference that may be expected between the lines and the frequency 
(frequencies) at which this maximum level may occur. 

8.2 Design a single-stage oarallel-line courier mm ^ _ -■> c ~..i — . »_ .. •*»_ _ „ _ 

, - ~ w “r* v * »“*»* t-p — j ouuduaic, wiui a power 

split ratio of 1 5 dB at a center frequency of 1 .5 GHz . 

8.3 Verify that two 8.34dB parallel-coupled directional couplers, connected so that ports 2 and 3 of 
one coupler are connected either directly or with equal path lengths to ports 1 and 4 of the 

second coupler, give an overall 3.0dB coupler performance. 

8.4 What value directional couplers are required if a pair of identical couplers are to be connected 
together as in the previous exercise to give an overall 6.0dB coupler performance? 

8.5 Design a maximally-flat 3-section symmetrical 13dB coupler that is to be fabricated on a 
1.0 mm thick, e r = 10.0 substrate. 

8.6 Verify that, for any coupling length 0 of two lossless parallel-coupled transmission lines, there 
is a balance between the input and output powers. Assume that the even- and odd-mode 
impedances have been chosen so that Z (l0 = Zq and that the mode phase velocities are equal. 

8.7 The direct port, i.e. port 2, of an ideal parallel-line lOdB directional coupler is open-circuited at 
the plane of the junction between the coupler and the external line to that port. At the coupler’s 
mid-band frequency, what are the input V.S.W.R. to the coupler and the signal levels at the 
remaining two matched ports ? 

8.8 Design an 8.34dB interdigital-line directional coupler for a center frequency of 2.0GHz on a 
1.58 mm thick, e r = 2.5 substrate. 

8.9 Show that Z^ 7.^ = 7.\ is a necessary condition for an input match to a pair of coupled lines, 
i.e. to satisfy (8.13), and to produce a zero voltage to the isolated port, in (8.16). 

8.10 Calculate the bandwidth of an ideal 3dB quarter- wave coupler, if the direct and coupled powers 
are not to differ by more than 0.5dB. 
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9.1 INTRODUCTION 

This chapter introduces the reader to the problems of microstrip filter design and 
presents some useful design techniques. The chapter thus is not meant to be a 
comprehensive treatise on microstrip filters; such a treatment would exceed the scope 
of this book. For a more comprehensive treatment of filter designs, the reader is 
referred to specialized texts, e.g. [9.1, 9.2]. 

In the next section, the injection and blocking of d.c. bias voltages is described 
using a filter characteristic that is ideally suited to the d.c. source requirement, i.e. 
appearing either as a d.c. open or short circuit, while at the same time appearing 
transparent to the microwave signals. Bias injection networks are simple structures in 
which little attention is paid to the detail of the transmission characteristics across the 
frequency band. 

The extraction of a lower frequency signal, such as a 70MHz intermediate 
frequency signal from a microwave mixer circuit, requires a low-pass filter that needs 
to be more carefully designed than a bias network. Low-pass filters can be designed 
from the classical lumped-element low-pass prototype circuits and may either be 
fabricated in lumped element form or transformed into equivalent transmission line 
networks. 

Band-pass filters require precise transmission characteristics that allow a desired 
band of signals to pass through the two-port network. Thus, between a transmitter 
and the transmitting antenna, a band-pass filter may be used to attenuate unwanted 
signals and harmonic components that may cause interference to other users of the 
electromagnetic spectrum. Conversely, between an antenna and a receiver, a band- 
pass filter will reject out-of-band signals that may cause interference within the 
receiver, especially if they are at a high signal level in comparison with the desired 
signals. 

Band-stop filters reflect signals over a limited range of frequencies while 
allowing all others to pass through the network. They are used to minimize the 
transmission of possible high-level signals, e.g. the local oscillator of an upconverter 
where only the upper-sideband is desired, and as tuned reflective elements in 
oscillator circuits. 

It will be assumed here that the reader has a basic knowledge of classical 
lumped filter designs. Prototype designs are available in classical textbooks and 
handbooks [93-9.5]. Common filters include maximally-flat (Butterworth), equi- 
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ripple (Chebyshev), Bessel and elliptic filters, where each name is descriptive of the 
filter characteristics. It will be assumed that the reader is able to use published filter 
tables intelligently for the design of filters. 

There are two basic mechanisms for achieving filter action, that is, for obtaining 
variation of signal transmission through a circuit. If the filter is lossless, the only way 
in which a transmission of less than unity may be achieved is by reflection at the 
input. Most filters are of this type and, in their case, attenuation must imply a high 
reflection coefficient at the input. Thus it is impossible to maintain a good match 
across the attenuation band for lossless filters. Conversely, matching the input for no 
reflections with lossless elements, as in Chapter 6, will automatically give complete 
transmission from input to output. 

Reduction in transmission can also be achieved if lossy absorbing elements are 
inserted inside the filter. In this esse, at Isast in principle, a good match across the 
attenuation band could be maintained, as the reduction in transmission is no longer 
predicated on the presence of reflections at the input. An example of a filter 
depending on a lossy element is the wavemeter, where a resonator, coupled to a 
waveguide or a transmission line, couples energy into itself at resonance and 
dissipates it within the resonator losses. This is really a form of band-stop filter. 
Another example occurs when a diplexer is formed by connecting a low-pass filter in 
parallel with its complementary high-pass network. If the outputs of the two parallel 
networks are combined, say with a hybrid, an all-pass network is obtained. However, 
with completely separate loads a diplexer is obtained, with low frequencies going to 
one load and high frequencies to the other, while maintaining a matched input at all 
times for the combined network. If, say, only the low-pass function is of interest, 
then the low-pass filter section that is matched in both the pass and attenuation bands 
may be used, with the matched load terminating the high-pass network simply being 
an internal lossy element as far as the low-pass network is concerned. 

While microstrip filters may take many forms, a useful range of filter designs 
may be obtained by taking classical lumped filter designs and converting them to 
microstrip form, using the equivalence of short lengths of transmission line to 
inductance or capacitance. An extension of this procedure, applicable to the case of 
band-pass and band-stop filters, is not to take individual inductances and 
capacitances, but to replace whole resonating L-C sections of the lumped-element 
prototype with resonant lengths of microstrip line. To achieve the required range of L 
or C values it may be necessary to use quite long lines, due to the limited range of 
characteristic impedances that are available in practice. The short length line 
approximations then may no longer hold and a correction to the classical filter design 
process may be required. Also, corrections due to losses in resonator elements may 
be needed, especially in very narrowband designs. However, this is not a problem 
unique to microstrip filters, as it is similar to that found in classical lumped filters. 

Microstrip equivalents exist for both series-resonant and parallel-resonant 
circuits. However, it is often desirable to use resonators of one type only, in which 
case immittance inverters may be employed to convert between the two types of 
resonant circuit. Immittance inversion in lumped circuit filters is achieved with active 
circuits to produce filters with only one type of reactive element, as in active filter 
arrangements with only capacitors. In microstrip circuits, immittance inversion is 
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often conveniently achieved with quarter-wave directional coupler arrangements. 

Given a particular low-pass lumped filter design, a complementary high-pass 
filter is obtained with the transformation 


while -> — — — li 

tt>i Cl [co 0 co j (9.2) 

transforms from the low-pass to band-pass form. In both equations, co' and co'] are the 

frequency variable and band-edge frequency respectively for the low-pass filter. In 

standard filter tables, co'j is normally 1.0 radian.s -1 . Likewise CO] is the band-edge 

freauencv for the hi°h- n a cc filter with n vanoKie .1 • • 
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filter transformation in (9.2), co 0 is now the center frequency and Cl is the fractional 

bandwidth given by Cl = (co 2 - C0])/co 0 , co 2 and co, being the band-edge frequencies. 

Structurally, (9.1) is equivalent to replacing every inductor in the low-pass filter with 

a capacitor and every capacitor with an inductor. In the low-pass to band-pass 

transformation (9.2) 

L — > series L-C resonator 

and C -> parallel L-C resonator. 

The transformation (9.2) applied to a high-pass filter will yield a band-stop filter. 
This is equivalent to taking a low-pass design and letting 

L — » parallel L-C resonator 

ar *d C — » series L-C resonator. 

Filters in microstrip form may also be constructed with dielectric resonators. 
They offer the advantages of improved pass- and stop-band filter characteristics at the 
expense of increased circuit complexity in design and fabrication. A discussion of 
dielectric resonators will be found in Chapter 10. 


9.2 BIAS NETWORKS 

Microwave diodes and transistors require appropriate d.c. voltages to be applied to 
their terminals for correct circuit operation. The necessary connections of d.c. power 
supplies and earth return paths to the main microstrip transmission line are made 
using biasing networks. As a filter, a bias injection network is one that is designed to 
combine both microwave and low frequency (d.c.) signals without any transmission 
of energy between the microwave and low frequency ports. Thus, not only should 
there be no low frequency path to the microwave input branch, but the d.c. input port 
must also appear as a microwave open circuit at the junction to the through 
transmission line. A circuit diagram of a bias network that has these functions is 
illustrated in Figure 9.1. The network may be considered in two parts: 

i) For the microwave input branch, an infinite capacitance is ideally required to 
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DC INPUT OR 
GROUNO RETURN 


MICROWAVE INPUT 



TO THE ACTIVE CIRCUIT 


Figure 9.1 A bias injection network 


ii) For the d.c. input branch, an infinite inductance will give the d.c. short circuit and 
will appear as a microwave open circuit at the plane of the through transmission 
line. 


9.2.1 The d.c. open circuit 


irtuuuLuio viup uoiuiuiu uupuo itoi o Wliii vrlmcnsions Oi uiC uiuu Ci i niITt UilG Willi a 

capacitance of lOOOpF make ideal d.c. blocking elements, since lOOOpF at 1.0GHz 
gives an impedance of 0.1 6 Cl. Such an impedance as a series element in a 50 £2 
characteristic impedance transmission line gives a negligible reflection coefficient of 
magnitude 0.0016. This value naturally reduces in magnitude with increasing 
frequency. However, a detailed study by Ingalls and Kent [9.6] of this type of 
capacitor mounted as a series element in a 50Q microstrip transmission line has 
shown the existence of resonances, giving high impedance values at resonance, 
associated with the equivalent folded transmission line of its structure. The 
separation between resonances depends on the capacitor size, and insertion loss 
maxima of up to 2dB have been observed at gigahertz intervals. 

A narrowband design in the form of a A/4 open-circuited stub, series-connected 
in the line, will give the desired result of a d.c. open circuit. The physical realization, 
with the "stub" folded along the main line as illustrated in Figure 9.2, is a more 
complex structure and needs rigorous analysis in terms of coupled transmission lines. 


DIELECTRIC FILM 



A tightly coupled quarter-wave line forming a d.c. 

\20£2 

20£y 


s's'ion 


0.5 1.0 1.5 

Normalized frequency 

Figure 9.3 The performance of a A/4 open-circuited stub series-connected in a 50 £2 line, 
with the stub characteristic impedance as a parameter. The stub is exactly A/4 at a 
normalized frequency of unity. 
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A low characteristic impedance, compared with the 50 Q. microstrip transmission line, 
is required for broadband operation, as is seen from Figure 9.3. 

An appraisal of the complete microwave network in the vicinity of a solid-state 
element may reveal that a specific d.c. block is not required for the bias injection 
network. This will be the case if, for example, a parallel-coupled directional coupler 
or band-pass filter automatically provides the required d.c. blocking function. 




SHORT CIRCUIT 
Figure 9.4 A d.c. return network 


9.2.2 The d.c. return and r.f. block 

A quarter-wave shunt stub line with a short-circuit termination, as illustrated in 
Figure 9.4, will transform to an open circuit at the main through line for the design 
frequency. The microwave short-circuit termination on the stub line may be either a 
true short circuit for a d.c. ground return or in the form of a capacitive feed-through 
element. The short-circuit connection is shown in Figure 9.4 as a connection between 
the strip and the ground plane at the edge of the substrate. Since the circuit geometry 
may preclude this arrangement, metal posts may be inserted through the substrate and 
be soldered to both the strip and the ground plane. End-effect corrections for the 
short-circuit posts are not normally required since such an element would only be 
used in frequency-insensitive situations. Of importance is the broadband 
performance of the circuit, as illustrated in Figure 9.5 for two possible stub 
characteristic impedances on a 50 Q line. 



0.5 1.0 1.5 

Normalized frequency 

Figure 9.5 The performance of a X/4 short-circuited stub parallel-connected in a 50Q line, 
with the stub characteristic impedance as a parameter. The stub is exactly X/4 long at a 
normalized frequency of unity. 
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Figure 9.6 An improved d.c. injection network with X/4 sections 


The arrangement of Figure 9.4 gives better performance for a high ratio of 
Z s tub/Zo- Therefore, if the main line is transformed through a low impedance 
quarter-wave transformer to give an even lower impedance at the plane of the stub, Zj- 
say, as is illustrated in Figure 9.6, then the higher ratio Z stu ^/Z T leads to even better 
circuit performance. With the high impedance stub line at 120f2, Figure 9.7 
illustrates typical performance curves with the characteristic impedance of the main 
line quarter-wave transformers as a parameter. 



Normalized Frequency 

Figure 9.7 The input V.S.W.R. of the network of Figure 9.6, as a function of frequency 
and normalized to the frequency where line lengths are X/4 long. The stub-line impedance is 
maintained at 120A with Z 0 = 500. 


9.3 LOW-PASS FILTERS 

The bias network for a microwave circuit that has just been considered is one form of 
a low-pass filter. This filter, taking the form of a quarter-wave high impedance line 
with feed-through capacitors, however, may be quite unsuitable for the injection of 
i.f. signals into a circuit. A filter with more precise low-pass characteristics is 
required. 

Consider an n-section lumped element prototype low-pass filter, illustrated in 
Figure 9.8. For K from 1 to n, the prototype elements represent an alternating 
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SOURCE 


(a) 


LOAD 


(b) 


LOAD 


Figure 9.8 A prototype n-section low-pass filter with an inductor K, as the first element 
showing (a) the case of an even n, with K n+1 a resistance and (b) the case of an odd n, with 
K n+i a conductance 


5 

-i 


network of series inductances and shunt capacitances, with either type of component 
as an end-element in the filter network In Bion™ oo ^ „i -- - 

inductance, but Kj could equally be a shunt capacitance, with k 2 a series inductance, 
etc. The termination elements, k 0 and K n+1 , when considered as a continuation of the 
sequence of series and shunt elements, will be resistances if adjacent to a capacitive 
element and conductances if adjacent to an inductive element. The other K-values are 
in henries or farads as the case may be. Kq may equal unity without loss of generality, 
but some filters, in particular those with pass-band ripple and an even number of 
sections, will not necessarily have K n+1 = 1. In these cases, the correct interpretation 
K n+i as either a resistance or a conductance is important. 

Frequency parameters for the prototype are expressed as primed quantities, 
while those for an actual circuit, obtained from the prototype by transformation, will 
be expressed by an unprimed notation. Typical attenuation responses for a prototype 
low-pass filter, terminated by unit source and load immittances, are illustrated in 
Figure 9.9. 

The out-of-band attenuation between the source and load is due to the reflection 
of the input signal back to the source. A low-pass filter that has an inductance as the 
first reactive element will present a high input impedance above the pass band. 
Connected in parallel with the main line, it may be used to couple out a low 
frequency signal from the main line, with minimal disturbance to the microwave path. 
Conversely, with a capacitance as the first reactive element, the filter has a low input 
impedance above the pass band. This latter configuration may be useful for a low 
frequency path to a diode that otherwise requires a low impedance to ground for a 
microwave return path at that terminal. 




rhf™r^Lv L °/KC paSS fil - er atte " uation / f requency responses showing (a) the ideal low-pass 
1 ivro tenStC ’ , a maxunally-flat or Butterworth response with two sections and (c) the 
1 uaB equi-npple or Chebyshev response with two sections 
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For the ideal low-pass characteristic, Figure 9.9a, there is no loss at any 
frequency below the edge of the pass band at coj , but infinite loss above that 
frequency. A maximally-fiat or Butterworth response. Figure 9.9b, cannot be made 
any broader in bandwidth without attenuation ripples appearing in the pass band. A 
small level of pass-band ripple. Figure 9.9c, may indeed be desirable since there is the 
added benefit of a much steeper transition region between the pass and stop bands. 
For the equi-ripple filter, the pass-band edge at co'i is the frequency above which the 
attenuation will be greater than the maximum pass-band ripple attenuation. However, 
as such a definition will not be meaningful for a maximally-flat filter, coj is taken at 
the 3dB attenuation level for this case. An allowance must be made if the low-pass 
filter specification calls for an attenuation other than 3dB at some nominated band- 
edge frequency. 

9.3.1 Terminology 

The transmission properties of filters will be described by P om /Pav s > where P out is the 
power delivered by the filter output to the load and P aVs is the available power from 
the source. P ou t/Pav s > s formally known as the transducer power gain, G t , of the 
two- port network. More will be said about G t in Chapter 11, but for the present it is 
to be noted that G t is a function of both the source impedance Z s and the load 
impedance Z L . Thus G t is not meaningfully defined unless both Z s and Z L are 
specified. It is usual practice to make Z s = Z L = Z 0 and, for prototype filters, Z 0 is 
often made IQ. 

In the context of filters, G t < 1 and it is more convenient to speak of an 
attenuation or a transmission loss that is greater than unity, by taking 1/G t . Thus 
attenuation in dB will be defined by 10/og 10 (P aVs /P out ). Insertion loss is also a term 
that is often used. However, care must be exercised in using this term unless 
Zs = Z L = Z 0 , in which case the insertion loss or gain is identical to 1/G t or G t 
respectively, as will be seen in Exercise 11.11. 

Attenuation, insertion loss, and transmission loss will continue to be used 
interchangeably in the remainder of the book, with the assumption that they are 
evaluated with Z s = Z L = Z 0 , unless specifically indicated otherwise. 


9.3.2 The maximally-flat response 

The output power for an n-section low-pass filter that possesses a maximally-flat 
response is given [9.1] by 


‘out - 


1 + ("'/coj) 


2n 


x P 


av s 


(9.3) 


The output power is one half the input power at to' = coj , where coj is the 3dB 
frequency. The filter attenuation, given by 


L = 10fog 10 


1 + ("'/coj) 


2n 


dB 


(9.4) 


is plotted in Figure 9.10 and may be used as a guide to estimate the required number 



Figure S.iO l he normalized response for n-section maximally-flat low-pass filters 


of sections for a practical low-pass filter. The curves may also be used in §9.4.5 for 
an estimation of the number of sections that are required for a narrowband band-pass 
filter. Now, with Kq = K n+ j = 1, and with co'i = 1 , the prototype element values [9.1] 
are computed from 


K k = 


2 sin 


(2k - 1 )k 
2n 


k = 1, • • • , n 


(9.5) 


The numerical values for tc k with filter orders from 1 to 7 are presented in Table 9.1 . 


Table 9.1 Prototype element values for a maximally-flat low-pass filter 


n 

1 

2 

3 

4 

5 

6 

7 

*i 

2.0000 

1.4142 

1.0000 

0.7654 

0.6180 

0.5176 

0.4450 

k 2 


1.4142 

2.0000 

1.8478 

1.6180 

1.4142 

1.2470 

k 3 



1.0000 

1.8478 

2.0000 

1.9319 

1.8019 

*4 




0.7654 

1.6180 

1.9319 

2.0000 

*5 





0.6180 

1.4142 

1.8019 

*6 






0.5176 

1.2470 

*7 







0.4450 


9.3.3 The equi-ripple response 

A complete exposition of the theory for equi-ripple or Chebyshev response filters 
[9.1] is beyond the scope of this book and only the relevant equations that are used to 
generate the filter prototype coefficients are presented here. 

Let the magnitude of the pass-band ripple be L r and the frequency at the band 
edge where the filter loss is equal to the pass-band ripple be co'j . Between a unit 
immittance for the source and an appropriate load immittance — that is later seen to 
be other than unity for an even number of sections — the output power is given by 

P ° Ut ~ T + F 0 Cn(co'/(Oi) X Pavs 


(9.6) 
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where F 0 is a constant, related to the pass-band ripple L r (dB) by 


F 0 = 10 W1 °- 1 (9.7) 

and C n (x) is the Chebyshev polynomial of order n and argument x. The generating 
equation for the Chebyshev polynomial is 

C n (x) = 2xC n .,W - C n _ 2 (x) (9.8) 

with C 0 (x) = 1, C,(jc) = x and C n (l) = 1 

to' = co'i makes x = 1 and the polynomial becomes unity for all n. When x > 1 , the 
Chebyshev polynomial increases monotonically with increasing x while for x < 1 , it 
oscillates as a function of the polynomial order within the range zero to unity. It 
follows from (9.6), that the attenuation at co' = to'] is also the maximum pass-band 
attenuation, which in fact occurs at every frequency within the passband for which 
C„(x) = 1 . 

Let the source immittance be unity, i.e. tc 0 = 1 . The prototype element values 
are then given [9.1] by 
at 


where 


*1 

- 

f 2 








Kk 


a k-l a k 

k 

= 2, • • • , 

n 




bk-1 K k-l 



K n+l 

= 

1 , 


for n odd 





= 

coth 2 (F]), 

for n 

even 



(9.9) 

T7 


i- 

coth 

L L > 

• 1 




(9.10) 

F 1 


17.372 J 




f 2 

= 

sinh 

2F,| 

n 






(9.11) 

»k 


2 sin ! 

f(k- 

l)7t’ 


k = 

1, • • 

’ , n 

(9.12) 


[ 2n 



bk 

= 

f 2 2 + 

. ? 
sin 

kit 

n 


k = 

1 , •• 

• , n 

(9.13) 


Table 9.2 gives the prototype element values for equi-ripple filters with L r = 0.1 dB 
and 0.25 dB and with the filter order, n, from 1 to 7. The termination element, K n+1 , 
is unity and of the same dimension as Kq for the symmetrical odd-order filter but, for 
the even-order filters, there is a dimensional inversion between the two ends of the 
filter, i.e. if Kq is a resistance, then K n+1 is a conductance and vice versa. Further, 
there is an immittance magnitude transformation in the even-order case. For this 
reason, the odd-order equi-ripple filter is more common in practice. 
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Table 9.2 Prototype element values for an equi-ripple low-pass filter 



Example 9.1 

i) Evaluate the prototype component values for a 3-section Chebyshev response 
low-pass filter that has a pass-band ripple of 0.05dB . 

ii) Compare the filter frequency response with a maximally-flat filter that has the 
same bandwidth to the 0.05dB attenuation level. 

Solution: 

i) An equi-ripple filter that has an odd number of sections has symmetrical 
component values about the center element. Thus, in this case only tq and k 2 
need to be evaluated. 

From (9.10-9.13), the required terms are found in the following order: 
Fj = 1.4626 F 2 = 1.1371 

a, = 1.0000 a 2 = 2.0000 

bj = 2.0430 

and the prototype element values are calculated from (9.9) as 
k, = 0.8794 = k 3 


k 2 = 1.1132 
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Kj= 0.8794 tc 3 = 0.8794 


*0- ^tc 2 = 1.1132 <K n +i = 1 

Figure 9.11 The 0.05dB Chebyshev prototype network for Example 9.1 

The final network is illustrated in Figure 9.11. 
ii) For the Chebyshev response, from (9.6) and (9.7), the attenuation 

L = 10/og 10 |l + (l0 W10 -l)x Cn V/coi)) 


with L r — 0.05 dB and, from (9.8), the Chebyshev polynomial 
C 3 (x) = 4.x 3 - 3x with x = oj'/co'j 

This response is plotted as curve (a) in Figure 9.12. A comparison is made 
with a three-section maximally-flat filter that has the same low-pass 
bandwidth to the 0.05 dB attenuation level. While co'i is unity for the band 
edge in the Chebyshev response, the same parameter represents the 3dB 
frequency in the maximally-flat filter. Solving the maximally-flat response 
equation, (9.4) 

161 

L = 0.05 = 10/og.o 1 + 

l l“iJ 

to find the normalized frequency for 0.05 dB attenuation, gives 
to' = 0.4756 a)'!. For a direct comparison with the Chebyshev response, the 
expression 

L = 10 log l0 (l + (0.4756 to') 6 ) 
is now plotted as curve (b) in Figure 9.12. 



0 1 2 3 4 5 

Normalized frequency 

Figure 9.12 A comparison of equal bandwidth low-pass filter responses showing (a) the 
0.05 dB equi-ripple (Chebyshev) response, and (b) the maximally-flat response 
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9.3.4 Scaling the prototype values 

The prototype values that have been derived for maximally-flat and equi-ripple 
responses have element values that are appropriate for a 1 0 source impedance and a 
cut-off frequency co'i of 1.0 radian.s -1 . The prototype values may now be scaled in 
two steps to give the practical values for a low-pass filter. For the first stage of 
scaling, the prototype values are scaled such that the impedance of each element 
increases by the same ratio. This gives derived values that are now adjusted to a new 
impedance level, say 50f2, while the cut-off frequency still remains at coj . The 
second stage of scaling is carried out to adjust the frequency properties of the network 
while maintaining the impedance values of all the elements at the new frequency. 

Let the impedance go to x ohm and the cut-off frequency to y radian.s -1 , then 

R — > x R, L — > “ L and C — > — — C . . 

y [jty (9.14) 

Example 9.2 

i) Calculate the inductance and capacitance values for a maximally-flat low-pass 
filter that has a 3dB bandwidth of 400MHz. The filter is to be connected 
between 50Q source and load impedances. It must present a high input 
impedance at 1.0GHz and, at that frequency, have an attenuation greater than 
20dB. 

ii) Up to what frequency will the attenuation be less than 0. 1 dB ? 

Solution: 

i) From (9.4), with a 3dB frequency f[ of 400 MHz, the attenuation at 1.0GHz 
is given by 

r - in inn \i ^ 1000l 2n 

L - 10 log jo 1 + 



Figure9.13 The 3-section maximally-flat filter for Example 9.2, showing (a) prototype 
values and (b) the actual circuit values 
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Thus, with L = 20dB, the minimum number of sections is 

" ' - 2 - 5 . 

i.e. the filter must have a practical minimum of three sections. This will give 
an attenuation of 23.9dB at 1.0GHz. 

The maximally-flat low-pass prototype with three sections and an 
inductance as the reactive element at each end in order to satisfy the high- 
frequency high impedance requirement is illustrated in Figure 9.13. Each of 
the prototype values is scaled to allow for a transformation first from 1 Cl to a 
50Q characteristic impedance and then from a cut-off frequency of 
1.0 radian.s -1 to 400MHz. The results are presented in Table 9.3 and in 
Figure 9.13b. 


Table 9.3 The component values for a maximally-flat low-pass filter 



Prototype 


Impedance 

scaling 


Frequency 

scaling 

L lt H 

1.0 

=> 




02. F 

2.0 

=> 

0.04 

=> 


L3, H 

1.0 

=> 

50.0 

=> 


z 0 , n 

1.0 

=> 

50.0 

=> 



ii) From (9.4), the insertion loss is less than 0.1 dB up to a frequency f 0 MHz, 
given by 

0.1 = 10 log | 


1 + 

f ° 

6 


400 



i.e. 


213 MHz 


9.3.5 Practical considerations 

A low-pass filter may be constructed from a tandem connection of alternating high 
and low characteristic impedance lines. Characteristic impedance values that are as 
extreme as possible will lead to the best approximations to lumped inductive and 
capacitive elements. However, because of the transmission line nature of the 
elements, the lumped component approximations for a particular length of line are not 
as accurate when the frequency increases and there will be a degradation of the stop- 
band performance. This degradation for a stripline low-pass filter has been calculated 
by Howe [9.7, Figure 6.12] as a function of line impedance selections. Howe 
recommends (i) that additional sections should be included as a safety measure and 
(ii) that the filter 3dB cut-off frequency should not be too low; a value about one-third 
of the frequency that has to be blocked should be considered. This second 
recommendation implies that the L and C values for the low-pass filter will be kept 
small and thus may be modeled using the short line approximation. 

Consider a practical low-pass filter with alternating high and low impedance 
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sections. There will be fringing fields from the ends of the low impedance lines. The 
finite lengths of line further require that the short line approximations are modified by 
the inclusion of the full IT and T-equivalent circuits, as discussed in §2.2.1, for the 
high and low impedance sections respectively. These considerations necessitate an 
iterative approach, with the correction elements modifying the initial ideal design. 
For a high impedance line, the line length Z in terms of the required inductance is 
given (2.38) by 

1 = ^' sin ~ 1 ( coL/Z H) (9.15) 

with the two shunt-capacitance elements 

/-i 1 Tv / 

Cl = ^ tan [1^| (9.16) 

In these two equations, the values of X H and Z H are the wavelength and characteristic 
impedance associated with the high impedance microstrip line. 

In a similar manner for the low impedance line, the line length for the desired 
capacitance is given by 

/ = ■^■sin -1 ((i)CZ L ) (9.17) 

and the two series-inductance elements of the T-equivalent model are 

i _ El 

Lc " co [x L ] (9.18) 

The transmission line lengths of a practical low-pass filter are found using an 
iterative procedure. The initial element lengths are found and the circuit values are 
modified to allow for the fringing capacitance, the capacitive components of the high 
impedance lines and, to a lesser extent, the inductive components of the low 
impedance lines. New element lengths are now determined and the process repeated 
until a sufficiently stable solution is found. This process is illustrated in the following 
example. 

Example 9.3 

Design a fifth-order maximally-flat low-pass filter with a 3dB cut-off frequency of 
2.0GHz for use in a 50ft characteristic impedance system. The filter is to be 
constructed on a 1.58 mm thick, e r = 2.5 substrate. 

Solution: 

The prototype filter elements are found in Table 9.1 and are scaled for impedance 
level and frequency such that 

Lk co H ’ ° k coZ 0 F (9.19) 

where Z 0 = 5 Oft and co = 4 tcx 10 9 radian.s -1 . The circuit element values that 
result are presented in Table 9.4. Data for the different values of characteristic 
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impedance lines that have been selected to be used on the 1.58 mm thick, e r = 2.5 
substrate are presented in Table 9.5. 

Table 9.4 The component values for a fifth-order maximally-flat filter 


k 

«k 

L k , nH 

C k , pF 

1 

0.618 

2.46 

- 

2 

1.618 

- 

2.58 

3 

2.000 

7.96 

- 

4 

1.618 

- 

2.58 

5 

0.618 

2.46 

* 


Table 9.5 Transmission line data for the low-pass filter construction 


z 0 , n 

w 

h 

w, mm 


X, mm at 2.0GHz 

25 

7.28 

11.50 

2.226 

99.8 

50 

2.837 

4.48 

2.090 

103.8 

130 

0.404 

0.64 

1.901 

108.8 


The 130ft line is used for each inductive component, with the line length 
and correction capacitance derived from (9.15) and (9.16) respectively. Hence 

L, = 2.46 nH, Z H = 130ft =?• /,= 0.038 X H = 4.2 mm, C L = 0.073 pF 

L 3 = 7.96 nH, Z H = 130ft => Z 3 = 0.140X H = 15.2mm, C L = 0.287pF 

A T-equivalent circuit with a shunt capacitance as the major component is used 
for a short length of low impedance line. From (9.17) and (9.18) 

C 2 = 2.58 pF, Z L = 25ft => l 2 = 0.150X L = 15.0mm, L c = 1.02nH 

The desired values of the circuit inductances and capacitances are reduced by the 
values of the adjacent line correction terms. Thus 

L, = 2.46- 1.02 = 1 .44 nH 

C 2 = 2.58-0.073 -0.287 = 2.22 pF 

L 3 = 7.96-2x1.02 = 5.92 nH 

An iteration is now undertaken to recalculate Zj, / 2 , and Z 3 from Lj, C 2 , and L 3 

just calculated, giving 

/] = 2.42 mm with C L = 0.043 pF 
l 2 = 12.26 mm with L c = 0.81 nH 
and / 3 = 10.55mm with C L = 0.192pF 

From the filter symmetry, Z 4 = l 2 and l 5 = Zj. Further iterations may not be 
necessary, but if they are carried out then these correction terms just calculated 
are subtracted from the initial L and C values given in Table 9.4. 

Allowances must now be made for 

i) the fringing capacitance at each end of the low impedance sections. 
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Hi*)* 



I— &h-A 

PLANE 

Figure 9.14 One half of the microstrip circuit for the 2.0GHz low-pass filter 



Figure 9.15 A comparison of the responses of the low-pass filter in Example 9.3, showing 
(a) the lumped-element circuit response with five sections, and (b) the transmission line 
equivalent circuit response 



ii) the additional 0.047 pF capacitance associated with the FI-equivalent network 
for / 1 at the step junction between the high impedance line and the 500 input 
lines. A similar correction is made between l 5 and the output line. 

In both cases, the effects will be compensated by lengthening the high impedance 
lines, with correction lengths A/, and A l 2 as shown in Figure 9.14. 

A plot of the lumped element circuit response compared with the 
transmission line equivalent network with finite line lengths obtained after one 
iteration above, but still assuming ideal lines that do not have any dispersion or 
step-junction fringing capacitance, is given in Figure 9.15 and clearly illustrates 
the reduced stop-band attenuation for practical circuits. 


9.4 BAND-PASS FILTERS 

A resonating structure that forms the basis of many microstrip filters is a half- 
wavelength section of line that ideally is terminated at each end by an open circuit. 
The physical line will be reduced in length from a half wavelength when allowances 
are made for the open-circuit fringing capacitances discussed in §5.2. 
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There are two basic forms of coupled-resonator band-pass filters in microstrip 
line, named by the method for coupling energy into the resonators. The first form, an 
end-coupled filter, has capacitive coupling from each end of the resonator into the end 
of the adjacent line. On the other hand, edge- or parallel-coupled filters have 
resonators that are coupled through the even- and odd-mode fields along the edges of 
the lines. Parallel-coupled filters are generally preferred, because they lead to as 
much as a 50% reduction in length. Furthermore, larger gaps between lines are 
permitted for parallel-coupled filters, easing the tolerances and permitting a broader 
bandwidth for a given dimensional tolerance. However, perhaps of greatest 
significance is the fact that the first spurious response for a parallel-coupled filter 
occurs at three times the center frequency of the filter, whereas for the end-coupled 
filter it occurs at only twice the center frequency. 

9.4.1 The coupling mechanism 

Consider the simplest form of quarter-wave parallel-coupled filter illustrated in Figure 
9.16. This is a zero-order filter as it has no half-wavelength resonator elements. 
However, it does illustrate the coupling that takes place between the adjacent sections 
of a parallel-coupled band-pass filter. When it is compared with Figure B.l, Figure 
9.16a is seen to represent a single-section directional coupler with an open-circuit 
termination on both ports 2 and 3. The same circuit in a more practical form as the 
basic element of a filter is shown in Figure 9.16b. The fringing capacitances at both 
the open circuits and the step transitions in line width will have to be taken into 
account by appropriate reductions in the line lengths. 

Consider the case illustrated in Figure 9.16b. For a unit voltage incident at port 
1 and a matched load terminating port 4, from (8.26) for a parallel-coupled directional 
coupler 

V, = 1 

v 2 = -jVi - c 2 



Figure 9.16 A quarter-wave parallel-coupled filter section drawn (a) as a basic directional 
coupler, with the coupled and direct ports left open-circuited, and (b) in more practical form 
as the basic element of a filter. Line length corrections for fringing capacitance are not 
shown. 
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V 3 = c 

V 4 = 0 (9.20) 

V 2 and V 3 are the voltages of the waves incident onto the open-circuit terminations at 
their respective ports. Now V 2 is reflected from the open circuit with a phase change 
of 0°, giving 


V 2 = -jVl - c 2 

as an incident wave at port 2. Applying an equation of the form of (9.20) to obtain 
the resultant voltages at the other ports gives 


= — jVl - c 2 V 2 


„2 ] _ 2 

<- I ~ *■ 


at the new isolated port 


and V 4 = CV 2 = -jcVl - c 2 (9 21 ) 

Equation (9.21) shows that there is no addition to the original voltage, V 3 , in (9.20). 
Similarly, the V 3 in (9.20) is reflected from its open circuit with a phase change of 0° 
giving 

V 3 = c , incident at port 3 


V 2 - 0, at th e new isolated port 

and V 4 = -jVl - c 2 V 3 = -jcVTT^ (922) 

Again, because the V 2 in (9.22) is zero, no modification to the original V 2 in (9.20) or 
(9.21) is required. Because there is a matched load at port 4, V 4 does not produce any 
further incident wave into port 4. Thus, for the original unit incident voltage at port 1 
and for simplicity replacing the 50fi by 1 Q, the following net outward powers are 
obtained: 


Port 1 : (c 2 - 1) + c 2 


Port 2: 

Port 3 : 

Port 4: 

The total power out, P, is given by 


-2jcVl - c 2 


P = 2c 2 - 1 + 2cVl 


the total output power being equal to the input power. Now, if c = 0.707 (a 3dB 
coupler design) then, from (9.23), it is seen that there is no reflected power at the 
original input port and all the power is coupled through the structure to port 4. As the 
input frequency is varied about the center frequency, the more general relationships 
for a directional coupler (8.25) must be used and it will be found that the input port is 
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Figure 9.17 Two microstrip coupled sections forming a first-order band-pass filter. Note 
the reductions in line length to account for fringing capacitance. 

no longer perfectly matched. Power reflected back to the input implies a less than 
unity transmission coefficient. 

Hence, with correct dimensional choice, the structure of Figure 9.16b represents 
a band-pass filter where all the signal at the center frequency is transmitted with 
(ideally) zero insertion loss, while at other frequencies there will be varying insertion 
loss due to the loss of power by reflection at the input port. 

If a 2-section filter, Figure 9.17, is constructed so that the output from port 4 
becomes the input to the second section, then it is seen that a half-wavelength 
resonator section with quarter-wave coupling at each end is obtained. While it is 
possible to obtain a matched band-pass filter by cascading two identical 3dB coupler 
sections in this manner, it turns out that other coupling ratios are also suitable, since 
the mismatch reflections will tend to cancel out at the center frequency. Even more 
generally, the condition Zgg Z ()o = Zq for each filter section need not apply. In 
principle, it should be possible to design a band-pass filter with a desired 3dB 
bandwidth by appropriately selecting the mismatch reflections for each section. An 
introduction to the design of band-pass filters will now follow. 

9.4.2 Mapping functions 

By a change of variables, it is possible to transform a band-pass response into a low- 
pass one and vice versa. For example, the band-pass filter response of Figure 9.18a is 



Figure 9.18 Mapping from (a) the band-pass filter response to that of (b) the low-pass 
prototype circuit 
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Figure 9.19 




0)2-©! 

Lumped-element transformations from low-pass to band-pass 


circuits 


exactly mapped to the low-pass prototype circuit. Figure 9.18b, by the variable 
transformation 


Ml H J_ JO. _ ^0 
to'j fi co 0 (0 


(9.24) 


with co 0 = V co 2 C 0 j and where Q = (ro 2 - co^/cOq is the fractional bandwidth of the 
band-pass filter. When (0 = C 0 j or (0 2 in (9.24) then g//o)j — 1, i.e. the band-edge 
frequencies C0[ and co 2 map to the low-pass frequency (Oj, where the attenuation is 
either 3dB for the maximally-flat filter or the maximum pass-band ripple for a 
Chebyshev response. In terms of circuit components, the transformation in (9.24) is 
equivalent to transforming an inductance in the low-pass case to a series-resonant 
circuit in the band-pass case. Similarly, a low-pass capacitance becomes a parallel- 
resonant circuit. Figure 9.19. 

The required series- and parallel-resonant sections in practical microstrip band- 
pass filters will be formed from transmission line resonators to simulate the 
performance of ideal resonators near resonance. Now it is a basic property of a 
transmission line resonator that multiple resonances exist, resulting in additional 
higher frequency pass-bands that are not predicted by the circuit of Figure 9.19a. For 
broadband filter design, it is necessary to use mapping functions that predict more 
accurately the frequency response [9.1]. However, practical limitations in the amount 
of coupling that can be achieved between microstrip resonators mean that only 
bandwidths up to about 15% may be realized and, consequently, narrowband 
approximations are valid. Very narrowband filter responses may also not be practical, 
but in this case it is the transmission line losses that will distort the response. 

Consider a symmetrical band-pass filter where in the narrowband case 


®0 


COj + CO 2 
2 


(9.25) 


The mapping function (9.24), although not predicting multiple resonances, becomes 
an acceptable narrowband approximation with 


to' _ 2 [ to — cop 

COj Q o ) 0 


(9.26) 


This approximation is most accurate for small frequency deviations from co 0 but 




(n odd) 

t* 1 H 

o— - — o 


Y t = J 


Figure 9.20 The equivalence between the immittance inverter and a transmission line that 
is an odd multiple of quarter-wavelengths long 


will overestimate the stop-band attenuation of the transmission line filter. Figure 9.15. 
because the low-pass prototype does not model the higher frequency pass bands. 


9.4.3 Resonators and immittance inverters 


The elements of a prototype low-pass filter are alternating series inductance and shunt 
capacitance that transform to the series and parallel L-C resonant circuits for a band- 
pass filter, as illustrated in Figure 9.19. However, a practical network implementation 
with transmission line resonators favors the use of a tandem connection of resonators 
of the same type, namely open-circuited X/2 resonant lengths of line. These 
resonators are joined together through networks that possess the properties of 
immittance inverters. 

The ideal immittance inverter, characterized by the parameter, J. has the 
properties illustrated in Figure 9.20. The inverter has the properties of a transmission 
line, characteristic admittance Y T = J that is an odd-multiple of X/4 long. As a X/4 
transformer, the transformation from the load to the input is given by 


Z in = 




or Y in = J 2 Z, 


(9.27) 


The phase change for a wave transmitted through the transformer is n(n/2) radian. 

To understand the action of an immittance inverter in this context, consider the 
variation of susceptance with frequency for series- and parallel-resonant circuits, 
illustrated in Figure 9.21. From the Smith Chart, it is known that a quarter-wave 



(a) parallel L-C circuit (b) series L-C circuit 


Figure 9.21 The susceptance variation of parallel- and series-resonant circuits near the 
resonant frequency 
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capacitance between the ends of microstrip resonators, and (b) the immittance inverter 
equivalent circuit 


length of transmission line will transform a normalized admittance to its reciprocal 
value and, with Figure 9.21a representing the frequency variation of admittance about 
the open-circuit value, the quarter-wave line will transform this admittance to that in 
Figure 9.21b, representing the admittance variation about the short-circuit value. 
Thus an immittance inverter, inserted in front of a series-resonant circuit, transforms 
it into a parallel-resonant circuit and vice versa. Unfortunately it turns out that the 
simple X/4 transformer is not adequate in most cases as a practical immittance 
inverter, due to the limited range of characteristic impedances available in practical 
microstrip lines. However, other forms of inverter exist, e.g. the series capacitance of 
an end-gap coupled resonator, Figure 9.22, and two parallel-coupled lines that are to 
be described in the next section. Each of the above may be modeled by an inverter 
provided that additional line lengths are included to complete the model. 

An end-coupled filter takes the form of several in-line X/2 resonators with small 
capacitive coupling between adjacent resonators. The first and last resonators of the 
sequence are similarly coupled to the input and output lines. Each resonator 
essentially sees a high impedance at each end and may thus be modeled by a parallel- 
resonant equivalent circuit, §2.2.3 . The equivalent circuit of the complete structure 
becomes an alternating sequence of immittance inverters, as in Figure 9.22, and 
parallel-resonant circuits with the line lengths <j) being taken care of by resonator 
length adjustments. Edge-coupled filters will now be considered in greater detail 
because of the advantages that they offer, as described earlier. In this case, each X/2 
line functions both as a resonator and as a part of the immittance inverter. 

9.4.4 Parallel-coupled lines as immittance inverters 

In a microstrip line system, a pair of parallel-coupled lines with two of the ports left 
open circuit may be specified by their even- and odd-mode impedances and coupling 
length as illustrated in Figure 9.23a. As immittance inverters it is found, following 
Jones and Bolljahn [9.8] and Cohn [9.9], that the coupled lines are equivalent to an 
ideal inverter, J, together with line lengths <]>, Figure 9.23b. The value of J is 
determined by Zgg and 2, <jo and may be considered substantially independent of <ji for 
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Figure 9.23 The equivalence between (a) parallel-coupled lines, and (b) an admittance 
inverter 


4> = n/2. Conversely, if a certain J is required then the Z^ and Z^ that are needed 
can be determined. With narrowband approximations that are valid if q> = 7t/2 and 
useful for <10% bandwidths, J is assumed independent of frequency and the required 
coupled-line mode impedances are given by 


L 0e 


= Z n 


1 + JZ n + J 2 Z2 


(9.28) 


and 


-Oo 


= Zn 


1 - JZn + J- 


j 2 
Z 0 


(9.29) 


where Z 0 is the characteristic impedance of the input and output connecting lines to 
the coupled section. 


9.4.5 Band-pass filter design 

Figure 9.24 illustrates the action of a parallel-coupled band-pass filter. The microstrip 
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Figure 9.24 A 2-section band-pass filter with edge-coupled resonators showing (a) the 
microstrip layout, (b) the equivalent circuit of each X/4-long coupler, and (c) each X/2 line 
now represented by an equivalent parallel-resonant circuit 
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circuit. Figure 9.24a, shows two similar X/2 open-circuit terminated resonators that 
are parallel coupled to each other and to the input and output lines. It is observed that 
for two resonant lines there are three X/4 couplers that will have immittance inverter 
properties. The complete filter is a 2-section filter using the standard terminology of 
the low-pass prototype. 

In Figure 9.24b, each coupler is represented by its immittance inverter and lines 


log 10 (s/h) 



0.2 0.3 0.4 0.5 

Normalized admittance inverter value, J' 


Figure 9.25 The line separation and width for a single section of an edge-coupled 
directional coupler matched to 50f2 input and output lines 
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that are X/4 long at the center frequency. Adjacent X/4 lines form a X/2 resonator. 
Now it is seen that the couplers not only provide the inverter function but, because of 
the X/4 lines attached to the inverters, are integral parts of resonators as well. The 
line lengths at the input and output ports are indistinguishable from the connecting 
lines and are therefore of no further concern. 

In a typical filter, the J values are such that the impedance levels through the 
filter are high with respect to Z 0 . As a consequence, each X/2 resonator in Figure 
9.24b may be represented by a parallel-resonant circuit as in Figure 9.24c (see 
§2.2.3). The design problem is now the following: Given a low-pass prototype with 
element values K k , what should be the J values to realize it as an equivalent band-pass 
filter using coupled lines? Cohn [9.9, 9.10] and Matthaei et al. [9.1] have shown that 
the required normalized admittance inverter parameters J' = J/ Y 0 are 

kQ ]* 

2k 0 k, (9.30) 

x -=L= k = 1, ■ • ■ , n- 1 
2 V* k*k + t (9-31) 


(9.32) 

where are the low-pass prototype element values for an n-section filter and Q is 
the fractional bandwidth. 

The filter immittance inverters are symmetrical about the physical center of the 
filter for all orders of both maximally-flat and Chebyshev filters, there being n+1 
inverters and n resonant X/2 sections. Surprisingly, this is true even for a Chebyshev 
filter, with an even number of sections and Kq * K n+1 , but where nevertheless 

KoKi=K n K n+ i. 

It now remains for the immittance inverters to be converted to the even- and 
odd-mode impedances for the coupled lines, and for these lines to be realized in a 
microstrip configuration. Normally, available equations [9.11] provide Z te and Zqq 
as functions of s/h and w/h, whereas for design purposes the reverse is required. 
Using the quasi-static equations from [9.11], Figure 9.25 has been derived for this 
book to present s/h and w/h directly in terms of normalized immittance inverter 
values and with e r as a parameter. 

Example 9.4 

Design a microstrip band-pass filter with maximally-flat characteristics on a 1 .5 mm 
thick substrate with e r = 2.5 . Ignore the substrate and conductor losses. The filter 
specifications are (i) center frequency = 2.0GHz, (ii) 0.1 dB passband > ±50MHz, and 
(iii) attenuation at 2.5GHz > 15.0dB. 

Solution: 

The initial design will be carried out using the normalized frequency response for 
the low-pass equivalent with maximally-flat characteristics where, at the 3dB 


ttfi 

2 K n K n+1 
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point, (o', - 1. Let coj, and (Oj be the frequencies for the pass- and stop-band 
attenuations of 0.1 dB and 15.0dB respectively. o)p depends on the number of 
sections in the filter. To satisfy the 0.1 dB pass-band attenuation requirement, 
then from (9.4) with to', = 1 

0.1 = 10/<5g 10 (l + (C0p) 2n ) j 

i.e. (cop 2n = 0.02329 ! 

The stop-band attenuation specification must be satisfied at co' = lOxco' , at 
which frequency the attenuation is calculated and compared with the required 
minimum of 15dB. The results are given in Table 9.6. j 

Table 9.6 Results for Example 9.4 



A minimum of two sections is required for the filter to achieve the stop- 
band specification. For n = 2, the design just meets the specification within the 
pass band while it is significantly better than the specification for the stop band. 
Thus the stop-band attenuation may be reduced and is chosen as 20dB. The 
results are given in the final row of the table. At the same time, the theoretical 
pass-band attenuation will also be reduced and is now less than 0.043 dB across 
the band. 

The microwave band-pass filter design requires knowledge of the fractional 
3dB bandwidth. Thus the upper 3dB frequency is also evaluated and is given in 
the final column of the table. The low-pass prototype values for an n = 2 
maximally-flat filter are Ko=1.0, k, = 1.414, k 2 = 1.414, and k 3 =1.0. The 
fractional 3 dB bandwidth.fi = (2.159- 1.841) /2.00, i.e. fi = 0.159. 


From (9.30), J' 0l = J' 23 


tcxQ. 159 1* 
2x1x1.414 





From Appendix 3, for a 50fi line, w< 50 > = 1.5x2.837 = 4.26 mm. From Figure 
9.25, for J = 0.420, log l0 (sfh) = -1.00 and w/w (50) = 0.676 giving s = 0.15 mm 
and w = 2.88 mm. Likewise, for J'= 0.177, it is found that s = 0.85 mm and 
w = 3.95 mm. The filter layout is shown (not to scale) in Figure 9.26. The 


i 
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Figure 9.26 The line width (w) and separation (s) for a 2-section band-pass filter on 
£ r -2.5 substrate, 1.5 mm thick. Line length adjustments for fringing capacitance at the 
open circuits and step changes in line width have not been incorporated. (Not to scale.) 


effective Dermittivitv and thnc th<* fn, rri ,,~i Pr *>-- 

* -J . » *“ w ‘'"•t, 1 * 1 ) ‘W* vuwu wujrin la iOuiiU as U1C 

geometric mean of ££[ and e^, as derived from Appendix 4. Adjustments to the 
resonator lengths for the fringing capacitance at the open circuits and step 
changes in the line width will complete the design. 


9.5 BAND-STOP FILTERS 

An efficient band-stop filter allows most signals to pass through while only 
attenuating a narrow band of frequencies. Design procedures for several types of 
band-stop filter structure are given by Schiffman and Matthaei [9.12]. An 
introduction to band-stop filters which builds on knowledge of parallel-coupled lines 
from the previous chapter is presented here. Consider the X/2 long microstrip 
resonator which is terminated at each end by open circuits. From (8.25), there will be 
no coupling if the complete X/2 length is parallel-coupled to the main transmission 
line. Maximum coupling to the resonator is achieved when only a X/4 length of the 
resonator is parallel-coupled to the main line in a similar manner to a directional 
coupler. The remaining X/4 length, at right angles here to the main line to prevent 
further coupling across to it, is required if the band-stop filter is to have an open- 
circuit termination at each end of the resonator. This is illustrated in Figure 9.27, 


© b — 6 — *1 © © b — e — i © 



Figure 9.27 Microstrip band-stop filters showing (a) the practical realization with open- 
circutt terminations to the resonator, and (b) the coupled section as a resonator with one end 
short-circuited 
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where 6 will be equal to 90° at resonance. The X/4 coupled resonator with open- and 
short-circuit terminations, as shown in Figure 9.27b, will now be considered for 
simplicity in analysis. The effect of the additional X/4 length for the complete X/2 
resonator will be noted for use as required. 

Band-stop filter analysis 

The band-stop filter characteristics of an ideal pair of parallel-coupled lines. Figure 
9.28, that satisfy the requirements for a directional coupler in §8.2, namely 

Z^Zoo = Zq (9.33) 

are considered. In general, the electrical length of the coupled section is 0. A unit 
incident voltage wave at port 1 sets up voltage waves at ports 2 and 3, with port 4 
isolated. The coupling at port 3 from (8.25), including the 0 dependence, is 


where D = V 1 - c 2 cos0 + jsin0 (9.35) 

The transmission out of port 2 
V 1 - c 2 

D (9.36) 

These waves may be visualized as being in Z 0 lines of zero length, assumed attached 
to the ports of the coupler just in front of the actual termination at that port. Port 2 is 
matched and will not have any input wave. Ports 3 and 4 are terminated by an open 
circuit and a short circuit respectively and will both reflect waves back into the 
coupling region. 

Let the total input waves at ports 3 and 4 be u and v respectively. The values of 
u and v are still to be calculated from the boundary conditions. These input waves 
and their transmitted and coupled components are illustrated in Figure 9.28. 
Applying the boundary condition for a short circuit at port 4 

v + ut = 0 => v = -ut (9.37) 

and for an open circuit at port 3 

u = d + vt = d - ut 2 (9.38) 


0 = y + A8 

THROUGH LINE 
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Figure 9.28 Voltage waves in zero-length Z 0 lines attached to the ends of the coupled lines 
of the band-stop filter of Figure 9.27b 


Filters 227 


Therefore u = 


The voltage reflection coefficient at port 1 

T = ud = — j 
1 +t 2 

The voltage transmission coefficient through to port 2 


T = t + vd = t 1 - 


When 0 = n/2 and the coupled length is X/4, then 


d = C and t = - j v 1 - c z 


giving, from (9.39) 


u = — and v - +j - (9.43) 

Now from (9.40) and (9.41), the reflection and transmission coefficients are T = 1 and 
T = 0 as required at the center frequency of an ideal band-stop filter. 

The filter bandwidth 

Consider the case where 0 = y + A0, so that sin0 = cosA0 and cos0 = -sinA0. 

From (9.34) to (9.36) 

D = — V l — c 2 sinA0 + jcosA0 


, , jCcosAO V 1 - C 2 

and d = ^ , t = (944) 

The 3dB bandwidth will be determined by the conditions | F| 2 = |T| 2 = , i.e. half 
of the incident power is reflected and half is transmitted to the load. Substituting for 
d and t from (9.44) into (9.40), it follows (see Exercise 9.1 1) that 

■ r 1 2 _ c 4 cos 4 A0 

4(1 - C 2 ) 2 sin 2 A0 + C 4 cos 4 A0 (9.45) 

For | T | 2 = -f , then 

4(1 - C 2 ) 2 sin 2 A0 = C 4 cos 4 A0 (9.46) 

This equation may be solved exactly for sin 2 A0. However, for narrowband filters, 
from (9.46), A0 < 1 => C « 1 and 


For the full bandwidth, 2A0 = C 2 . Hence the quality factor of the filter, defined as 
the ratio of the resonant frequency to the 3dB bandwidth for a filter exhibiting a 
single resonance, is given by 

n _ jo_ = fa/ 2) _n_ 

V Af 2A0 2C 2 (9-48) 
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The analysis for the structure in Figure 9.27a follows the same steps, except that 
(9.37) is rewritten by applying the boundary condition at the open circuit at port 4 and 
transferring the terms back to the port 4 end of the coupled section. Thus (9.37) now 
becomes 

v = ut (cos 20 -j sin 20) (9.49) 

This equation reduces to (9.37) at resonance when 0 = rc/2. 

Example 9.5 

The band-stop filter in Figure 9.27b is constructed with line dimensions as for a 13dB 
directional coupler. Calculate the 3dB bandwidth from an exact solution of (9.46), if 
the center frequency is 2.0GHz. Compare with the approximate result given by 
(9.48). 

Solution: 

For a 13dB coupler, C = 0.2239. Thus (9.46) becomes 
3.61 sin 2 A0 = 0.002512(1 - sin 2 A0) 2 
With s s sin 2 A0 

0.002512s 2 - 3.6091s + 0.002512 = 0 

Solving for s, taking the solution where s < 1 gives s = 0.000695, i.e. 
sinA0 = A0 = Vs = 0.0264. This compares favorably with the approximate 
value of 0.0251 given from (9.47). The 3dB bandwidth at 2.0GHz 
Af — 2A8 j _ 2 x 0.0264 „ n qu x 

M ~ (n72) f ° ~ (k/2) X2 ° Hz 

i.e. Af = 67 MHz 

Resonator losses in a practical filter include conductor and dielectric losses, 
as well as radiation losses from the open-circuit terminations. These losses have 
most effect on the performance of narrowband filters where they will (i) increase 
the filter 3dB bandwidth, (ii) reduce the magnitude of the reflected signal at 
resonance, and (iii) reduce the band-stop attenuation at resonance. 


EXERCISES 

9.1 i) Calculate the 3dB frequency for a 5-section low-pass filter with maximally-flat 

characteristics that has a 0.2dB attenuation at 1 .0GHz. 
ii) Repeat for a Chebyshev response with a 0.2dB passband ripple and 30dB attenuation at 
1.0GHz. 

9.2 Repeat Exercise 9. 1 for a high-pass filter. 

9.3 Repeat Exercise 9. 1 for a band-pass filter with 1.0GHz replaced by 10.0± 1.0GHz. 

9.4 Sketch the microstrip layout for Exercise 9.1(i), using a 1.5 mm thick, e r = 2.5 substrate and 
20 Q and 15011 lines. 

9.5 Calculate the reflection coefficient at low frequencies for a Chebyshev low-pass filter with a 
0.6dB ripple, having (i) two sections and (ii) three sections. 
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9.6 Consider the circuit in Figure 9. 16. Describe its behavior 

i) when port 3 has a short-circuit termination and port 2 remains open circuit, 

ii) when both ports 2 and 3 have short-circuit terminations. 

9.7 For the circuit illustrated in Figure 9. 16 with the line parameters giving 3dB coupling, calculate 
the filter response as a function of frequency. In particular, determine the bandwidth of the 
filter. 

9.8 Repeat Exercise 9.7 with the central coupling section being as for a 15dB directional coupler. 

9.9 Determine the scattering parameters at resonance of the circuit shown below, in which two 
sections with 15dB coupling as in Exercise 9.8 are cascaded. 

| ' son | 


1 SOD 


9.10 Assuming lossless and zero thickness lines, calculate the resonant frequency and 3dB 
bandwidth for the circuit illustrated below, with the parameters w/h as for a 5017 line, e r = 2.5, 
s/w = 0. 1 , h = 1 .5 mm , and / = 50 mm = X/2 at the center frequency. 

* H i Hb s 

i i ~i i i 

♦ 

9.11 i) For the band-stop filter illustrated in Figure 9.27b, derive the expression for | r | 2 

in (9.45). 

ii) Derive the corresponding expression for | T | 2 and check that 

| r | 2 + | t | 2 = i 

9.12 i) Show how a band-stop filter may be constructed using a pair of identical band-pass filters, 

two matched loads and a 3dB quadrature coupler, 
ii) Repeat part (i), but with a 3 dB, 1 80° hybrid coupler. 

9.13 Compute all the critical dimensions for the band-stop filter shown in Figure 9.27b. The filter 
has 3dB frequencies of 2.0GHz ± 20MHz and 5011 connecting lines. It is to be constructed on 
a substrate with e r = 2.5, h = 1.5 mm. 
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10.1 INTRODUCTION 

A selection of circuit elements and components that do not fit readily into the contents 
of other chapters is presented here. In §10.2, transitions between microstnp and other 
types of transmission lines are described. Not only are these transitions used at an 
interface between microstrip lines and the outside environment but also, in the case ot 
slot lines, as a part of the circuit in the microstrip structure. Microstnp antennas are 
also basically a transition between propagation media. Here, only the important 
resonant patch antenna, from a choice of many antenna designs, is discussed in § 0. . 

Lumped components, L, C and R, in §10.3 have a wide variety of uses, e.g. in 
matching techniques, as feedback elements in amplifiers and oscillators and in bias 
networks and filters. In §10.4, we consider power dividers for use as power splitting 
elements in antenna arrays and for the inputs to parallel high-power amplifiers, as 
well as their use as power combiners at the outputs of such amplifiers. 

Microstrip resonators, fabricated as lines forming a part of the microstrip circuit, 
are a fundamental part of Chapter 9. Another type of resonator is the dielectric 
resonator, §10.6, generally implemented as a loosely coupled element above the 
microstrip line. This type has applications in high-Q filters and stable oscillator 
design. Other resonant modes, this time in a ferrite disc that replaces a part o the 
substrate itself, are important in the understanding of the non-reciprocal performance 
of circulators considered in §10.5. 

10.2 LAUNCHING TECHNIQUES 

With microwave subsystems being constructed using microstrip lines, it may be 
necessary to interface to other forms of transmission line, either for measurement 
purposes or for overall system design, as for example, for connection to an antenna. 
It is typical to use coaxial connections below about 5 GHz, waveguide connections 
above 20GHz and either type of line in the intermediate frequency range. Basic 
transitions to coplanar lines are also included for completeness, in particular to slot 
line and coplanar waveguide, see e.g. Gupta et al. [10.1], even though these lines are 
otherwise beyond the scope of this book. The detailed design of any transition to a 
microstrip line will necessarily depend on such parameters as frequency, bandwidth, 
line impedances and substrate properties, leading to a variety of designs. In the 
following sections, typical structures are illustrated. 
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Figure 10.1 A coaxial to microstrip connection through the ground plane 

10.2.1 Coaxial line to microstrip transition 

The design illustrated in Figure 10.1 is a low frequency design that is only suitable 
below about 2GHz using low permittivity (e r < 2.6) substrate materials. It may also 
be used as a coaxial feed to a microstrip antenna element, described in §10,7. The 
coaxial line is fed through the ground plane and substrate material and the inner 
conductor is soldered directly to the microstrip line. With the coaxial connector 
firmly attached to the ground plane, good electrical contact is maintained with the 
ground conductor. 

For operating frequencies above 1 GHz, it is preferable to use the method of 
England [10.2] illustrated in Figure 10.2. The field variations through the transition 
are smoother than for the previous design. This is particularly so when the microstrip 
line is fabricated on 0.5 mm sapphire substrate. Coaxial connectors that have small 
tags, or continuations of the circular center conductor beyond the face of the body of 
the connector, are attached to the microstrip line with either a pressure contact or a 
solder joint. Specialized equipment may be required to determine the precise 
dimensions associated with this termination if reflection coefficients less than 0.01 are 
to be achieved. However, the following general precautions should be noted: 

i) Avoid a mechanical design that may destroy the extension of the coaxial line 
center conductor. 

ii) Maintain good electrical contact at the points where the microstrip ground plane 
contacts the inner circumference of the outer conductor of the coaxial line. 

iii) Reduce the capacitance of the center conductor and microstrip line in the vicinity 
of the transition, since it is in this region that there is generally excess capacitance 
due to the fringing fields from the coaxial line center conductor to the microstrip 
ground plane and from the microstrip line to the body of the coaxial connector. 
The capacitance is reduced by tapering the width of the microstrip line so that it 
is no wider at the edge of the substrate than the width of the pin from the coaxial 
line. 


Figure 10.2 An 
(© 1976, IEEE) 
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edge-feed coaxial to microstrip connection, from England [10.2] 
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Figure 10.3 A rectangular waveguide to microstrip transition, from Van Heuven [10.4] 
(© 1976, IEEE) 

1 0.2.2 Rectangular waveguide to microstrip transition 

Some waveguide to microstrip transitions may be regarded as a combination of a 
waveguide to coaxial transition followed by coaxial to microstrip transition, with the 
coaxial section often approaching a zero length. Such designs are not illustrated here. 
However, there are two designs which make use of the actual field distributions in the 
waveguide and microstrip lines. In the first design by Schneider et al. [10.3], 
illustrated in Figure 10.3, several dimensions are critical for good performance. 

The rectangular waveguide is transformed through a series of quarter-wave 
transformers to a ridge waveguide, where the final ridge section is separated from the 
opposite plane face by the microstrip substrate material. In this design, it is necessary 
to maintain good electrical contact between the ground plane and waveguide wall, as 
well as between the ridge and the microstrip line. There is still an abrupt 
discontinuity at the end of the waveguide, even though the transition has effectively 
modified the waveguide fields to match those of the microstrip line under the strip 

itself. , , 

A second design for 18-26GHz by Van Heuven [10.4] transforms the 

waveguide through a parallel plate structure and balun to the microstrip line. This 
design has the advantage that the transition structure may be fabricated as a part of the 
microstrip circuit. 

10.2.3 Microstrip to slot-line transition 

The slot line for microwave transmission [10.5] may be used in conjunction with 
microstrip lines to give a greater flexibility in component and system design (e.g. see 

[10.6]). Only the basic transition design is presented here. 

Refer to Figure 10.4a and consider a microstrip line with a short circuit 
termination through the substrate to the ground plane. Further, consider a narrow slot 
in the ground plane, passing at right angles under the microstrip line and adjacent to 
the short circuit. For an input signal along the microstrip line, an electric field will be 
excited at right angles to the direction of the slot, setting up a guided wave that wil 
propagate in both directions along the slot line. If the impedance looking in one 
direction along the slot line appears as an open circuit at the plane of the microstrip 
transition, then there will be a net signal propagating in the other direction. For low 
reflections from the transition, the characteristic impedances of the slot line an 
microstrip line must be equal. On any given substrate, the effective permittivity for a 
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Figure 10.4 The microstrip to slot-line transitions, where solid_ lines represent the 
microstrip circuits and the dashed lines show the extent of the slots in the ground plane 


microstrip line will be greater than for the slot line, since with the slot line a greater 
percentage of the electromagnetic energy flows outside the substrate. 

The basic transition in Figure 10.4b is formed using A./4 lines in conjunction 
with terminations that are easiest to fabricate, namely a microstrip open circuit and a 
slot-line short circuit. The difference in physical lengths of the X/4 lines is due to the 
difference in effective permittivities. Broader bandwidth designs that continue to be 
easy to fabricate. Figure 10.4c, use circular or radial elements to give the required 
junction impedances [10.7]. 


10.2.4 Microstrip to copianar waveguide transition 

A copianar waveguide has three parallel conductors in the one plane, with the two 
outer conductors as a ground plane that ideally extends out to infinity. The TEM- 
mode of propagation in a copianar waveguide has electric field lines from the center 
conductor to ground and magnetic field lines around the center conductor. 

In the transition by Riaziat et al. [10.8], illustrated in Figure 10.5, the strip of the 
microstrip line continues through to become the central conductor of the copianar 



Figure 10.5 A microstrip to copianar waveguide transition, from Riaziat et al. [10.8] 
(Reprinted with pemiission of Microwave Journal, from the June 1987 issue, © 1987 Horizon 
House, Inc.) 
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waveguide. Ground conductor symmetry must be maintained at all planes along the 
transition to avoid setting up parallel -plate modes and unwanted higher-order modes 
in the copianar waveguide. Suppression of the microstrip mode beyond the transition 
region is achieved by using plated-through holes between the upper and lower ground 
planes. These connections effectively short out any normal component of electric 
field and will aid the current flow between the two configurations of the ground plane. 
The microstrip ground plane may also be tapered away from the center line to leave a 
true copianar waveguide. 


10.3 LUMPED COMPONENTS 

Circuits built with microstrip components can be extremely bulky at the lower 
microwave frequencies. To reduce the size of the complete circuit, it may be 
preferable to use lumped L and C components. An alternative view is to observe that 
for a given physical area, a greater range of component values is possible with 
lumped components. A similar physical size constraint manifests itself also at higher 
microwave frequencies in monolithic microwave integrated circuits (MMICs) where, 
with microstrip structures, too great an area of GaAs substrate would be required and 
lumped components could be preferred. 

Whether a structure may be represented by a lumped equivalent circuit is 
determined by its physical size in relation to the wavelength. The key equation to 
consider in this context is again (3.26). In Chapter 3 it was shown that (3.26) reduces 
to Laplace’s Equation when the physical dimensions of the component are very much 
less than a wavelength. The behavior of the component may then be properly 
described by a lumped L, C or R, as the case may be. In practice, the dimensions 
should be less than X/20 [10.9]. 

An advantage of lumped elements is that their use facilitates the achievement of 
broadband designs, since they present equivalent circuits that are not frequency 
dependent, in contrast with fixed length transmission line sections. On the other 
hand, when lumped elements are used at frequencies approaching the limit of their 
applicability, the simple L, C or R equivalent has to be modified by the inclusion of 
parasitic elements. Pettenpaul et al. [10.10] found that several formulae were needed 
for an accurate component description that included all parasitic effects. Another 
disadvantage of lumped elements is that they may require more processing steps in 
manufacture: e.g. capacitors may require dielectric overlays, spiral inductors may 
require cross-over paths. The lumped elements may come in film form, deposited on 
the dielectric substrate, or as chip components [10.11] to be attached to the circuit, as 
in non-monolithic (i.e. hybrid) microwave integrated circuits (MICs). 

Lumped capacitors are illustrated in Figure 10.6. The interdigital capacitor. 
Figure 10.6a, relies on the strip-to-strip capacitance of parallel conducting fingers on 
a substrate, with the capacitance of a number of finger pairs combined in parallel. 
Larger capacitances can be obtained with the overlay structure in Figure 10.6b, but at 
the expense of additional processing steps. For by-pass and coupling capacitors, even 
larger capacitance values are often required. These can be achieved with the chip 
capacitor shown in Figure 10.6c. There is the possibility of two ways of mounting 
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Figure 10.6 A capacitor as a discrete circuit element with (a) a plan view of an interdigital 
capacitor, (b) a cross-section of an overlay capacitor, and (c) a chip capacitor 


chip capacitors: either as shown in Figure 10.6c or with the chip rotated by 90°, so as 
to have the capacitor plates at right angles to the substrate. As shown in Figure 10.6c, 
a chip capacitor can be analyzed [10.12] as a folded transmission line with periodic 
discontinuities at the folds, leading to multiple periodic resonances at higher 
frequencies. The latter orientation mentioned above eliminates some of the 
resonances [10.12]. 

A simple ribbon inductor is identical to a short length of high impedance 
microstrip line which has been discussed in earlier chapters. For such an inductor, 
the inductance is proportional to length and larger inductances are obtained by 
bending the strip in a meander line or a loop as illustrated in Figure 10.7a and b. 
Unfortunately, mutual coupling has now to be taken into account and behavior as a 
simple inductor is lost, especially if the strips are relatively close together. Much 
larger inductances are obtained by inductive loops, either square as in Figure 10.7c, or 
circular, but parasitic effects are now much more pronounced. Spiral inductors with 
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Figure 10.7 Inductors as discrete components constructed with (a) a meander line, (b) a 
single loop, and (c) a (square) spiral 
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the turns on top of each other and separated by dielectric spacers also come in the 


chip form [10.11]. 

Lumped resistors are required for biasing active circuits and as terminations for 
certain ports in multi-port devices, such as directional couplers and the power splitters 
of §10.4. 

Several approximate formulae for inductance and capacitance values of lumped 
components are available, e.g. in [10.13, 10.14], while more elaborate formulations 
are quoted, e.g. in [10.9, 10.15], together with experimental results [10.9], A very 
detailed treatment that is suitable for computer-aided design is to be found in [10.10]. 


10.4 POWER DIVIDERS AND COMBINERS 


An n-way hybrid power divider with in-phase outputs was originally described by 
Wilkinson [10.16]. The basic 2-way divider, and some of the techniques for 
increasing its useful bandwidth, will be described here. Being a reciprocal device, it 
may also be used as a low-loss power combiner of identical signals, such as may 
result in an antenna array or from the outputs of a pair of parallel-connected transistor 
power amplifiers. 

Consider the circuit configuration shown in Figure 10.8. The circuit is a four- 
port network where one of the ports is permanently terminated by a resistor, R. With 
the correct value for this resistor, the network can be matched for incident waves at 
all the other ports. In the circuit design, the two Z T lines are kept apart so that there is 
negligible edge coupling between them. However, they must be brought close 
together again at plane B where port 4 is terminated with a resistor. 

At the junction A, the two output lines appear in parallel with a common voltage 
applied to each of them. There will be a good input match and equal power division 
if the input impedance of the individual output networks at A is 100 Cl. The lines 
from A to B are A./4 transformers that transform the 50Q load impedances at ports 2 
and 3 to the 100Q required at the input. Thus Z T = 70.7 L2. With identical potentials 
at all times on each terminal of the resistor at B, there will be no power loss within the 
resistor. The resistor value does not influence the input match as seen at port 1. 
However, its value is important if minimal reflections are also desired for any signal 
that may enter the divider from ports 2 or 3. 



ISOLATION 
RESISTOR 
R = 100ft 


Figure 10.8 An equal-split power divider 
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Consider feeding in an input signal balanced with respect 
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Figure 10.9 Design equations for an improved split-tee power divider, from Parad and 
Moynihan [10.17] (© 1965, IEEE) 
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Figure 10.10 A broadband equal-split power divider, from Cohn [10.18] (© 1968, IEEE) 

where it is seen that in the special case ofequalpower spin the output 
transformers, Z w and Z 05 are not required (being 50Q), Z 02 - Z 03 - 

transformer on the input line is required with Z 0 i - 42 0 U. 

Cohn 110 181 with an even- and odd-mode analysis that allows tor more man 
one fixed resisto^ shows how the network for equal-power Vision can be improved 
further The analysis uses Chebyshev polynomials to give an equi-npp e • • • • 

for each port across the pass band. The circuit design for a 2-sec„on divider that has 

an octave bandwidth is shown in Figure 10.10. 

10.5 CIRCULATORS 

A microstrip ,Vd u h cl i on c l rc 'j^ i |^ P J^gg t al ^ l ^ 1 P ) P non-recipioca( elerMnOonned 
ports. At the junction where the . Power through the circulator 

from ferrite material biased by a .c. magn ■ the scattering 

flows in accordance with the port sequence 1 -* 2 -» 
parameter matrix (magnitudes only) for the ideal circulator is 

[0 1 0 

[S] = 0 0 * (10.1) 

bandwidth. Thearculator may ^edasan isolator ^Ltam 

3, is terminated with a ^atch load^ ^ devic ’ es sil J the input impedance to 

KSSt f rrnS to the impedance attached to the through port (see 

junction where the three symmetrical microstrip lines meet, a 



transversely magnetized ferrite disc, with a d.c. magnetic field applied along the axis 
of the disc, replaces the normal substrate material. Fay and Comstock [10.19] 
describe in detail how a resonant field configuration may exist within the disc in the 
absence of an applied magnetic field. The fields of the resonant mode, shown in 
Figure 10.12a, may be pictured as the standing wave pattern generated by two 
contra-rotating waves. Each rotating wave is itself a resonant mode, with the wave 
being in-phase with itself after one complete revolution. For an input wave at port 1, 
part of the wave will be reflected at that port and there will be equal magnitude 
transmitted waves to ports 2 and 3. 

A d.c. magnetic field is applied to the ferrite material which now exhibits a 
tensor permeability. The two contra-rotating waves will have different phase 
coefficients and thus the resonant frequencies of the two rotating modes are separated. 
The circulator is operated at a frequency between the two resonant modes, where the 



Figure 10.12 The dipolar mode of a ferrite disc, with (a) no d.c. applied magnetic field, and 
(b) with an applied d.c. magnetic field rotating the mode to isolate port 3, from Fay and 
Comstock [10.19] (© 1965, IEEE) 
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higher- (lower-) frequency resonant mode will have an inductive- (capacitive-) 
reactance component at the input. This results in a non-zero phase difference between 
the electric and magnetic fields for each rotating wave at the input, port 1. For one of 
the waves, the electric field leads the magnetic field (say by 30°) while for the other 
wave it lags by the same amount. Thus the electric field associated with the standing 
wave formed by the two rotating modes no longer coincides with the input port, but is 
moved 30° away. In effect, the standing wave pattern in the disc has been rotated, 
such that there is a null electric field component at (and no transverse magnetic field 
with respect to) the isolated port. A simplified view of this situation is shown in 

Figure 10.12b. . 

Effective coupling between the individual ports and the femte disc for a 
broadband, low loaded-Q, circulator involves a transformation from the 50fi line to a 
lower impedance at the disc perimeter. This increases the coupling to the resonator 
and is achieved with a quarter-wave transformer as shown in Figure 10.11 or with a 
section of tapered line. 


10.6 DIELECTRIC RESONATORS 

Microstrip line filters with band-pass and band-stop characteristics were described in 
Chapter 9. In those filters, the basic resonator element was a X/2 length of 
transmission line with an open-circuit termination at each end. In this section, the 
resonant lengths of microstrip line are replaced by high-permittivity, low-loss, 
dielectric resonators that improve the filter characteristics by: 

i) reducing the physical dimensions of the filter, 

ii) avoiding the problems associated with unequal even- and odd-mode phase 
velocities for coupled lines, 

iii) improving the temperature stability with appropriate dielectric materials, 

iv) achieving narrowband characteristics while maintaining a low insertion loss. 

To achieve a narrowband characteristic for a band-pass filter, there must be a resonant 
circuit that is able to store electromagnetic fields with a minimum of loss of energy 
within the resonator, i.e. a cavity with a high unloaded quality factor, Q L • By 
definition (see e.g. [10.20]) 

_ total energy stored 

_ energy dissipated per radian at resonance (10.2) 

This is the most general definition of Q. For the special case of a single resonance, Q 
becomes the reciprocal of the fractional bandwidth, as in (9.48). The energy 
dissipation is internal to the composite resonator structure for Q y calculations and 
may include contributions to the loss from the electric fields in the resonator and 
lossy substrate and the current flow in the ground plane. The external Q, Q E , is 
calculated in terms of the energy dissipation external to the composite resonator 
structure and is generally determined by all the coupling mechanisms from the feed 
lines into and out of the resonator. The loaded Q, Q L , takes into account all causes of 
energy dissipation and is given by 

J L + J_ 

Q l Qu Qe (10 - 3) 


I 
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Figure 10.13 Magnetic field coupling between a cylindrical dielectric resonator in the 
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With a low-loss dielectric material forming a resonator that contains the majority of 
the stored energy, Q (J = (tanS) -1 . If Qu is sufficiently high, then Q L is almost entirely 
determined by the coupling factors between the outside environment and the 
resonator. 

The general measurement of Q is described in microwave terms by Sucher 
[10.21] while the determination of Q, specific to the use of dielectric resonators with 
microstrip lines, is given by Khanna and Garault [10.22]. 

Dielectric resonators for microstrip circuits take the form of short lengths of 
circular or square cross-section dielectric waveguide, with the cross-section placed 
either on or parallel to the substrate. The situation where the resonator is separated 
from the substrate by a low-loss, low permittivity, spacer is illustrated in Figure 

10.13. As with all transmission line and waveguide resonators there will be an 
infinite set of resonant modes, each having a resonant frequency that depends on the 
geometry. The lowest order circular-symmetric mode (TEg U ) in a circular cross- 
section resonator is normally used. This mode is the one that is illustrated in Figure 

10.13, where it is seen that the electric fields are parallel to the substrate surface and 
that the magnetic field pattern for the resonant mode has components that are suitable 
for coupling to the magnetic fields of the TEM wave on the microstrip line. 

The resonant frequency is influenced by many parameters that include the 
geometry and permittivity of the resonator, the dielectric spacer (if present) and the 
substrate, as well as the proximity of the ground plane and shielding enclosures that 
may be required to prevent radiation from the high intensity fields in the unshielded 
resonator. 

Measurements by Day [10.23] on various Ti02, e r =85, resonators on 
0.635 mm alumina substrate are shown in the form of a mode chart in Figure 10.14. 
The usefulness of this mode chart is limited by the fact that normally (D/L) > 2.5 for 
small height resonators, where D and L are as defined in Figure 10.13. It does, 
however, show that the TEqh mode of Figure 10.13 has the lowest resonant 
frequency when (D/L) 2 > 1.86. For any other resonator material, with a relative 
permittivity e r , the mode chart may be used in conjunction with 



(10.4) 
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Figure 10.14 Cylindrical dielectric resonator design chart, based on results for e r = 85 
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frequency is f r . 


to give an initial estimate of the resonant frequency, f^. 

Temperature stability 

The selection of low -loss compound ceramic materials, typically Ba m Ti n Op, by 
Tsironis [10.24] has given extremely stable dielectric resonators. These materials 
exhibit either a near-zero temperature coefficient or a small negative value for f r that 
compensates for any positive coefficient changes associated with the energy stored in 
the substrate. The unloaded Q may be increased for these resonators by separating 
them from the substrate with a low-loss dielectric spacer, such as quartz with 
E r = 3.8. The spacer causes a reduction in the magnitude of the fringing magnetic 
fields at the ground plane, resulting in lower attenuation from the induced currents 
that flow in the imperfect conductors. 

Coupling mechanisms 

Magnetic flux coupling between a microstrip line and a dielectric resonator has been 
illustrated in Figure 10.13. The coupling increases as the strip is brought closer to the 
resonator. Further coupling may be achieved by exciting the resonator with a pair of 
lines that are anti-phase driven. Figure 10.15a. This has been used by Iveland [10.25] 
as the coupling mechanism for end elements of a series of resonators that form a 
band-pass filter. Basic band-pass structures are given with the coupling methods in 
Figure 10.15, (b) and (c), the latter being analyzed in detail by Bonetti and Atia, 
[10.26]. Podcameni and Conrado [10.27] used the configuration in Figure 10.15d 
together with other variations in the design of band-pass and reflection (band-stop) 
filters. With this structure, the transmission coefficient between input and output may 
be varied with a change in the position, 9, of the dielectric resonator. Maximum 
transmission is achieved when 0 = 90°. 

Tuning mechanisms 

A conducting surface placed within the fringing fields above the dielectric resonator 
will increase the resonant frequency. The conducting surface may be in the form of a 
plate attached to a screw inserted through a shielding cover plate. The adverse 
thermal characteristics of this technique on the resonant frequency were reduced by 
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Figure 10.15 Coupling structures from microstrip lines to dielectric resonators, (a) 
Coupling to the end element of a series of resonators, from Iveland [10.25] (©1971, IEEE), 
(b) and (c) single-section band-pass filters, e.g. from Bonetti and Atia [10.26] (© 1981, 
IEEE), and (d) variable coupling band-pass filter, from Podcameni and Conrado [10.27] 
(© 1985. IEEE). 


Shimoda et al. [10.28] by attaching a further low permittivity dielectric spacer above 
the main resonator element. Only weak fringing fields will exist at the upper surface 
of this spacer, which is coated with a conducting film. As the conductor is etched 
away from the center of the covering disc, the resonant frequency of the composite 
structure is decreased. 


10.7 MICROSTRIP ANTENNAS 

The ability to construct antennas on the same substrate as other microstrip 
components provides for a simple low-profile structure for radiating elements. All 
forms of radiating structures fabricated on a substrate over a ground plane may be 
classed as microstrip antennas. However, the discussion here will focus on a 
particular type that is also known as a patch antenna. The importance of selecting the 
circuit dimensions and substrate parameters in such a way as to minimize radiation 
and all other unwanted modes of propagation was stressed in the design of microstrip 
circuits, in §4.5. For a microstrip antenna, on the other hand, these radiation effects 
are to be enhanced. 

For radiation away from the antenna, there will be no shielding cover plate and 
hence no problems associated with waveguide cavity modes in an enclosed structure. 
For enhanced radiation, the following design approaches are employed: 

i) Broad low impedance lines are used. 

ii) The substrate height is increased and low permittivity substrate materials are 
used. Unfortunately, these conditions tend to enhance the coupling to surface 
wave modes and thus care must be exercised to ensure that the design remains 
within the surface-wave mode limitations. 
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Figure 10.16 (a) The microstrip rectangular-patch antenna, (b) the electric field distribution 
under the patch, and (c) a typical radiation pattern for the patch near resonance 


iii) Resonant elements are used to increase the field strengths at open-circuit planes 
from which radiation will occur. 

A resonant length of very low impedance line, fed directly from a microstrip 
line, is illustrated in Figure 10.16a. This is an efficient structure in terms of the 
amount of power that may be radiated from a given area. The actual radiation 
emanates from the edges A and B. After making an allowance in the length of the line 
for the fringing fields from the open-circuit plane A, and from plane B where the large 
impedance mismatch also appears as an approximate open circuit, the overall 
resonator length is X/2, where X is the wavelength in the wide microstrip line. 

Consider the typical values of E e fj = 2.0 and X ~ 0.7 Ag. The contributions from , 
sources at A and B to the fields at a far-field point above the ground plane will never 
cancel completely. The radiation patterns may be described in two orthogonal planes, 
each one also orthogonal to the ground plane. Plane P-P is in the plane of the 
section. Figure 10.16b, and Q-Q orthogonal to it. A simplified far-field radiation 
pattern in the plane P-P is illustrated in Figure 10.16c. The finer detail of this 
pattern, especially below the ground plane, depends on circuit parameters such as the 
position of the input line as well as the size of the finite ground plane. Along the 
normal to and above the substrate, i.e. in the broadside direction, the electric field is 
polarized parallel to the length direction of the resonant section of line, i.e. as given 
by the electrical field components (E A and E B ) at the edges of the resonator in Figure 
10.16b. In the orthogonal plane Q-Q, a similar but slightly broader radiation pattern 
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is given if the line wit 
the radiating edges at the open-circuit planes. 

Circular polarization . . 

There is considerable interest in the use of patch antennas for mobile communications 
vifsllellites lf radiation with a circular polarization is used, i.e. a wave where the 
electric field vector has a constant magnitude but rotates with time, the sig a 
received by the patch can be made independent of the physical rotation of the patch 

about the line joining the source and the receiver. .if the 

The basic patch antenna in Figure 10.16a gives a linearly poized 1 wa^ K the 

antenna is made as a square patch, it will support two resonant modes that have 
antenna ... 1 , c.i a --a;-,.;,™ There, are. several techniques for 

orthogonal polarizations for me iai-ne.a raatauo ^ 

exciting both modes, e.g. using a microstrip line feeding one corner of the square by 
incorporating an asymmetry into the patch to couple between the two modes, or by 
excitation from a coaxial feed through the ground plane to a diagonal point 

PatCH A souare patch that has degenerate modes at the one frequency does no more 
than OTOvid^a P inear polarized wave as a combination of the original two linear 
components For circular polarization, the individual plane polarized components 
muT te in time phase quadrature. This is achieved by separating the degenerate 
modes into two uncoupled modes that have closely separated ^“t^Xntte 
rectangular, but almost square, patch will provide this requireme . , 

antenna is used at a frequency between the two resonances, one mode may be dnven 
with the phase of the mode voltage leading the impressed current by 45 while th 
O.her mode voltage lags the impressed current by the same amount, leading to the 
SrSBl. the field patterns of the two modes. A 
bv'carver and Mink [10.29] and the book by Bahl and Bhartia [10.30] desenbe 
analy^^ 1 and experimental design approaches for this and other microstnp antennas 
and are suggested for further reading on microstrip antenna techno ogy. 

EXERCISES 

10.1 Determine the scattering parameter matrix (magnitudes only) for a circulator that, at each port, 

has an input VSWR = 1.2, transmission loss = 0.5dB and isolation 20 . 

10.2 The circulator in the previous problem is used as^an isolator 
(VSWR = 1.05) connected to port 3. A load, with a VS 
Calculate the maximum input VSWR that can occur at port 1. 

10 3 Estimate the dimensions of a cylindrical Ti0 2 dielectric resonator e r = 85 in the TE 0U m e 
on an alumina substrate, if D = 1.5 L and the resonant frequency is 10.0GHz. 

10 4 Design a broadband power divider with a power-split ratio of l.OdB. 

10.5 Estimate the two lowest resonant frequencies of a rectangular patch antenna, 48 mm * 50 mm 
on a 1.5 mm thick substrate. For the substrate, e r - 2.5. 
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cflen Active circuit 
U characterization 


11.1 INTRODUCTION 

Active devices are embedded in microstrip lines to form functional circuits, each with 
their appropriate source and load. The aim of this chapter is to study the 
characterization of active two-port networks so as to establish the requirements that 
the design process imposes on the microstrip interface networks. 

Very often the power gain has to maximized. However, when referring to 
power gain it is necessary to be more precise, as a number of different power gains 
may be defined and each has its own properties, significance and use. This is 
explored in §11.2. The case when the conjugately matched condition is satisfied 
simultaneously at the input and output is of considerable importance and is dealt with 
in §11.3. As the simultaneous conjugate matched condition is only meaningful if the 
two-port network is absolutely stable, stability is considered in §1 1.4. Power gain 
formulae for some important cases are given in §11.5, and §11.6 deals with two-port 
noise characterization. The chapter concludes with a discussion of design options. 

Active two-port design involves many other considerations, e.g. non-linearities, 
bandwidth and parameter sensitivity, in addition to those included in this chapter. As 
a comprehensive exposition of amplifier and oscillator design is not the purpose here, 
the reader is presented with a number of important active two-port properties in a 
reasonably self-contained manner, showing how they reflect on microstrip circuit 
design. For a more complete treatment, the reader is referred to the references 
[11.1-11.5]. 


11.2 POWER GAINS 

Consider the two-port network that is connected to a source and a load, as shown in 
Figure 11.1. The figure illustrates the power flow for the network. The actual power 
flowing into the input is Pj n , while P out is the power actually absorbed by the load. 
Two other powers are needed, namely Pav s > l be available power from the source, and 
p av 0 , the available P° wer from the out P ut of the two 'P ort network. Naturally, 

p av s - ^in an d p av 0 - Pout- 
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Three power gains are now defined as follows: 
G d = (Ordinary) Power Gain = 

G t = Transducer Power Gain = 

G a = Available Power Gain = 


Pout 

Pin 

Pout 

Pav s 

Pav 0 

p av s 


( 11 . 1 ) 


The commonsense power gain is Gp, simply giving the ratio of power out to power 
in. In some texts, e.g. Gonzalez [11.1], this gain is referred to as the operating power 
gain. However, the transducer power gain is the most meaningful power gain from a 
physical point of view. It gives the ratio of the power that is actually delivered to the 
load to the power that could be delivered anyway to the load from the source by 
purely passive matching techniques. P aVs can always be extracted from a source by 
tuning out the source reactance and using a transformer to match the source resistance 
to the load. If the load is receiving less power than P av s . the two-port network is not 
providing any useful amplification. 

The available power gain is always used in the context of noise characterization. 
Many of the noise performance formulae are then considerably simplified, as the 
mismatch factors between a source and a load are taken care of automatically. 

The power gains for any particular two-port network exhibit the following 
properties: 

i) Gp depends on Z L (T L ), but not on Z s (T s ), 

G a depends on Z s (T s ), but not on Z L (T L ), while 
G t depends on both Z s and Z L 

ii) G a > G t , G p > G t (11.2) 


11.3 SIMULTANEOUS CONJUGATE MATCHING 

The equality signs in (1 1.2) apply when there is conjugate matching at the output and 
input respectively. When there is conjugate matching at both the output and input, 



i 
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this is known as simultaneous conjugate matching ( s.c.m .) and 

G a = G t = Gp = G max (113) 

where Gmax ‘ s the largest value that any of the three power gains can possess. It is 
obvious that the three power gains, as they are defined in (11.1), are equal under 
s.c.m. However, a formal proof that they are also equal to the maximum gain that 
any of them can possess is required. Consider the differences in the way that 
maximum power flows are achieved at the input and output. At the output, it is the 
load that is adjusted to fit in with a fixed source as seen by the load. On the other 
hand, at the input it is the source that is adjusted for a fixed load as seen by the 
source. With a variable impedance source and a fixed load (Figure 11.2), maximum 
power into the load is not achieved when Z s = Z^, but is obtained when 
Z s - Q-jlmiZ-J). Thus, it is not immediately apparent that simultaneous conjugate 
matching gives the maximum power gain, but surprisingly (1 1.3) is nevertheless true. 
This will now be proved by contradiction. 

Proof 

Let G' be the value of G a = Gp = G t under s.c.m., assuming that G max 
occurs at other than s.c.m. conditions. The largest of the maxima of 
G a , G t , Gp (denoted by G am , G t[n , G pm , respectively) must be greater than 
G' and, in view of the inequalities above, it is either G am or Gp m that is the 
largest maximum. Let us assume that it is G am that is in fact the largest 
maximum and thus that G am > G' . Since G a = G' under s.c.m., G a = G am 
must occur with a Z s other than that required to give s.c.m. Let us denote 
this particular Z s by Z Sm . Let us now select Z L to conjugately match the 
output when Z s = Z Sm . This will make G, = G a , but we will still have 
G a = G am , since G a does not depend on Z L . Thus we will have G, = G am . 
However, because the input is not conjugately matched, we will have 
Gp > G t . That is, there is a value of Gp > G am . This contradicts our 
assumption of G am being the largest maximum. 

A similar contradiction results if we assume G pm to be the largest 
maximum. Hence, (11.3) has been proved. 

Q.E.D. 

Note 1 

In view of the result in Exercise 11.1, simultaneous conjugate matching is implied by 
conjugate matching at either port for a lossless reciprocal network. 



Figure 11.2 A variable source and a fixed load 
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Note 2 .... i 

In the proof, we have implicitly assumed that the two-port network is absolutely 
stable. If the two-port network is potentially unstable, i.e. there exist passive source 
and load terminations that may cause the network to oscillate, none of these power 
gains achieves stationary values with passive source and load terminations and 

Gmax -» °°- 

Note 3 . , 

When referring to the maximum power gain, it is superfluous to specify it as the 
transducer, available or ordinary power gain, as all of these maxima are the same. 

11 .3.1 Simultaneous conjugate matching in the genera! case 

When the two-port network is absolutely stable, passive r s and r L exist to achieve 
simultaneous conjugate matching. Their values are denoted by r s (opt) and r L (opt) 
respectively and are given [ 1 1 . 1 ] in terms of the two-port scattering parameters by 


r s (opt) = 


r L (opt) = 


B, - (B, 2 - 4|CiP) 
2Cj 

B 2 - ( B 2 ~ 4|C 2 | 2 ) 1/ 


where Bj = 1 + |sj| 2 - |s 0 | 2 - |A| 2 

B 2 = 1 - |si| 2 + |s Q | 2 - |A| 2 
Cj = Si - SqA, C 2 = s 0 - s*A and A = sis 0 -s r s f 

11.4 STABILITY CONSIDERATIONS 


In principle, the same techniques that are used to determine the stability of feedback 
amplifiers at lower frequencies could also be used at microwave frequencies, if an 
accurate equivalent circuit is available. Because of the necessity of including the 
package parasitic elements and various high frequency corrections to the equivalent 
circuit, the application of such techniques as the Nyquist and Bode criteria result in 
excessive complexity and it is preferable to determine stability in other ways. 

If negative real parts in the input and output impedances are found when the 
network is terminated with real loads and sources respectively, then an oscillator can 
be constructed by tuning out the reactance at the appropriate port and terminating the 
port with a positive resistance, equal in magnitude to the relevant negative real part. 
If an oscillator can be constructed in this manner, the two-port network is potentially 
unstable. Potential instability does not mean that the two-port network is always 
unstable, but only that that there exist some combinations of passive load and source 
terminations for which it will oscillate. 
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Even though the presence of a negative real part implies instability, the converse 
is not true, as it is possible to have an oscillation even with positive real parts for the 
input and output impedances [11.6]. For example, such a situation can arise in 
multi-stage amplifiers with positive input/output resistances for the overall 
configuration, but with an oscillation produced by an inter-stage instability. 
However, the case of instability with positive real parts is not likely to be important in 
single-stage amplifier design and is frequently ignored. The reader is referred to 
Woods [11.6] for a thorough treatment of this point. The stability criteria that now 
follow in this section are all based on the requirement for a positive real part of the 
port immittance when there is a real termination on the other port. 

Negative real parts in the input and output immittances imply that | Tj n | >1 and 
j r ou . | > 1 respectively. It turns out that the regions of F L values that produce 
I I'm I > 1 and j Fj n | < 1 are separated by a circle in the T L plane. Similarly, a circle 
separates the regions for T s producing |r ou t| > 1 and [r out | < 1 . Thus it is possible 
[11.1] to draw stability circles on the Smith Chart as follows: 


For stability circles that do not enclose the Smith Chart origin, which is the case 
illustrated in Figure 11.3, 


|rinl<l 

if | Si | < 1 

and 

or if |sj| > 1 

and 

l^outl < 1 

if | s 0 1 < 1 

and 

or if |s 0 | > 1 

and 

where 

SgA* - 

iL_ 

Cs - - 

kl 2 

and 

SiA* - 

f-t 1 

So 

L ~ IAI 2 - 

l s o| 2 

r L locations 

for stability/instability 


r L falls outside the circle (C L ,R L ) 
r L falls inside the circle (C L ,R L ) 

r s falls outside the circle (C s ,R S ) 
r s falls inside the circle (C S ,R S ) 

* _ H s r 

~ 1a|2 , ,2 


are illustrated in Figure 11.3. There is a 


SfS r 

I A | 2 - |s;| 2 
s f s r 

I A | 2 - |s 0 | 2 




Figure 11.3 Stability circles in the T L plane, showing the unstable region as the shaded area 
of the plane. Illustrated is the case of the stability circles not enclosing the origin. 
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corresponding set for r s locations. For practical loads that exist within the unit circle, 
the hatched areas correspond to those loads that produce | Tin! > 1 

An easy way to remember whether the inside or outside of the stability circle is 
the stable region is to make use of Equations (2.24). For example, since a matched 
load (T L = 0) at the center of the Smith Chart makes r; n = sj, the center of the Smith 
Chart will correspond to a stable load if j Sj | <1 and vice versa. This rule will also 



show which region will be the stable region in the case when the stability circles do 


enclose the origin. 


1 1 .4.1 Unconditional stability 

Absolute, or unconditional, stability will clearly result if both input and output 
stability circles lie outside the unit circle on the Smith Chart. Remembering that the 

origin for the T s and r L planes is at the center of the Smith Chart, then for 

unconditional stability 

I Sj | < 1 and |C L | > R L + 1 

as well as |s 0 | < 1 and |C S | > /J s +1 (11.6) 


1 1 .4.2 Other formulations for stability 

Other expressions that give necessary and sufficient conditions for unconditional 
stability, except in Case (2a) where the conditions are necessary but not sufficient, are 
given below. From [11.1, 11.6], they are written in terms of the stability factor, K, 
where 

K = 1 ~ l s il 2 ~ l s ol 2 + 1 A I 2 

2|s f s r | (11.7) 

The conditions are 


1. 

K 

> 1 

and 

|A| 

< 1 




2. 

K 

> 1 

and 

1 - 

kl 2 

> |SfS r | 







1 - 

|s 0 | 2 

> 1 Sf s r 1 



(2a) 

K 

> 1 

and 

|Sil 

< i, 

|s 0 ! < i 



3. 

K 

> 1 

and 

Bt = 

= i + 

kl 2 - Uol 2 - 

- | A | 2 

> 0 

4. 

K 

> 1 

and 

b 2 = 

= i - 

kl 2 + l s ol 2 - 

- | A | 2 

> 0 


When the two-port network is potentially unstable, a formal substitution of the 
s-parameters in (11.4) will lead to source and load impedances with negative real 
parts. Thus 


Potential instability => | f s (opt) | > 1 and/or | T L (opt) | > 1 
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1 1 .4.3 Stabilization techniques 

In principle, an unstable two-port network may be stabilized with the same techniques 
that are used in feedback amplifiers at lower frequencies. However, the complexity of 
the feedback paths in a typical active device chip at microwave frequencies makes 
this approach impractical. It is preferable to tackle the stabilization problem by 
treating the two-port network as a "black-box", using only the information provided 
by its two-port parameters. 

The only way that instability can arise in a unilateral two-port network, defined 
in §2.1.6 as one where s r = 0, is if either |si| or |s 0 | is greater than unity. On the 
other hand, if |sj| and |s 0 | are less than unity, instability can arise if there is 
feedback from output to input. Absence of this feedback with s r = 0 can ensure that 
there is no instability. One way of stabilizing a two-port network is thus to 
deliberately unilateralize it with feedback elements, provided that | s, | , | s D | remain 
less than unity. In general this cannot be achieved over a broad band of frequencies, 
in which case neutralization could be attempted with s r being minimized as far as 
possible over the frequency band. 

Another stabilization technique is that of loading the input and output. Intuition 
tells us that with sufficient loading any oscillation could be damped out, as long as the 
source of oscillation is accessible for loading. Mathematically this is best seen with 
the stability criterion expressed in terms of y-parameters as Llewellyn’s stability 
criterion [11.7], namely 

gi > 0, g o >0 and gig 0 > ylyfyrK 1 +cos0) (11.8) 

where g = Re(y) and 0 = /yfy r 

A simple proof of (11.8) will be found in [11.8], Parallel-resistance loading of the 
input or output effectively increases g; or g G respectively, as is clearly seen from the 
y-parameter equivalent circuit in Figure 2.19. With sufficient loading, which in the 
general case may require loading both the input and output, the stability requirement 
can be satisfied. The dual expression of (1 1 .8) in terms of impedance or z-parameters 
shows that stability can also be achieved by series-resistance loading. However, one 
should not construe that in any particular case series or parallel loading are equally 
effective for stabilization. Among the reasons for this, one is related to the question 
of whether a negative resistance is effectively part of a series- or parallel-resonant 
circuit, as discussed further for oscillators in §11.7. Another, but in fact related, 
reason could be due to the possibility of instability, even with positive real parts of 
immittances. Finally, it should be noted that two-port networks could be envisaged 
where stability would not be achieved with any degree of loading. 

By referring again to Figure 2.19, it can also be seen that parallel-resistance 
loading of the input or output does not alter yf or y r and thus, in view of the result 

H _ yf 

s r y r (U-9) 

as presented in Exercise 2.10, Sf/s r is not affected by parallel-resistance loading of the 
input or output. The significance of this result will become clear later in §11.5.2. 
Similar arguments show that Sf/s r is also independent of series-resistance loading. 



Many power gain formulae are in general quite complicated. However, in some 
circumstances of practical importance they are either simple or can be presented in a 
simplified manner. Sample proofs of selected formulae are given as Examples U 
and 11.2 below. These two examples adopt a physical approach as preferred by tne 
authors to the proofs found in other texts, which are based on the manipulation of 
equations, possibly with the help of signal flow graphs. Proofs of some of the other 
formulae are set out as exercises at the end of the chapter. 


1 1 .5.i The matched condition 

For the matched condition, T s = r L = 0 , giving 

G t = |s f | 2 


(11.10a) 


G p - 


|s f | 2 

1 - Isil 2 


(11.10b) 


and 


G„ = 


kl 2 

1 - Uol 2 


(11.10c) 


Example 11.1 

Prove that with r s = r L = 0, the transducer power gain G t = |s f | as given in 
(11.10a). 


Solution: 

The source driving the two-port network is characterized by a s , I s as in §2.1.4 
and §2.1.5. The incident and reflected waves at the input, a! and b 1( are seen 
from (2.17) to be related as follows: 

a t = a s + r s b. 


When r s = 0, then a s = a! and, from (2.22) 


av s 


l- |r s 


= I a i 1 2 


The incident and reflected waves at the output are a 2 and b 2 respectively. 
r L = 0, then a 2 = 0 and, consequently, P out becomes l^j . Thus 


G, = 


lb,! 2 

I a i 1 2 


When 


Since T L = 0, b 2 /a t = Sf by definition. Hence 

G, = |s f | 2 


i 


Q.E.D. 
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1 1 .5.2 The unmatched condition 


For the unmatched condition, T s and r L have arbitrary values. Following the 
presentation of formulae by Gonzalez [11.1], the formulae for power gains may be 
written as follows: 


written j 

as follows: 

G, = Ysl s fl 2 °L 

(11.11a) 

or 

G t = <^s 1 s f | 2 Yl 

(11.11b) 


|sf| 2 

P = 1 - l r inl 2 ° L 

(11.11c) 


where 


1 - |Eoutl 2 


1 - l r sl 2 

|i - r in r s | 2 ’ 


i - ir L | 2 

1 1 - r out r L | 


( 1 1.1 Id) 
(11.12a) 


and 


<*s 


1 - l r s| 2 
|1 - SiE s | 2 ’ 


o L 


i - |r L | 2 
|i - s 0 r L | 2 


(11.12b) 


Example 11.2 

Prove that, for arbitrary T s and r L , the transducer power gain G t = o s |s f | Yl as 
quoted in (11.11b). 


Solution: 

This result will be proved by starting with arbitrary (T s , T L ) and then replacing r L 
and r s in turn by matched loads. It will be shown first that 

G t (r s ,r L ) = G t (r s ,o)Y L (11.13) 


and then that 

G t (r s ,0) = a s |s f | 2 

= o s G t (0,0), from Example 11.1 


In the general case, G t (T s , T L ) may be wntten as 


G t (T s ,r L ) = 


‘out 


1 av s 


|b s r 


‘out 


r av s 


|b s | 2 


(11.14) 


(11.15) 


where be is a traveling wave characterizing the two-port output in the same way 
that a, characterizes the source, i.e. b s is the traveling wave that would be 
launched by the two-port output into a matched line. It is denoted as a b wave 
because it is traveling in the reflected direction from the output of the two-port 
network. 

Referring to the result 

i-|r Y | 2 = Jl_ 

; |i-r x r Y | 2 ! a sl 2 


(11.16) 
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Figure 11.4 A two-port network, (a) with an arbitrary source and load, and (b) with the 
load in (a) replaced by a matched load 


that is to be proved in Exercise 11.4, the quantities in (1 1.16) are now interpreted 
in terms of the quantities at the output in Figure 11.4a. Thus, letting T x - r out . 


l' L , a$ = b$ and P L — Pouf makes 

Pout = i-irj 2 
I b s | 2 |i-r 0Ut r L | 2 


(11.17) 


Now, moving from Figure 11.4a to Figure 11.4b by replacing r L with a matched 
load (i e. T L = 0), b s at the two-port output is unaltered, as the waves that would 
be launched into matched lines by the outputs of Figures 1 1 .4a and 1 1 .4b will be 
the same. However, because of the matched load in Figure 1 1 .4b, b s - b 2 and 
thus P out = |b 2 | 2 = |b s | 2 . The term |b s | 2 /P aVs (11.15) is thus seen as the G t 

for the circuit in Figure 1 1.4b, i.e. 

= Gt(rs ’ 0) (1118) 

Substituting (11.18) and (11.17) into (11.15) completes the first stage of the proof 
and gives (1 1.13), namely 

G t (r s , r L ) = G t (r s ,o)Y L 

Remaining with Figure 11.4b 

|bj| 2 J_ a i i 2 . . Ib2i 2 

Gt(rS ’ } P aVs Pav s i^l 2 (11.19) 

Referring this time to the first equation in Exercise 11.4, the quantities are 
interpreted in terms of those at the input of the two-port network in Figure 1 1 ,4b. 
Remembering that the output in Figure 11.4b is a matched load makes r Y = s;. 
For the other terms, T x = r s , a s is unaltered and P aVs is the available source 
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power in both cases. Hence 

la,! 2 = i-|r s | 2 = ^ 

Pav s 1 1 ~ Si T s | 2 s ( 11 . 20 ) 

Again, since r L = 0, b 2 /a l = Sf, so that (1 1.19) now becomes 

G t (r s , 0) = o s |s f | 2 (11.21) 

This completes the proof of the second stage, i.e. (11.14), and thus (11.1 lb) has 
been proved. 

Q.E.D. 


With unconditional stability, G t (max) may also be expressed [11.1] in terms of the 
stability factor as 


Sf 

* 

1 

1 

Sr 

l J 


G t (max) = 

Setting K = 1 for the limiting case of unconditional stability gives 
G t (max) = ^ ^ I 


( 11 . 22 ) 


(11.23) 


Input/output resistive loading alters K without changing sf/s,, as explained in 
§11.4.3. Thus (11.22) shows that if a two-port network is stabilized by resistive 
loading of input/output, then the maximum power gain that can be achieved with no 
possibility of instability is given by (11.23). |sf/s r | is thus called the maximum 
stable gain and is one of the figures of merit for an active two-port network. 


1 1 .5.3 The unilateral case 

For the unilateral case, where there is no feedback from the output to input in the 
two-port network, s,- = 0 and the equations (11.11) reduce to 
G tu = o s |s f | 2 o L 

r l*fl 2 JT 
° P U " 1 - | Si | 2 L 

lsf| 2 


° au ° S 1 " I s 0 | 2 (1124) 

In the unilateral case, simultaneous conjugate matching is achieved with F s = s,* and 
P L = So . giving 

G tu (max) = G pu (max) = G au (max) 

bf|f 

(1 - |si| 2 )(l - |s 0 | 2 ) 



(11.25) 






260 Chapter 1 1 

In terms of y-parameters, G, u (max) is given by 

|y f | 2 

G, (max) = -P — where g = Re(y). 
tu 4gjg 0 
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(11.26) 


as proved in Exercise 1 1 .6. 

If the unilateral case is assumed even when s,- is non-zero, as in the unilateral 
approximation, then the maximum error for the transducer gain will be bounded 
within the range given [1 1.9] by 

1 _ G t ^ 1 


(l+u) z <J tu (l-u) z (11.27) 

, |SjS r SfS 0 | 

W ere U = (1 - IsiPKl - |s 0 | 2 ) ( 11 . 28 ) 

provided that |r s | < |si|, |F L | < |s 0 | and |si|, |s 0 | are themselves <1. In 
particular, (11.27) is valid when G tu (max) is evaluated, as then | F s | = | s A | and 

|r L | = |s 0 |. 


(11.27) 


(11.28) 


1 1 .5.4 Some further considerations 

Mason’s U-function is defined in terms of y-parameters as 
r, _ lyf-yrl 2 

4 (gj go — 8f Sr) (11.29) 

The activity or passivity of a network is determined by this function. For activity and 
the possibility of instability, in the case of gj and g Q > 0, U > 1 . A simple proof of 
this criterion is give by Jorsboe [11.10]. The condition U = 1 determines f ma x’ 
maximum frequency of oscillation of a two-port network. f max is a fundamental 
performance parameter of a high frequency transistor. For a unilateral network 

U = -IMl 

4g igo (11.30) 

which will be recognized as the G tu (max) in (1 1.26). 

U also has the property that it is invariant under lossless reciprocal embedding 
[11.7] so that, if a network is unilateralized with lossless reciprocal elements, its U- 
function is not altered. Thus, U is the maximum power gain of a network, after it has 
been unilateralized with lossless reciprocal elements. One practical implication of 
this property is that, in calculating U, it is not necessary to worry about the package 
parasitics of an active chip. 


11.6 NOISE CHARACTERIZATION 


In a typical amplifier cascade, the first stage is designed for a low noise performance, 
the middle stage for high gain and the final stage for the output power level. The 
lowest noise temperature for the first stage is achieved when it is driven by the 


appropriate source impedance. The source impedance that optimizes noise 
performance is in general quite different from that required for best gain but, unless 
the gain is exceedingly low, problems are not encountered. 

The characterization of a noisy two-port network in terms of traveling wave 
quantities has been developed by Meys [11.11]. The noise temperature T n of a two- 
port network as a function of the source reflection coefficient F s is given [11.11] by 


-no + 4T s z 0 i _ |r s |2 |i + r 0 | 2 (11.31) 

where T n0 , R n and T 0 are noise parameters that characterize the two-port network, Z 0 
is the characteristic impedance with respect to which F s and F 0 are defined and T s is a 
standard temperature, typically 290K, and is part of the definition of R .. . Rn is 
always positive and thus the term added to T n Q is also always positive. This term 
achieves its minimum value of zero when T s = r 0 , in which case T n = T n0 . Thus T n g 
is the minimum noise temperature of the two-port network and is achieved when the 
source has the optimum source reflection coefficient equal to Tq . Starting with a 
given source impedance typically matched to the line, the designer must convert it to 
r 0 following the approach given in §6.11. 


(11.31) 


11.7 DESIGN OPTIONS 


A two-port network that is absolutely stable is considered first. If gain is the primary 
consideration, a design for maximum power gain proceeds by choosing r s (opt) and 
r L ( 0 pt) from (11.4), to give simultaneous conjugate matching. The design 
calculations are simplified if it is assumed that Sj = 0. This is known as the unilateral 
approximation. The inequality (11.27) may be used to check the maximum error that 
might result from this approximation. 

Given that matched loads are normal for the source and load terminations, the 
design problem is to derive appropriate matching networks that transform them to the 
desired terminations r s (opt) and r L (opt). The approach in §6.11 may be used for this 
purpose. Other values of T s and I' L will be sought when the two-port network is 
potentially unstable, but again the given matched loads are transformed via matching 
networks to the T s and r L required. The same matching techniques may also be 
employed in low-noise design where a specific T s is again required to achieve 
optimum noise performance. 

If the two-port network is potentially unstable, simultaneous conjugate matching 
cannot be achieved and the maximum gain approaches infinity. Now, either an 
attempt may be made to stabilize the network, say as described in §11.4.3, or the 
potential instability is retained but the unstable regions are avoided by a suitable 
choice of T s and r L . Stability is assured if neither T s nor T L enters the instability- 
causing region as defined by the stability circles of §11.4, as then both |r out | and 
| Tj,, | are less than unity. 

That input and output loading can produce stabilization was seen in §11.4.3 
from (11.8). Whether this loading is regarded as a part of the load or as a part of the 
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two-port network itself does not alter the physical fact of the loading. If this loading 
is made a permanent part of the two-port network itself, then the resultant two-port 
network can be made absolutely stable, irrespective of what additional terminations 
the source and load may present. One important advantage that accrues if the two- 
port network is permanently stabilized is that the conjugately matched condition can 
be achieved at both the input and output. In view of the result in Exercise 11.1 and as 
also discussed in §2.1.5, this implies that with suitable lossless matching circuits a 
matched two-port network can be obtained. This is not possible if the two-port 
network is potentially unstable and the unstable regions are merely avoided. On the 
other hand, stabilization by loading the input or output will produce a reduction of 
gain and may be detrimental to other design aims. 

The design process is helped by noting that terms of the form (11.12b) give 
circular loci on the Smith Chart. If 

q = 

1 1 - sT| 2 (H-32) 

then, in the complex F plane and with s constant, points that produce the same G lie 
on a circle with center C and radius R, given [1 1.1] by 


C = 


G s* 


1 + G |s| 2 (H.33) 

V(l-G) + G|s| 2 

1 + G | s | 2 (11-34) 

The loci for different values of G produce nested circles as illustrated in Figure 1 1.5 
with the centers on the line between s* and the origin. The maximum value of G 


and 


R = 


f 

-=) 



Figure 11.5 The loci of the normalized gain function, G, plotted in the T- plane for 
s = 0.7 /150° . When f = s*. G is a maximum. In this case, G(max) = 1.961 . 


* 
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occurs when T = s*. It is also interesting to note that the circle for G = 1 passes 
through the origin, i.e. T = 0 — > G = 1. 

Nested circles in the T s plane are also a feature of noise characterization. It will 
be noted that the term that contains the variable T s in (11.31) can be re-expressed as 
follows: 


N 


I r s ~ r o 1 2 
1 " l r sl 2 


l r ol 2 


1 1 - ( i / r 0 )r s | 2 

1 - l r sl 2 


(11.35) 


This equation is the reciprocal of the term of similar form on the right hand side of 
(11.32). Thus loci of constant T n are also circles in the T s plane. Their centers and 
radii can be obtained after appropriate variable transformations from (11.33) and 
(11.34). With N defined in (11.35), the center C N and radius R N for constant N 
become [11.1] 


1-n 


Jo_ 

1 +N 


(11.36) 




a/n 2 + N( 1- IFqI^) 
1 +N 


(11.37) 


Oscillator design at microwave frequencies is also considered from the two-port 
network point of view, rather than from an analysis of the positive feedback paths as 
at lower frequencies, because of the complexity of the equivalent circuits when all the 
required parasitic elements are included. The condition r s Fj n =l must hold if 
steady-state oscillations exist in a two-port network that is terminated by passive 
terminations, F s and T L . This condition follows from the fact that with steady-state 
oscillations present, the wave reflected from the input becomes the wave incident 
upon the source and the wave reflected from the source is the wave incident upon the 
input. As |T S | < 1, it follows that |rj n | > 1. As is to be shown in Exercise 11.7, for 
| Sj | and |s 0 | less than unity, r s Fj n = 1 also implies r L ^out - i and vice versa. The 
condition | | >1 may be due either to the inherent instability of the two-port 

network or, if the two-port network is absolutely stable, to the potential instability 
deliberately introduced by incorporating feedback into the two-port network, for 
example through an inductance in the source lead of a FET in the common source 
configuration. Once | Ti n | >1 has been achieved, then an appropriate T s must be 
presented to the two-port network. 

While the condition for steady-state oscillations is F s Fj n = 1, the requirement 
for the growth of oscillations cannot be expressed in terms of these parameters. Some 
sources state that for oscillations to build up from noise disturbances, | T s rj n | must 
be greater than unity, but this is not correct. Even if there is a growth of oscillations, 
|r s r in | can be made less than unity by an appropriate choice of characteristic 
impedance. For example, if Z 0 were chosen to equal a real Z s , T s would be zero, 
giving | r s Fj n | =0 irrespective of whether or not Z s allows growth of oscillations. 
The condition for growth of oscillation must be expressed in terms of immittances, 
either as 


f 


, Re(Z s ) + Re( Zjn) < 0 


(11.38) 
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for a circuit that is effectively series resonant, or as 

Re(Y s ) + Re(Y in ) < 0 (n 39) 

for the parallel-resonant case. Whether a series- or parallel-resonant condition exists 
cannot be determined from the two-port properties at a spot frequency. The behavior 
of the two-port network over a range of frequencies must be determined. 

M i i ^ r e / e ff/, iS / e ^ err ? d the referenc es at the end of this chapter, in particular 
11 1.1, 1 1.4, 11.5], for further details on the design processes. 

Example 11.3 

IOGhT the fOll0Wing Set of typical scatte ring parameters for a bipolar transistor at 

Sj = 0.6 /- 100° s r = 0.04 /33° 

Sf = 5.0 /110° s o = Q,g /_ 3Q° 

Design a stable amplifier with a transducer gain that is greater than 14dB. 

Solution: 

The maximum transducer gain that may be achieved with the unilateral 
approximation is 

G t u (max) = 108 .5 Oe.20.4dB) from (11.25) 

This will be achieved when 

r s = sj* = 0.6 /+ 100° 

and r L = s * = 0.8 /+30 0 

Provided that the stability conditions are met, this gain will be more than 
adequate as it gives a 6.4dB margin over the 14dB specification. To check for 
stability, the stability factor K is calculated as 

K = 0 651 from (11.7) 

Since K < 1 the two-port network is thus potentially unstable and the 
construction of stability circles is required. These circles are now plotted on the 
mith Chart, on which it will be observed whether the source and load 
impedances are within or close to the unstable regions. In the T s plane 

C s = 2.76/135^ and R s = 2.01 from (11.5) 

Likewise in the T L plane 

C L = 1-40 /43° and R L = 0.53 

d £ le * ar f P lotted Figure 11.6, the figure being interpreted as 
either the T s or the T L plane as appropriate. Since | s, | and | s 0 J are both less than 
mty the center of the Smith Chart corresponds to the stable T s and f, regions 
and the regions to be avoided in choosing T s and T L are contained within the 
stability circles. 

ft is seen that both Sj* and s * lie in stable regions, but somewhat close to the 
limits of stability. As the true transducer gain G t approaches infinity when a 
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nnfJihuil 6 - A • S1 '! gle r - St: ! ge am P lifier design from two-pon parameters, showing the 
unstable region in the T s plane together with the circles of gain degradation in dB about s* 
Corresponding plots are also given in the T L plane. 1 

stability circle is approached, G tu (max), which is finite, would not be expected to 
be an accurate approximation to G t when s* and s 0 ‘ are close to the stability 
boundary. To check the validity of the G tu (max) approximation, u is now 
calculated to give 

u = °- 42 from (11.28) 

^ (IT^ ^ " 3 -° dB> =* 4 - 2dB from (11.27) 

That is, at T s = Sj* and C L = s^ , G tu (max) may differ from G t by as much as 4.7dB. 
If so desired, G t may actually be calculated using (1 1.1 la) or (1 1 .1 lb). 

ft is not desirable to work close to the stability limits as the gain will then be 
very sensitive to parameter changes, ft is better either to choose new values for 
T s and r L that are much farther from the stability limits or to make the transistor 
absolutely stable and design for the G, u (max) of the new two-port network. In 
either case a reduction of gain will result, but there is a sufficient gain margin in 
the 6.4dB value calculated earlier. 

Gain circles are now constructed using (11.33) and (11.34) to indicate 

i 




266 Chapter 1 1 


graphically the gain degradation from G tu (max) that will be caused by choosing r s 
and r L other than s* and Sq . These circles are also indicated on Figure 11.6 and 
are drawn for gain degradations of 1, 2 and 3dB. Probably a gain degradation of 
about 2dB could be tolerated in this case. A r L of 0.35 /20° is approximately at a 
point furthest removed from the stability limit and on the 2dB gain degradation 
circle. This T L may be obtained from s£ by adding a normalized shunt 
conductance of 0.37 (i.e. =» 1 35 Q) together with some shunt susceptance. 

Rather than choosing the new T L for a 2dB gain degradation, a design will 
now be carried out that achieves absolute stability by connecting an admittance 
Y' in parallel at the output. The 135(2 value just calculated is used as a guide to 
the choice of Y'. If absolute stability is achieved then, as explained earlier, 
simultaneous conjugate matching will be possible, with the consequence that 
good impedance matching to matched loads at both the input and output will be 
possible. With Y' connected in parallel, the new scattering matrix [S'] may be 
calculated with the formulae of Exercise 1 1 .8. 

With Y' of 1/(1350) made a permanent part of the two-port network, the 
gain degradation will be more than 2dB, because the power dissipated in Y' is no 
longer power dissipated in the load but is now lost within the two-port network. 
To partially compensate for this, a smaller value of Y' will be chosen. Let us take 

r = 20on- Thismakes 


s- = 0.609 /- 98.2° s' = 0.033 /35.4° 

s'r = 4.123 /112.4° s], = 0.491 /- 33.7° 

and gives K = 1.774 (i.e. K > 1) together with | A | = 0.307 (i.e. |A| < 1). The 
new two-port network is now absolutely stable. The maximum unilateral 
transducer gain is now 

G tu (max) = 35.59 (i.e. 15.5dB) 

and is achieved with 

T s = s-* = 0.609 /+ 98.2° and T L = s' 0 * = 0.491 /+ 33.7° 


The new sj* and Sq* are also indicated in Figure 1 1.6. 

The new G tu (max) apparently meets the 14dB specification. However, it is 
necessary to check the errors introduced through the unilateral approximation by 
calculating the new u. With u = 0.09 


1 

(1+u) 2 


-0.71 dB, — 7 => 0.77 dB 

(1 - u) 2 


It is seen that even with a possible downward error margin of 0.77 dB, 14dB gain 
is still achieved. 

Thus a 200(2 resistor in parallel with the output adequately stabilizes the 
two-port network and choosing T s = 0.609 /98.2° and T L = 0.491 /33.67° will 
provide more than 14dB gain. At this point the design is complete, apart from 
calculating the required matching networks. 
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Comments 

It is of interest to see how the true maximum transducer gain, G t (max), compares 
with G( u (max). Using (1 1 .22) 

G t (max) = 38.6 (i.e. 15.9dB) 

Thus G t (max) differs from G tu (max) by only 0.4dB. Of course, the T s , T L required 
to achieve G t (max) will be somewhat different from those required for G tu (max). 
It is left to the reader to calculate the T s , r L for G t (max) from Equations (11.4). 

It is also of interest to calculate the maximum stable gain, given when 
K = 1 , namely 



125 (i.e. 21.0dB) 


from (11.23) 


This shows that up to 21.0dB, or 5.1dB more than G t (max), could have been 
obtained with a different stabilizing resistor arrangement. Thus, the present 
design is significantly overstabilized. If a higher gain were desired, different Y' 
values could be tried. 

The reader will have noticed that, by simply choosing r s = r L = 0 (i.e. 
simple matched loads) a transducer gain G t = | Sf | 2 giving 14.0dB could have 
been obtained and in the process satisfied the design requirements. Also, 
r s = r L = 0 would probably be far enough removed from the stability boundaries 
to provide a sufficiently stable design. However, the two-port network then 
would not be matched as seen from either the source or the load and there would 
be a significant V.S.W.R. on the connecting transmission lines. In particular, this 
means that the two-port network would provide a load or source impedance to the 
previous or following stages respectively that is dependent on the length of 
interconnecting transmission line. 


EXERCISES 

11.1 Prove that for a lossless reciprocal two-port network 

is — Fj n <=> r L = r out 

1 1.2 This question relates to the stability properties of a two-port network. 

i) To what values do K, A and G t (max) tend, as Sj and s 0 tend towards zero? 

ii) What is the value of K for the balanced amplifier of Exercise 2.3(iii)? What are the 
implications of this result for stability? 

iii) When a two-port network is unilateral, verify that the formulae for r s (opt), r L (opt), and 
G t (max) reduce to the correct values. 

iv) Show that the stability criterion is satisfied if | sj | < 1 , | s 0 1 < 1 and s r = 0. 

v) If | Sj | > 1, show that K< 1 and/or | A| > 1. 

11.3 Derive an explicit expression for G t in terms of s-parameters and T s , r L only. 



268 Chapter 1 1 

1 1 .4 A source a s , r x is connected through a zero length line of characteristic impedance Z 0 to a 
load r v . Show that 

»-l r xl 2 . Hi and = -r% 

1 1 - r x r Y | 2 p av s |i-r x r Y | J |a s | 

where "a" is the incident wave in the Z 0 line, and P L is the power absorbed by the load. When 
r Y = 0 the variable "a" becomes a s . 

1 1 .5 Using the approach of Examples 1 1 . 1 and 1 1 .2. derive the formulae for G a and C p : 

i) in the matched case with r s = r L = 0 

ii) in the general case with arbitrary F s and r L . 

11.6 Prove that in terms of y-parameters 

G t u (max) = wherc g = Re(y) 

11.7 Prove that with |sj| < 1 and |s 0 | < 1 

Finn's = 1 «=» r out r L = i 

All parameters are normalized to Z 0 . Show that 

, s r s f 5 s' = — 

si = Si - -|T- s r 

, Sf s' = JL±!° _ 1 

s'f = tV s ° 4' 


where g = Re( y) 


4 ' V 


$f= ? 


= 1 + ^1 + Sq) and A = s, s 0 - s r Sf 


. rp'i n F Fvprrise 11 8 deduce the i S’ 1 when Y is 

11.9 Noting the relevant symmetnes in the [S 1 ot Exercise n.o. 

connected in parallel at the input. 

11.10 Consider a two-port network with the following scattering parameters: 

sj = 0.5 /- 90° s r = 0.05 £33! 

s f = 10.0 /100° s o = °- 4 h2*t 

i) Check for stability without and with a 100C1 load in parallel at the input and output in 

ii) Using the 100 a loading at the input for stabilization, select r s . r L for maximum gain. 
Compare G t (max) with and without stabilization. 

network with the 1000 loading at the input. 
nn ■"» “ «* 

s: rjx 'll ££*- — « « » - - « «- 

insertion gain is identical to the transducer power gain ii Z s - . 


a 
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Microstrip circuits 
and subsystems 


12.1 INTRODUCTION 

This chapter introduces the reader to selected practical microstrip circuits or sub- 
systems. It brings together some of the ideas of earlier chapters and shows how they 
may be combined to produce functioning self-contained building blocks, that in turn 
may be a part of a complete microwave system. 

The circuits have been adapted with our interpretations from those described in 
the literature and have been chosen for the simplicity and clarity with which they 
illustrate certain key circuit arrangements. The circuits described are a low-noise 
amplifier in §12.2, a balanced mixer in §12.3 and a selection of switching circuits in 
§12.4. 


12.2 A LOW-NOISE AMPLIFIER 

A two-stage low-noise amplifier circuit is illustrated in Figure 12.1, adapted from 
Fulton [12.1]. The input and output strips, © and © respectively, are 50S2 lines for 
connection to the coaxial/microstrip transitions. The two FETs (e.g.©) have their 
sources connected with minimum path lengths to the ground plane and thus present 
the common source configuration to the matching circuits. The matching circuits use 
microstrip lines of the same characteristic impedance (50£2) in series and shunt, 
except for lines © and @ that are quarter-wave transformers. Three chip capacitors 
(e.g. ( 2 )) provide microwave coupling between circuits at different d.c. bias potentials, 
as well as d.c. isolation of externally connected microwave circuits. 

As this is a low-noise amplifier, the first stage input matching network, © and 
©, converts the matched source to the source reflection coefficient, Tq, for which the 
transistor has its minimum noise figure. The second stage contribution to the noise 
figure is small, since the noise contribution of the second stage to the overall noise 
figure is reduced by the gain of the first stage. Nevertheless, when very low noise 
figures are to be achieved it is desirable also to optimize the second stage for low 
noise. Thus the interstage network (©, © and ©) transforms the r out of the first 
stage to the noise-optimum source impedance Tq to drive the input of the second 
stage. 

The output matching network, © to ©, optimizes the power gain. It thus 
transforms the external 50 Q load to produce a conjugate match to the r out of the 
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Figure 12.1 A low-noise two-stage amplifier circuit, adapted from Fulton [12.1] (Reprinted 
with permission of Microwave Journal, from the November 1984 issue, © 1984 Horizon House, 
Inc.) 


second stage. This matching network is also designed to produce a band-pass filter 
characteristic in the gain at frequencies away from the center frequency. 

Four separate bias voltages are provided to the gate and drain terminals of the 
two transistors. The series resistors in the bias supply connections can be used to 
monitor bias currents. The bias circuits are decoupled from the microwave circuits by 
high impedance (1200) lines (e.g.©) that are approximately A./4 long. The large 
patches at the end of these lines, as well as the points where the d.c. bias potentials 
are connected, provide low impedance paths to ground. The rejection of spurious 
signals is most critical at the input to the first stage, where an even lower impedance 
to ground is achieved for the V GS i supply by the open-circuit terminated 50 Q line, 
©, that is approximately X/4 long. Space is conserved by folding this line with a 
mitered right- angle comer. 

The pads, ©, are connected to the ground plane and may provide points of 
attachment for interstage shields that pass over the center of each transistor and 
minimize unwanted feedback in the circuit. 


12.3 MIXERS 

12.3.1 Balanced mixers 

Mixer circuits may be used whenever there is a need to translate signals between 
frequency bands. When two signals of differing frequencies are fed into a non-linear 
element such as a diode, numerous intermodulation products are produced, including 
the sum and difference frequencies of the signals. Mixer circuits are often configured 
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Figure 12.2 The phase relationships for hybrid networks, showing (a) the quadrature or 90° 
hybrid, and (b) the 180° hybrid 


in the form of balanced mixers with two mixer diodes connected to two mutually 
isolated ports of a 3dB hybrid network. Hybrids that are used in this connection are 
invariably one of two types: the 90° or quadrature hybrid and the 180° hybrid. Each 
type is illustrated diagrammatically in Figure 12.2. An input signal into any port of 
such a hybrid will deliver half the input power into two other ports and zero power 
into the remaining fourth port, i.e the isolated port. For both types of hybrid, there is 
mutual isolation between ports 1 and 4 and between ports 2 and 3. Each set of 
mutually isolated ports becomes the output ports when an input signal excites either 
port in the other set. The difference between the two types of hybrid lies in the phase 
differences between the outputs. 

As illustrated in Figure 12.2, the two outputs are always 90° apart in the 
quadrature hybrid, while in the 180° hybrid they are either in-phase or 180° out-of- 
phase. For example, in Figure 12.2a, an input to port 1 will give outputs at ports 2 
and 3 that are 90° apart from each other. However, it is important to note that the 
phase values shown in Figure 12.2 correctly give only the phase differences between 
outputs. There may be additional phase shifts from an input to both outputs, not 
affecting the phase difference between the outputs. These common phase shifts, if 
any, between the input and each output are not shown here. 

The 3dB edge-coupled directional coupler and the 3dB Lange coupler, together 
with the branch-line coupler of earlier chapters, are examples of quadrature hybrids. 
The hybrid-ring coupler is an example of the 180° hybrid. 

In a balanced mixer as illustrated in Figure 12.3, the signal (microwave or radio 
frequency, r.f.) and the local oscillator (l.o.) are applied to one pair of mutually 
isolated ports, say 1 and 4, and a pair of mixer diodes that are closely matched in their 
characteristics are connected to the other pair of ports. When the two diodes have the 
same orientation with respect to ground, as in Figures 12.3a, b and c, the intermediate 
frequency (i.f.) outputs across the two diodes are out-of-phase and may be combined 
by subtracting one output from the other. If the two diodes are connected with 
opposing polarities to ground, the i.f. outputs are in-phase and are combined with a 
summing circuit, as in Figure 12.3d. The subtraction and summing circuits may 
themselves be hybrid networks at the intermediate frequency. 
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I.F. OUTPUT 

(c) (d) 


Figure 12.3 Balanced mixers with a quadrature hybrid in (a) and a 180° hybrid in (b). The 
diode outputs are combined as in (c) if they have the same orientation with respect to ground 
and as in (d) if they are connected anti-phase with respect to ground. 


There are a number of reasons why balanced mixers are used. It turns out that 
the local oscillator amplitude modulation noise components, when mixed down to the 
i.f. band, appear across the two diodes in-phase when the i.f. signals are out-of-phase 
and vice versa, so that when the signal i.f. outputs are combined these noise 
components cancel. Considerable cancellation of local oscillator amplitude 
modulation noise can be achieved in this way. For similar reasons balanced mixers 
can reject many spurious intermodulation products. Further, because the r.f. and l.o. 
signals are applied to mutually isolated ports of the hybrid, there can be good 
isolation between these signals, although not in every case [12.2]. For further study 
in this area, the reader is referred to Maas [12.2]. 

12.3.2 A balanced mixer example 

A balanced mixer using a 90° hybrid of the branch-line type is shown in Figure 12.4, 
based on Johnson [12.3]. The structure is quite symmetrical as far as the r.f. and l.o. 
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inputs are concerned and the r.f. and l.o. inputs may be interchanged. The l.o. 
frequency is less than the input signal frequency, with the difference being the 
intermediate frequency. The image frequency is that frequency that also differs from 
the local oscillator by the same amount, i.e. the image frequency = (f L0 - f IF ). 

The two diodes are connected with opposing polarities to ground and, as 
explained earlier, their i.f. outputs are to be added. At i.f., the two diodes appear 
simply in parallel, which results in the i.f. signal currents being added together. The 
i.f. ground return is not shown in Figure 12.4, but may take the form of a high 
impedance X u fiX line with an i.f. short-circuit termination that is connected in parallel 
with the l.o. input line. The r.f. and l.o. frequencies are decoupled from the i.f. output 
by r.f. short circuits at the two diodes, presented here by the two open-circuit 
terminated low impedance A./4 lines. The degree of isolation between the r.f. and l.o. 
circuits will depend on how well the diodes are matched to 50C2 at these frequencies 
[ 12 . 2 ]. 

There are band-stop filters at the image frequency in the r.f. and l.o. lines. Their 
purpose is to present a reactive termination at the image frequency at each diode 
position. This improves the diode conversion loss and consequently reduces the noise 
of the mixer-i.f. preamplifier combination. 

The band-stop filters are of the type discussed in §9.5, where it was shown that 
at the center of the band-stop band they have a reflection coefficient T = +1, i.e. they 
present an open circuit at their input. Thus, in this balanced mixer, there are open 
circuits at the image frequency at the r.f. and l.o. junctions to the hybrid network. 
These open circuits reflect certain impedances at the planes of the diodes. It was 
shown in Exercise 7.7 that these resultant impedances depend on the excitation mode 
(even or odd). 

For analysis to determine the impedances seen by the diodes at the image 
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frequency, the diodes are taken as the sources that are connected to the inputs of the 
hybrid. In fact the diodes are in front of the hybrid by lines that are - X/8 long. The 
hybrid is now also taken as being terminated with open circuits at the other two ports 
for this frequency. It may be shown, using the results of Exercise 7.7 and noting the 
presence of the X/8 lines, that the impedances seen by the diodes are open and short 
circuits for the even- and odd-mode excitation respectively. As a consequence, there 
is no power absorbed by the circuits external to the diodes at the image frequency. 


12.4 SWITCHING CIRCUITS 

Circuits with two or more discrete states of operation require switching elements to 
switch between the states. The ideal switch is one that can instantly change between 
high and low impedance conditions. Electronic devices that can be externally 
switched with d.c. voltages include the field effect transistor (FET) and the p-n, p-i-n 
and Schottky diodes. 

12.4.1 Switching elements 

The field effect transistor 

The FET switch, as illustrated in Figure 12.5, is a three-terminal device with the 
switched states controlled by the gate voltage. It is preferably operated in shunt 
between the microstrip line and ground, an arrangement that is facilitated by the drain 
connections forming a through-line, which can be readily connected as a part of a 
microstrip line as in Figure 12.5b. The FET should be operated in the linear 
resistance region of its characteristics with V DS = 0. At this operating point, shown 
in Figure 12.5a, there will also be a minimum power dissipation with only negligible 
reverse bias currents being supplied to the gate. With V DS = 0, it will be seen that 
the microstrip line may be maintained throughout at d.c. ground potential for all the 
FETs. Further, interstage decoupling in a multi-FET circuit will not be required, 

THROUGH CONNECTION 



Figure 12.5 A field effect transistor, showing (a) the linear operating regions for a switch, 
and (b) the structure for a monolithic distributed switch approach, from Ayasli [12.4] 
(Reprinted with permission of Microwave Journal, from the November 1982 issue, © 1982 Horizon 
House, Inc.) 


i 
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since the control voltages are provided to the third or gate terminal of each individual 
FET and thus will not affect the d.c. potentials of the microstrip lines. 

In the ON -state with V os = 0, the microwave equivalent circuit between the 
drain and source will be a low resistance, typically of the order of 30. In the OFF- 
state, when |V GS | > |V P |, there is a much higher resistance of the order of 3kO. 
V p is the pinch-off voltage for the reverse biased gate/channel. However, there are 
also significant shunt capacitances in the OFF-state. It is for this reason that the FET 
is parallel-connected between the microstrip line (drain) and the ground plane 
(source) and the low impedance ON-state is used to provide the circuit isolation. 
This configuration is the form described by Ayasli [12.4] and shown as an integral 
part of a monolithic microwave integrated circuit in Figure 12.5b. Discrete FET 
components for a hybrid microwave circuit will be connected to the circuit in a 


the connecting leads. In the OFF-state, the capacitance components may be allowed 
for as a part of the matching circuits and the microwave signal may travel past the 
plane of the shunt FET with minimal reflections or absorption of power in the high 
impedance parallel equivalent circuit. 


The p-i-n diode 

The p-i-n diode, described in detail with circuit applications by White [12.5], is a 3- 
layer silicon diode with the heavily doped p and n regions separated by a high 
resistivity intrinsic layer. 

The diode exhibits a low dynamic resistance when a forward bias current is 
applied and carriers are injected and maintained in the intrinsic region. This 
resistance, typically less than 1 0 at 1.0GHz, applies even at high microwave current 
amplitudes as the waveform is not readily rectified, the reverse half-cycle of the 
waveform being too short to remove the charge that is stored in the intrinsic region. 
When a reverse bias voltage is applied, there are no injected charges in the intrinsic 
region and the diode is prevented from conducting, even under the application of 
large peak microwave voltages. With reverse bias, the microwave equivalent circuit 
of the diode is a few ohms in series with the junction capacitance that is of the order 
of 1 pF. 


12.4.2 Digitally controlled phase shifters 

The design details for a digitally controlled phase shifter will be considered in terms 
of idealized switching elements that have only two states equivalent to either a short 
or an open circuit. The phase shifter will be considered in a 50Q characteristic 
impedance system. Modifications to the idealized design may be required in practice 
to compensate for non-ideal switching elements. 

Phase shifters using loaded-line elements 

Loaded-line elements are typically used for the smaller phase differences and will be 
described here in terms of a 45° phase element. Consider the circuit illustrated in 
Figure 12.6. The two stub lines are terminated with identical switching elements that, 
with their open- or short-circuit impedances, make the circuit identical to Figure 7.7 
for the even- or odd-mode analysis of hybrid-line couplers. The two-port network 



Figure 12.6 The loaded-line digital phase shifter. The microstrip line may be at d.c. 
ground, in common with any adjacent elements. 


phase relationship is shown in Figure 12.7 and should be compared directly with 
Figure 7.8. The -90° reference phase, with any additional phase shifts due to input 
and output line lengths, is a constant for both states and of no further concern in a 
differential phase shifter. The two states are symmetrical about the reference phase. 
For a 45° phase shifter, 0 = 22.5°. Based on (7.17) 

0 = tan"'(y B ) (12.1) 

giving y B = 0.4142 and Z B = 121Q. The through line between the two stubs is X/4 
long and, from (7.15), namely 

y A 2 = i + y B 2 (> 2 - 2 > 

has a normalized characteristic admittance that is always greater than unity. Thus the 
characteristic impedance is always less than 50fi. With y B = 0.4142, then y A = 1.082, 
i.e. Z A = 46.2 Q. Both line characteristic impedances are within the practical 
limitations for microstrip lines. 

Turning now to a 22.5° phase shifter with 0 = 1 1.25°, the respective values for 
Z A and Z B become 49 fi and 25 ID, with the impedances presented to the through line 
being ±j251fl. The through-line impedance is close enough to 50Q, but the high 
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Figure 12.7 The phase relationships for a loaded-line digital phase shifter 
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Figure 12.8 3X/8 length stubs for small phase shift sections. The impedance values shown 
are for 22.5° phase shift with the switching elements in the open-circuit state. 


value for the stub-line impedance may be outside the range of practical line values. 
To overcome this problem, a 3X/8 stub length may be used as illustrated in Figure 
12.8, where the X/4 section branching off the through line acts as a quarter-wave 
impedance transformer. Taking Zf = 12012 for the quarter-wave transformer, the 
±j25112 impedance for the stub at P requires an impedance Z Q = Tj 57.4 12 at Q. 
This is obtained with Z B = | Z Q | . Note that whereas short-circuit terminations on 
the X/8 stubs gave the lesser total phase value, ©o, now the reverse is the case with 
3X/8 stubs. 

Phase shifters using switched-line elements 

Switched-line phase shifters are used when the larger phase shifts are required. 
Between the input and output there are two separate paths, either one of which is 
selected by the switching elements. The case of a 90° element, illustrated in Figure 
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Figure 12.9 A 90° switched-line Dhase shifter, with the switches connected in parallel to 
the ground plane 
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12.9, will be considered. Here again, the switching elements are parallel-connected 
between the microstrip line and the ground plane. . 

In State 1, the parallel-connected elements S! and S 2 are low impedances to 
ground while S 3 is a high impedance. A direct path from input to output is provided 
across S 3 . The input junction sees a X/4 line terminated by the short circuit of S,, 
which reflects an open circuit at the input junction. A similar effect occurs at the 

output because of S 2 . . , . , ,. 

In State 2, the impedance of each switching element is changed and a direct path 

between the input and output junctions now passes across S t and S 2 . S 3 is 
equidistant from each junction and its low impedance transforms through the X/4 
lines to appear as a high impedance at a junction. The through path in State - is X/4 
longer than for State 1 , thus providing the 90° phase shift at the design frequency. . 

° A switched-line circuit that maintains a constant difference between tne 
switched phase states with frequency is described by Bums et al. [12.6]. The delaye 
or longer path has the additional line length to give a delay Af Two X/4 short-circuit 
terminated lines, connected as parallel stubs with a separation of X/4, are placed onto 
the reference or shorter path. Analysis shows that the phase variation with frequency 
of this circuit, as a part of the reference path, can be made to follow that . of the 
additional matched length of line in the delayed path. Further, at the mid-band 
frequency, the stub lines appear as open circuits to the reference path and their 
separation is such that, for small frequency changes, there will be significant 
cancellation of the reflected waves from the planes of the stubs. As a consequence a 
lowVSWR will be maintained. To track the phase variation with frequency of the 
additional line length in the delayed path, the necessary charactenstic impedance ot 
each stub is given [12.6] by 

z stub = 2 Ac[) ^ 12 ' 3) 

For the 90° element Z stub = Z 0 , while for a 180° element a lower impedance of Z 0 /2 

is required ^ switched . line phase shifters for the path that has apparently 

been blocked to become resonant. At resonance, a substantial signal may be 
transmitted through the path, affecting the transmission properties of the phase shifter 
This occurs when a path is approximately nX/2 long and is terminated at each en 
with either the high-series or low-shunt impedance of a switching element, lhe 
resonance may be damped out by switching in a parallel resistive load at a plane ot 
voltage maximum along the line. 


12 . 4.3 A transmit/ receive switch 

A transmit/receive (TR) switch is used to connect a transmitter and receiver to a 
common antenna. In either mode, when the switching circuits have been correctly 
set, a direct path with a low residual V.S.W.R. is required between the antenna port 
and either the transmitter or receiver port. This can be achieved with a arge 
mismatch, e.g. a short circuit to ground, introduced into the unwanted path. The 
mismatch must be placed in such a way that the unwanted path appears as an effective 
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Figure 12.10 A 10 W TR switch chip fabricated on a GaAs substrate, based on Ayalst et al. 
[12.7] (© 1982, IEEE) 

open circuit at the combining junction. Thus, in the receiving mode, the path towards 
the transmitter must appear as an open circuit, so that as much received signal f o 
the antenna is passed through to the receiver. For the transmit mode, it is also 
essential to prevent excessive power from entering and damaging the first stages of 
the receiver that will have been designed to operate at very low signal levels. 

Ayasli et al. [12.7] describe a 10W TR switch chip that has been totally 
fabricated on a 0.1 mm GaAs substrate. For operation at 10 GHz, the chip dimensions 
are 4.5 x 3.7 mm. Single-gate FETs with a construction similar to Figure 2.5 are 
used as switching elements. An interpretation of the circuit, adapte J J 2 /. L, 

illustrated in Figure 12.10. The insertion loss is of the order of l.OdB with higher 
than 25 dB isolation at any time between the transmitter and receiver ports, ssuming 
that 500 lines are brought out to the edge of the substrate, the other line impedances 
may be deduced from the approximate relative line widths on a " 

e =12.9. Quasi-static approximations may be used, as it is found from ( . ) 
the operating frequency is well below the frequency of 110GHz above which 
dispersion effects would become significant. 

Interpreting the circuit of Figure 12.10 

© A through connection to the ground plane. 

(2) Folded open-circuit terminated X/4 stubs with a low characteristic impedance 
(=43Q) line. Each parallel-connected stub line gives a low microwave 
impedance at its junction to ©. 

(3) High characteristic impedance (=75 G) X/4 bias network lines. Each line 
transforms a low value of load impedance to a high value of input impedance. 

(?) 50 n interconnecting lines. 
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© X/4 transformers (= 32fl and 56Q) to give an optimum performance for peak 
voltages and currents in the FETs when 10 W is being transmitted (see [12.7]). 

© A double-stub matching network with = X/8 between the stub lines. 

(7) The drain-source connection giving V DS = 0 for both transistors. Note that, 
since the line length ■«X/4, this element is also being used as a single stub, 
short-circuit terminated, matching element. 

( i ) The gate bias voltage is fed through a low-pass filter, preventing microwave 
leakage from the gate circuit that may otherwise occur via the drain-gate 
capacitance. This low-pass filter is identical in function to that for the other 
FET, i.e.© and©. 
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13.1 INTRODUCTION 

The procedures that are described in this chapter provide an introduction to nriicrostnp 
line experiments. The ease and precision of any n^uiement^areKOSMn 1 ^^ 
to the quality and sophistication of the equipment that is available for the propose. 
However it should be possible to perform experiments designed pnmanlyfor 
instructional purposes using any reasonable quality equipment. The emphasis will be 
placed on to measurement of fundamental microstrip parameters, as this will lead to 
a broader understanding for the design of microstrip circuits. crilf 

In §13.2, circuit requirements and procedures for to measureme g 

parameters that were first introduced in Chapter 2 are discussed. A com P lete ^ t ° f 
s- P arameters gives a detailed specification of a two-port network. However, there ^e 
many instances where a reduced set of information may be all that is either attainab 
in view of equipment limitations or, indeed, required. The relationship between such 
measurements, e.g. V.S.W.R., insertion loss and s-paramelers .s d.scusseT 

The microwave literature abounds with experimental techn ques for specihc 
microwave measurements and books have been written specifically on the subject, 
e.g. [13.1-13.4], Two experimental procedures have been selected because of th 
relevance to the basic properties of microstrip lines. The first experiment § . , 

concerns to measurement of both the effective relative P— g -J y * 
characteristic impedance of microstrip lines. This ,s followed “ an 

experiment that uses resonant structures, through which a better understanding 

some of the discontinuity effects as they apply 

The need for precision measurement has been considered to be of secondary 
importance here, when compared with the needs for simplicity and reliability in 
SSS-l design. In p.Lla, so m e of die end-elleci 
to disconiinuily e.ataion 113.51 d»t require further errcui 
measurement sets have been omitted, because they do not fulfill the necessity to 
"non-destructive" testing in a teaching laboratory environment. 

13.2 S-PARAMETER MEASUREMENTS 

Any one of the microstrip circuits described in the earlier chapters may be 
characterized through their scattering parameters, from which most small-signal 
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properties of the circuits may be inferred. Directional couplers, hybrids, filters, etc., 
as well as the sub-assemblies of Chapter 12, can have their small-signal properties 
verified through the measurement of their scattering parameters as functions of 
frequency. Scattering parameters may be measured either by the direct application of 
test incident waves, as was described in Chapter 2, or by using the six-port technique 
[13.6]. The six-port technique, where the magnitude and phase information for the 
scattering parameters may be deduced from power measurements only, is beyond the 
scope of this book and is being mentioned only for the sake of completeness. 

To measure scattering parameters following the approach in Chapter 2, a test 
input is applied to one port and the other port is terminated in a matched load. The 
incident and reflected waves are sampled by means of directional couplers at the input 
and output ports. The output amplitudes of the directional couplers are compared and 
the ratios of each appropriate pair of outputs give the relevant scattering parameters. 
As only two waves are compared at any one time, two directional couplers are 
sufficient, if the measurement set-up is reconfigured for each individual s-parameter. 
The schematic diagram in Figure 13.1 shows three directional couplers, two at port 1 
and one at port 2. The coupler outputs A and B are used to determine s; and the 
coupler outputs A and C to determine Sf. Reversing the device under test (DUT) 
allows s 0 and s r to be similarly measured. 

The phase difference between pairs of outputs is related to the phase of the 
appropriate s-parameter. The problem is that the phase differences of the appropriate 
waves at the input and output reference planes to the DUT are required, but it is the 
phase differences at the directional coupler outputs that are actually obtained. 
Variable path lengths must be inserted in to connecting transmission lines, so as to 
make the phase difference measured at the coupler outputs the same as at the 
reference planes of the DUT. Experimentally this is done by replacing the DUT with 
a device having known phase characteristics and adjusting the variable line until the 
correct phase output is measured. When measuring s; or s 0 , the DUT is replaced by a 
short circuit to produce a reflection coefficient with a constant 180° phase. The 
variable line is adjusted until for all frequencies the phase difference measured is also 
180°. By insisting on the measured phase difference being 180° for all frequencies 
and not just one spot frequency, it is ensured that the transmission paths are exactly 
equal and do not just differ by nX/2. In effect, the short circuit defines the position of 
each reference plane of the DUT. 

When phase-calibrating for Sf and s r , a suitable reference is a piece of throug 



Output A : proportional to the incident wave at port 1 
Output B : proportional to the reflected wave at port i 
Output C : proportional to the transmitted wave at port 2 

Figure 13.1 The measurement configuration for Sj and Sf 
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Figure 13.2 Replacing the device under test PUT) by through-lines 
purposes, (a) DUT and its connecting lines, (b) Reference through-line of the same total 
length as the DUT and its connecting lines, (c) Reference through-line of the same length as 
the connecting lines. 


line, either of the same total length as the DUT (including its connecting lines) 
Figure 13.2b, or of just the length of the connecting lines. Figure 13.2c. The use of 
the shorter line as a reference would give proper phases for sp and s r of the DUT. The 
use of the longer reference line would give the phases over and above the phases of Sf 
and s r for an ideal line of length d. 

It is important that reference planes established by the calibration procedure for 
reflection are the same as obtained by the calibration for transmission, as inconsistent 
measurements would otherwise result. In modem equipment only one calibration, 
say for reflection, is required [13.2]. The correct line lengths for the other 
measurements are then automatically obtained as a result of accurate line 
configurations within the equipment. 

13.2.1 Related parameters 

One often finds devices specified in terms of V.S.W.R., reflection coefficient, return 
loss, insertion loss or attenuation, isolation, etc., the latter quantities invariably being 
expressed in dB. These parameters are only fully meaningful if the source and load 
terminations are specified, almost invariably as matched loads. With matched 
conditions 

jsj| = input reflection coefficient magnitude (13.1) 

and | + 1 ** -j- = V.S.W.R. at the input ( 132 ) 

with similar expressions for the output. Return loss is simply the reflection 
coefficient expressed in dB and, with matched terminations, the insertion losses are 
1 Sf | and |s r | expressed in dB. Attenuation normally refers to a symmetrical device such 
as an attenuator, for which |sf| = |s r | and for which |s f | < 1. When |s f | > 1, one 
speaks of gain (as in Chapter 11). Isolation and coupling are also scattering 
parameters expressed in dB in the specification of a multi-port network such as a 
hybrid, a directional coupler or a circulator. 
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A nomogram relating many of these quantities in the context of a transmission 
line appears as Figure 1 .5. 

13.2.2 De-embedding considerations 

It may not be possible to make measurements on the DUT directly. For example, it 
may be necessary to mount a transistor in a test circuit with microstrip connecting 
lines, with the lines themselves terminated in coaxial connectors. The transistor s- 
parameters are then to be deduced from the external measurements. For accurate 
measurements a very precisely constructed test jig may be used. The temi de- 
embedding refers to the procedure of deducing the parameters of a DUT from the 
external measurements, as in [13.7]. 

If the connecting lines, including the microstrip/coaxial transition, from the 
DUT to the outside world are just straight-through lossless transmission lines (or 
close enough to that), then de-embedding is only required to recover the correct phase 
information, as the s-parameter magnitudes are correctly given by the external 
measurements. For accurate measurements, de-embedding requires knowledge ot the 
properties of the test circuit or the test jig. These characteristics have to be measured 
by replacing the DUT with devices that have precisely known characteristics, say 
short-circuits or matched loads. De-embedding when precise measurements are 
required generally involves rather complicated formulae and is best done with the 
help of a computer, as shown in [13.8]. 

13.3 MICROSTRIP LINE PARAMETERS 

In this experiment, the characteristic impedance of a line and the relative permittivity 
of a substrate are measured. The experiment uses a straight length of high impedance 
line that is terminated at each end with coaxial connectors as described in Figure 10.2. 
The line length should be at least 1.5*. long at the highest frequency that will be used. 
This naturally assumes that an estimate of the relative permittivity of the substrate is 
available. On the same basis, a line impedance of 800, say, being greater than the 
500 characteristic impedance of the measuring equipment, is selected. In order not 
to have significant changes in the line properties due to dispersion, §4.4, the 
maximum operating frequency should be chosen such that (f*h) is less than, say, 
3 GHz.mm . The basic equipment required to make these measurements is 

- a variable or sweep frequency oscillator, say 1.0-2.0GHz, 

— a standing wave detector in a 500 line and a V.S.W.R. meter, 

— a frequency counter (alternatively the free space wavelength deduced from the 
standing wave pattern could be used), 

- a matched load for the 500 line. 

The microstrip test section is considered as an impedance transformer with a 
characteristic impedance Z T and of fixed physical length /, but of a variable fraction 
of a wavelength when the frequency is varied. With a matched load attached to the 
output connector, i.e. a load impedance Zq, the input impedance Z; n at the junction of 
the input coaxial line to the microstrip line is given from (1.54) by 
Z 0 cos(|3/) + jZrsinflSQ 

Zin " 27 ZtCOs(P 0 + jZ 0 sin(PO (13.3) 
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The phase coefficient, p, for propagation along 
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(13.4) 

(13.5) 


where X and are the guided and free space wavelengths respectively. Equation 
(13.3) demonstrates the special properties of the transmission line when p l takes the 
following values: 

i) p/ = n 7 t, where n is an integer. This gives Z in = Z 0 . 

ii) p/ = nrt/2, where n is an odd integer. This gives Z; n Z 0 = Z T . 

In the experiment, the frequency is varied untii conditions (i) and (ii) are achieved in 
turn. When condition (i) is achieved, / becomes an integral number of X/2, from 
which e e ff may be deduced. When condition (ii) is achieved, Z; n is measured and Z T 
deduced from ^Z 0 Zj n . 

The experiment will now be described in more detail using typical, and possibly 
idealized, data. Consider a line length l = 225 mm between the two coaxial 
connectors and let the effective line width, allowing for any finite thickness of the 
line, be w = h = 1.5 mm. A matched load (500) is connected to one end of the test 
microstrip line, the other end of which is connected to the 500 standing wave 
detector line. As the oscillator frequency is varied, the input impedance normalized 
to 500 traces out the locus on the Smith Chart, Figure 13.3a. This is now 
interpreted, or directly plotted, as the variation of the input V.S.W.R. with frequency, 
Figure 13.3b. From the V.S.W.R. plot in Figure 13.3b, a minimum value that is close 
to unity is measured at 1.398 GHz and next at 1.864 GHz with increasing frequency. 
Line properties, determined from either wavelength or frequency, are found from the 
sharp minima in the V.S.W.R. response rather than the very much broader maxima. 
At the two frequencies for a V.S.W.R. minimum, condition (i) above is satisfied with 
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a line that is nX/2 long at 1.398GHz and (n+l)X/2 at 1.864GHz. Thus, n = 3. At 
1.864GHz, Xq = 160.8 mm and since (3 + l)x(X/2) = / then, from (13.5) 

, *0 _ 160.8 

Velff - x 112.5 (13 6) 

i.e. e e ff = 2.044 

The substrate relative permittivity may be derived from the effective permittivity 
value and w/h, if the effective filling factor, q, is known. The apparatus has been 
designed, it will be remembered, with the specific choice of w/h =1.0. Kobayashi 
[13.9] gives q for values of £ r and selected w/h, including w/h = 1.0. From this data, 
e e ff for each value of £ r may be derived and an algebraic expression £ e ff = f(£ r ) 
obtained. Now the following calculations are made to determine £ r : 

i) £ e ff , following the procedure given in the example above, 

ii) B = ! __1_ , 

e e ff . 

iii) A, where A = 1 . 506 B -0.649 B 2 + 0.143 B 3 whenw/h = 1.0. 


Hence, with £ eff = 2.044, the following values are obtained: 
B =0.5108, A = 0.6190 and £ r =2.62. 


Z T determination 

The peak V.S.W.R., S max = 3.1, in Figure 13.3b occurs at those freque ncies w here 
the line length is an odd multiple of X/4. From condition (ii), Z T = yjZ j n Z 0 and 
further Z in /Z 0 = S max . Note that it is also possible for Zj n /Z 0 = 1/S ma x- However, 
this latter Zj n may be eliminated, since in the former case there will be a voltage 
maximum at the input plane to the line, but a voltage minimum for the latter. With 
S max = 3.1 and a 500 characteristic impedance for all other lines, Z T = 88.0 O. 

As a cross-check with the known line geometry of w/h = 1.0 and a measured 
substrate permittivity of 2.62, it is found from Table 3.2 that Zj = 88.5 O. 




Fieure 13 3 (a) The locus of the input impedance normalized to 500 of an unloiown 
microstrip line terminated with a 500 load, and (b) the V.S.W.R., both as a funcuon of 
frequency 


Discussion 

This experiment has been presented with an ideal set of results that may or may not 
be representative in practice. The reader is invited to consider the effects that may be 
observed in the results and possible solutions to improve the results as a consequence 
of 

i) excess shunt capacitance at the coaxial line to microstrip junction, 

ii) an imperfect matched load, 

iii) the voltage minimum on the standing wave detector broadened by the 
background noise level, 

iv) two voltage maxima along the standing wave detector having unequal 
magnitudes, 

v) a close to, but non-integer, value for n, 

vi) attenuation along the microstrip line, 

vii) Zt = 50£2. 
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Other methods are suitable for the accurate measurement of e c ff. The 
measurement by Das et al. [13.10] of the difference in electrical path length between 
two identical lines, differing only in length, may be used to determine the frequency 
dependence of e eff . As 500 lines are desirable for the method, to some extent it is 
assumed that the permittivity is already known. Cavity methods [13.11, 13.12], that 
make use of a section of substrate material metallized to form a waveguide cavity, 
directly measure the relative permittivity of the bulk material at the resonant 
frequencies of the cavity. 



13.4 DISCONTINUITY MEASUREMENTS 

A collection of resonators that are coupled to their individual input iines through 
series gaps is fabricated on a substrate, as shown in Figure 13.4. Identical line widths j 

giving 500 characteristic impedance and identical series capacitance gaps are used 
throughout. The size of the gaps should be about one-third of the substrate height. 

This will give a sharp resonance for an accurate measurement of the resonant 



Figure 13.4 A schematic diagram showing full- and half-wavelength resonators that 
demonstrate the effective length of compensated comers in (i) and (ii), the effect of open- 
circuit and series-gap capacitances in (iii) and (iv) and the effect of uncompensated comers 
in (v) and (vi). ( Not to scale.) 


l 
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frequency. For convenience, each input line may be connected to its own coaxial 
connector. Frequencies are selected which, after discontinuities have been taken into 
account, make the resonators one wavelength long, except for resonator (iii) which is 
only X/2 long. 

The basic equipment required to make the measurements consists of 

- a variable or sweep frequency oscillator, say 1.0-2.0GHz, 

- a broadband directional coupler and a crystal detector to monitor the magnitude 
of the reflected wave, 

- a frequency counter. 

The average of two frequencies, at which equal magnitudes of the reflected signals 
close to but on each side of the resonant frequency are observed, should be used to 
determine the resonant frequency. This approach is more accurate than trying to 
determine the frequency for the minimum reflection that may either be quite broad or 
within the noise level. 


The effective permittivity and open-circuit line extension 
In Figure 5.2, it is observed that the open-circuit fringing capacitance for a 50£2 line 
on e r = 2.5 substrate is equivalent to a line extension of approximately (0.5 x h). The 
equivalent line extension for a very wide series gap, §5.6, will also tend towards the 
same value. Thus, as the fringing capacitances at the open circuit and the series gap 
for either resonator (iii) or (iv) will together be equivalent to a line extension A / of 
approximately h, resonator (iv) should resonate at about the same frequency as (iii) if 
its length / iv + h = 2(/ m + h), i.e. / iv = 2 J m + h. At resonance, the input signal will 
be coupled into the resonant lines. Power will be absorbed by the losses within the 
resonator. This will be observed as a sharp dip in the reflected signal from the 
structure. The reflected signals from (iii) and (iv) are monitored in tum as frequency 
is varied and the resonant frequencies fjji and f; v are measured for each case. 
Comparing (iii) with (iv) 


/iii + A/ 


/jy + Al 


i.e. e eff = 


A-iii _ C 


2 

2 fiii V E etf 

= ^iv = ' 

c 

fjv V e eff 

c 

1 

1 ) 

l«iv-fiii) 

[fiv 

2 fiii 


(13.7) 

(13.8) 

(13.9) 


Equation (13.9) assumes that the end effects in (iii) and (iv) are unchanged by any 
small differences between fjjj and f j v . The sum of the open-circuit and series-gap 
capacitances as an effective line extension, A/, may now be determined through 


A/ 


2fmV^ff l> " 


(13.10) 


1 


| 


90° corner reactances 

Resonators (v) and (vi) are designed to measure the equivalent circuit inductance and 
capacitance components of a right- angle comer. The total lengths of each resonator, 



E 
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/ v and / v j, measured along the inside edge of the comer, are equal to l lv . The comers 
will increase the overall length of each resonator and reduce the resonant frequency 
compared with f iv . The equivalent electrical lengths are a wavelength at their 
respective resonant frequencies, f v and f v j . For (vi), with the comer at the center of 
the resonator where there is an open-circuit impedance plane giving maximum 
voltage and zero current, the increase over /j v in its equivalent electrical length at fj v 
determines the shunt capacitance of the comer. 

Assuming identical end effects included in an equivalent length A / and £ e ff 
independent of any small frequency changes, then in terms of the free space 
wavelengths 

^i(/iv + A/) = XT’ (13.11) 


and 


Vi^(/ vi + A/(c, + A0 = X<P = 

Wi 


(13.12) 


where A /(C) is the equivalent line length due to the shunt capacitance of the comer at 
an open-circuit plane. Thus 


A/(C) = 


xf> 

V £ eff 


('vi-'iv) 


(13.13) 


From (5.3), the shunt capacitance of the comer at an open-circuit plane is given by 
„ _ 3 A 1(C) _ V £ effA/(C) 

~ coZ 0 cZ 0 (13.14) 


For (v), the comer is at a short-circuit impedance plane with maximum current 
and zero voltage. Similarly the increase from /, v in the equivalent line length at f; v 
determines the series inductance of the comer 

x _ V £ eff z oMi-) 

L c ~ (13.15) 


From these results, it will be found that the square comer reactances are not 
optimized for a 50f2 line, but that ^ L c / C c < 50 Cl. This is verified by the fact that 
the resonant frequency of the line that includes the comer capacitance is lower than 
when the comer inductance is included, i.e. f v j < f v . 


The compensated corner 

Resonators (i) and (ii) are identical to (vi) and (v) respectively, except that the comers 
have now been mitered to reduce the excess capacitance. Ideally this will make the 
comers behave as a short length of 5 0 i 1 line, irrespective of the impedance at the 
plane where they are situated. Thus the resonant frequencies f; and fj; should be equal 
and, since it is excess capacitance that has been mainly reduced by mitering, should 
be closer to f v than f vi . The equivalent length extension due to the comer, A/(C), is 
given by 


Af(C) = A/(L) 


fjy 

fi 


*8 


;iv) 


V^eS 


(h ~ W 


(13.16) 
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Appendix 1 

The finite difference 

method — applied to microstrip lines 


There are many problems associated with microstrip lines, where a rigorous solution 
is considered too difficult and the fields are analyzed using numerical techniques. In 
this appendix, aspects of the finite difference method are studied in reasonable detail, 
so that the reader may be able to appreciate what has to be done to solve the problem 
of evaluating the capacitance of a microstrip line in a variety of situations. The 
capacitance values lead directly to the characteristic impedance and propagation 
coefficient for the line. The finite difference method is particularly useful if the 
microstrip line is situated in a shielding enclosure that limits the extent of the fields in 
the transverse plane. Other areas of use include the even- and odd-mode capacitances 
for parallel-coupled lines and the excess capacitance that is associated with 


transmission line discontinuities. 

The numerical evaluation of the parameters of several transmission line 
configurations has been obtained using the finite difference method, e.g. [A 1.1, A1.2]. 
The capacitance of any two-conductor transmission line may be found from a 
knowledge of the charge on the conductors and the potential difference between them. 
Let V(x,y) be the potential function throughout the cross-section of the transmission 
line, with the strip at a fixed potential above that of the ground plane. The continuous 
function V(x,y) must be a solution of Laplace’s Equation in two dimensions 

a 2 v . £v 

< AU) 


V 2 V = 


subject to the appropriate boundary conditions. In the finite difference method, a fine 
mesh is superimposed on the cross-section of the transmission line, Figure Al.l, and 
only the values <ji n of V(x,y) at the nodes of the mesh are considered. 


The discrete form of partial differential equations 

The partial differential equations are written in a finite difference form involving the 
potentials at the adjacent mesh nodes illustrated in Figure Al.l. Terms of the form 
5 2 V/0x 2 are replaced as functions of <t> n along the x-axis. Consider a function f(x) as 
shown in Figure A1.2, having discrete values (j) n at nodes along the x-axis. In this 
context, it will be more convenient to use the notation f x for f(x), etc. The first 
derivative at a point x 



(A1.2) 
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Figure Al.l A typical mesh for the finite difference method 


may be approximated by the forward difference formula 
_ fon+l ~ jjn 
fx " h 


(A1.3) 


or by the backward difference formula 



(A1.4) 


These two difference formulae generally give different results. Thus the central 
difference formula, which is an average of them and does not include the value of the 
function at the node at which the derivative is being found, will give a closer estimate 
of the derivative. The central difference formula is illustrated on Figure A1.2 and 
gives as 


f' = 
[ x 


^n+l Qn-l 
2h 


(A1.5) 


A measure of the accuracy of these finite difference expressions may be obtained 
from a Taylor expansion of f x+ h and f x _h ■ 


fx+h = fx + hf' + |h 2 f" + }h 3 f x ' + • • • (A1.6) 

fx-h = fx - + }h 2 f" - |h 3 f"' + • • • (A1.7) 



Figure A1.2 The potential function in one dimension 
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Figure A1.3 Inter-mesh points (x±k) for evaluation of the second derivative at x 


Using these expansions, it is seen that the forward and backward difference 
formulae will have errors of the order of h, while for the central difference formula 
the error is of the order of h 2 . Thus, for an accurate representation of the problem, it 
is seen that there is an advantage in 

i) using the central difference formula, and 

ii) using a mesh size, h, as small as possible. 

In deriving an expression for the second derivative, consider two intermediate 
points along the x-axis at (x-k) and (x+k) as shown in Figure A1.3, where k = h/2. 
Using the central difference formula for the first derivative but with half the original 


interval gives 

<t>n+i - 4>n 
f x + k - h 

(A1.8) 

4 > n-4>n-l 

and t x _ k - h 

(A1.9) 

The second derivative at x now becomes 
f x+k " f x-k 
fx “ h 

(A1.10) 

't’n+l - 2<t> n + tn-i 

1C - x ~ h 2 

(Al.l 1 ) 

This expression has an error of the order of h 2 . 

Consider the general node, E, as illustrated in Figure Al.l. 

At this node 

fx + fy = 0 

(A1.12) 

Therefore 

4>C — 2 tJtE -t- <() A <t>B ~ 2 <j> E + 4 >d 0 

h 2 + h 2 

(A1.13) 

or . 4>a + ‘tte + 'I’c + to ~ “He = ® 

( A 1 .14) 
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In a two-dimensional finite difference solution of Laplace’s Equation, (A1.14) is the 
equation that is generally used, except for special cases such as occur at boundaries 
and discontinuities. 

Higher order representation 

The three-node representation for the second order derivative (Al.ll) is identical to 
the result that would be obtained if a quadratic equation were fitted through the three 
node potentials and differentiated twice with respect to the direction x at the center 
node. A quartic equation in terms of the node potentials at five points, namely 
(x-2h), (x-h), (x), (x + h) and (x + 2h), when differentiated twice at x = 0 gives an 
improved representation for the second derivative with an error in the second 
derivative of the order of h 4 . This second derivative at x is 


_ ~ f x-2h + 16 f x-h 
*x ~ 


30 fx 16 fx + h fx+2h 


12 h 2 


(A1.15) 


Unequal node spacings 

Unequal node spacings commonly occur when the boundaries of the system do not 
coincide with the nodes of a regular mesh. With the final length of ah to a node that 
has been placed on the boundary, such that there are three nodes at (x - h), (x) and 
(x + ah) as in Figure A1 ,4a 


f" = 
*x 


“ f x-h - d + «)fx + Wh 


(A1.16) 

However, if a is very small it may be 


a(a+ 1) h 2 

It is usual in this equation for 0 < a < 1 . 
advantageous to omit the node near the boundary, leaving the final mesh length to the 
boundary with a greater than but close to unity. This is illustrated in Figure A1 .4b. 

Boundary conditions 

Two commonly used boundary conditions are the Dirichlet and Neumann boundary 
conditions. Consider a microstrip line where {<)>} represents the discrete values of 
V(x,y). The boundaries of a system impose constraints on the potentials and fields 
within the system. The Dirichlet boundary condition requires that the potential along 
the surface, V(s), is a constant, i.e. 


x-h 


x-h 


ah 


ah 


x + ah 


(a) 


- BOUNDARY 


(b) 


0<a< 1 


a> 1 


x + ah 


Figure A1.4 Node selections adjacent to a constant potential boundary, showing (a) the 
general selection of unequal node spacings near a boundary, and (b) a preferred selection 
with a > 1, if a would be very small otherwise 
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V ( s) = K (A1.17) 

An example of the Dirichlet boundary condition would be a microstrip line where the 
discrete potentials on the ground plane must satisfy k = 0, while for the conducting 
strip k = 1 volt. Although in both cases there will be nodes placed on the boundaries, 
these node potentials will not appear as variables in the final matrix equation since 
they are constant. 

The Neumann boundary condition is 
3V 

= ° 

dn surface (A1.18) 

where n is the normal with respect to the surface. The elements of {<)>} that lie on the 
boundary, being unknown potentials, will remain as variables in the final matrix 
equation. With electric potentials, this boundary condition represents either an open- 
circuit plane or a plane of symmetry at which the magnitude of the potential is a 
maximum. The second derivative at the boundary is given by (Al.l 1) when an image 
node has been introduced outside the boundary as illustrated in Figure A1 5 

Equation (Al.l 8) is satisfied if 

^n-l = <!>n+l ( A 1 . 1 9) 

Thus applying (Al.l 1) at the boundary 

'frn+l ~ 2< j>n + 4>n-l 2 

h 2 ~ h 2 <l>n+1 ~ ^"j (A1.20) 

When there is a plane of symmetry at which (A1.18) applies, P(A1.20) is still used, 
thus omitting the potentials in the image region, in order that the problem may be 
formulated in terms of the potentials of one half of the system together with those 
potentials that lie on the plane of symmetry. 

Boundary between two dielectric materials 

The boundary between two dielectric materials that have relative permittivities e, and 
e 2 is illustrated in Figure Al. 6. 

A finite difference equation may be derived in terms of the potentials in the 
vicinity of E by considering the surface, S, around the node. From Gauss’s Law, the 
total electric flux flowing outward through the surface is equal to the charge enclosed. 
For an ideal dielectric material with no conduction current flowing, there will be no 


{" = 
1 Y 



BOUNDARY 

Figure A1.5 The image node representation for the Neumann boundary condition 
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Figure A 1.6 Nodes at the boundary between two dielectric materials 


free charges on the dielectric interface. Thus, at the boundary of two isotropic 
dielectric media 

[d • ds = 0 => fei VV-dSj + Je 2 VV-ds 2 = 0 

J s S 2 (A1.21) 

where S! and S 2 are the sections of the surface, S, in each dielectric region. Applying 
this equation at E in Figure A 1.1 gives 


<|> R -<|> F <t>D _< t>E ( e l + e 2) f ( t>C _< t l E . $E 

80 El h + 22 h 2 h + h 


i.e. (e 1 + e 2 )<|) A + 2e 1 (t) B + (e 1 + e 2 )<t)c + 28 2 (t) D -4(e 1 + e 2 )<ii E = 0 


( A1.22) 


(A1.23) 


The treatment of singularities 

Equation (A1.14) results from the difference equations that represent Laplace’s 
Equation in a Cartesian coordinate system. The principal error terms are those given 
by the 4*^* order terms of the Taylor Expansion. At a singularity and its neighboring 
points, the error terms do not converge [A 1.3] and significant errors in the evaluation 
of the stored electrostatic energy and capacitance may occur. 

However, if a branch type singularity, for example the edge of the strip of a 
microstrip line, is considered and taken as a local origin, it will be possible to solve 
Laplace’s Equation uniquely in this region in terms of cylindrical coordinates, (r, 9). 
Thus 




(A1.24) 


with a solution 
V 


v = £ r" (A k cos(n0) + B[.sin(n8)), n = — 

k=-oo 

where A^, Bjj are constants and a is the angle of the singularity that equals 2n for the 
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Figure A1.7 The geometry of an edge singularity 


edge of a thin strip, as shown in Figure A1.7. Note that in (A1.25), n varies with k in 
the summation. 

The strip is at a constant potential which may be taken as zero for the solution of 
(A1.25), with a constant added as necessary to ail the potentials in the region. Tims, 
Ajj = 0 because of the assumed zero potential, giving 


y Bkri’sinCnG) 


(A1.26) 


The negative values of k in the summation are not required, as demonstrated by the 
following argument. The potential must be constant within a small enough region 
near the singularity. In particular, it must be constant, say V ro> on a small circle of 
radius r B that excludes the singularity as shown in Figure A1.8, requiring for k > 0 

B_k r B n sin(-n0) - B^ rj sin(n0) = 0 (A1.27) 


i.e. B_k = - Bfc ro" (k = 1,2, • ) (A1.28) 

This equation must be true in the limit as r 0 — > 0, implying that B_k = 0 for all 
positive k. 

In [A1.3] the edge singularity was placed at the center of the mesh and was 
equidistant from the four surrounding nodes. Later work, [A1.4, A1.5], placed the 
singularity at a node with two advantages, namely: (i) equal mesh lengths were 
preserved to nodes elsewhere on the constant potential boundary, and (ii) a more 
detailed cylindrical representation of the potential variation could be derived. 

For a thin strip in a uniform dielectric medium with even symmetry for the 
potentials about the plane of the conductor, Figure A 1.9, the potential variation 
reduces [A 1.5] to 


- 0, implying that B_k = 0 for all 


V = y^B^r^k '^ 2 sin 


/' /o\ 


Figure A1.8 Excluding the singularity by a small circle of radius r 0 
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Figure A1.9 A strip singularity in a uniform dielectric medium 


yximicincai situation, ror example in a uaiancea scnp transmission line, the 

seven nodes adjacent to the singularity have only four independent values which may 
be expressed by the four unknown node potentials at A, B, C and D. Taking the strip 
at zero potential, the infinite summation has been reduced to the four terms in (A 1.29) 
for which the coefficients B k may be evaluated. The factor (2k - l)/2 in the sine term 
produces an even symmetry with k = 1, • • • , 4, as an alternative to taking only the 
odd integers from k = 1, • • • , 7. Four simultaneous equations may now be formed 
expressing the potential at each of A', B', C' and D' in terms of B k , k = 1, • • • , 4.’ 
Solving for B k expresses the B k in terms of <)> A / , • • ■ , <p D - . Moving closer now to the 
, <{> D can also be expressed in terms of B k and thus in turn in 
4 >d' • giving 


singularity <{> A , 
terms of 9 A >, 


<!>a 


9b 


9c 

= 

9d 



0.2500 0.2608 0 0.0236 

0.0653 0.4130 0.0769 0.0937 
0 0.3080 0.2500 0.2844 

0.0118 0.1876 0.1422 0.4129 


9c' 

9d' 


(A1.30) 


This approach with the cylindrical coordinate form of Laplace’s Equation provides a 
more accurate representation for the variation of the potential near the edge of the 
strip. 

In the case of a singularity associated with the strip of a microstrip transmission 
line, the situation is similar to that in Figure A1.9, except that now there is no 
symmetry with respect to the plane of the strip at the singularity because of the 
presence of only one ground plane. Now the infinite summation is carried out with 
seven terms as 

V = X^^sinj 

(A1.31) 


k=l 
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and potentials at seven points have to be considered. Otherwise the procedure is as 
before. The following relation between 9 A , • • • , <J, G and 9 A ', • ■ • , 9g' is obtained. 


9a 


0.2500 0.2554 0 0.0236 0 0.0054 0 


9 A ' 

9b 


0.0639 0.3940 0.0697 0.0937 0.0072 0.0190 0.0014 


9b' 

9c 


0 0.2790 0.2500 0.2844 0 0.0290 0 


9c - 

4>d 

= 

0.0059 0.0938 0.0711 0.4129 0.0711 0.0938 0.0059 


9d' 

9e 


0 0.0290 0 0.2844 0.2500 0.2790 0 


9e' 

<t>F 


0.0014 0.0190 0.0072 0.0937 0.0697 0.3940 0.0639 


9f- 

9g 


0 0.0054 0 0.0236 0 0.2554 0.2500 


9g- 


(A1.32) 

In this way the cylindrical coordinate solution of Laplace’s Equation in the vicinity of 
a singularity may be linked with the Cartesian coordinate solution elsewhere in the 
system. The expense of having to introduce a least squares fit for the seven B k 
coefficients in this example so as to include additional nodes, such as those between 
A and B , is not warranted. Indeed, using only the radial variation of the k = 1 term 
of (A 1.26) to the nodes B', D' and F' with an appropriate interpolation for B, D and F 
[A1.6], the percentage errors of microstrip line capacitance calculations were reduced 
by more than a factor of 10 compared with the results obtained ignoring the effects of 
the singularity. For the symmetrical case, where <)> A . = i)> G . , tf) B - = (|> F , and = <j) E , , 
(A 1.32) reduces to (A1.30). For the microstrip transmission line with a dielectric 
substrate, relative permittivity e r , the boundary conditions at the air-dielectric 
interface must also be satisfied. From [A1.4], the potential in the air region is given 
by (Al. 31) while in the dielectric region 


V = X B 2 k-. r(2k - ,)/2 sin 
k= 1 


2k- 1 


7“S B 2k rksin ( k0 ) 


k= 1 


(A1.33) 


For each particular substrate material with a relative permittivity, e r , an equation 
similar to (A 1.32) must be derived and used in the solution of the potential 
distribution for a microstrip transmission line. 


The electric field strength across the ground plane 

After the potential distribution at all the nodes throughout the cross-section of the 
microstrip line has been evaluated, to calculate the capacitance it is necessary to do a 
surface integration of total electric flux density around one of the conductors. Before 
this can be done, the electric field must be evaluated from the potential distribution 
just obtained. Any closed surface may be taken in principle. The actual surface of 
the strip conductor is a poor choice for the surface, because of the singularities and 
the rapidly changing electric field at the strip edges. Intermediate surfaces may be 
used, but it is probably easiest to form the surface across the complete ground plane. 
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Figure A1.10 Nodes and their potentials on a normal to the ground plane 


Consider the equidistant nodes that lie on a normal to the ground plane, Figure 
A1.10. At P, the electric field strength 

¥ - av _ 

E - - 3x “ "Si (A1.34) 

where gj is the gradient or tangent to V(x) as a function of x at the ground plane. The 
simplest approximation would be to take E at P to equal g a . A more accurate 
evaluation could be done as follows. Now 


<|>q - <t> P 

g a = — (A1.35) 

and as a first approximation 




Sl + g2 

2(<t>Q - <t>p) 



ga = 

2 

• gl + g2 - h 

(A1.36) 

However 

g2 = 

82 = 

<t*R " <t>P 

2h 

(A1.37) 

Therefore 

gl = 

2«>q- 

h 

•frp) “ ^p 

2h 

(A1.38) 



-3<t> P 

+ 4 <|)q - <J) R 


i.e. 

gl = 


2h 

(A1.39) 

This same 

equation 

may be 

found by fitting the polynomial 



V(x) 

= a + 

bx + cx 2 

(A1.40) 


to the node potentials at x = 0, h and 2h, differentiating with respect to x and then 
setting x = 0. Thus, from (A1.40), gi = b. This latter approach may be used with 
higher order polynomials if the node density along the normal is sufficiently high to 
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warrant it. It may also be used whenever there are unequal node spacings along the 
normal. 

Integration to calculate the charge 

The electric field strength and the electric flux density are known now at discrete 
points across the ground plane. The total flux, T', and therefore the enclosed charge 
is evaluated numerically from the electric flux density. Let D ln , D 2n and U 3n oe tne 
normal components of the electric flux density at adjacent nodes that are equally 
spaced with a separation, h, across the ground plane. For this 2h widt o e g 
plane, the trapezoidal rule for integration gives the flux and charge contnbu i 


(D,„ + D, n )h (D 2n + D 3n )h 
AH' = AQ = — + 2 


i.e. 


AQ 


(D m + 2D 2rl + D3n) 11 + 


(A1.41) 


( A 1 .42) 


Using Simpson’s Rule across the full 2h width gives 

aQ _ (D, n + 4D 2n+ D3n)h + 0(h5) (AM3) 

This and other integration formulae are found by fitting the appropriate order 
polynomial to the data points and integrating over the region. The number o 
intervals for which a AQ is found using (A1.42) or (A1.43) is inversely proportiona 
to the interval length, h, and the error terms in the calculation of the total charge o 
the ground plane are of the order of h and h respectively. 

Example Al.l 

The details of a complete two-dimensional problem are too long for presentation ere. 
However, the techniques involved may be illustrated in this example where 
capacitance of a parallel plate capacitor may be found. 

Using the finite difference method, find the potential variation between the 
plates for The system illustrated in Figure Al.ll. Calculate the capacitance per umt 
width and length. Compare the result with the true value for the parallel plate 
capacitor. 

Solution: 

For the width tending to infinity, the system is a one-dimensional one, as 


v = +iv 


l.o 


10 mm 


2 7 /ZZZZ222^ ^ 

V = ov 

Figure Al.ll The geometry of a parallel plate capacitor 


4 mm 

T 
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e r = 4.0 ; 

I 

t- • i 

4*1 <t>2 <t>3 

(ov) ; 


£ r = 1.0 

• — J 

<t>4 <t>5 <t>6 

(IV) 


<t>i = ov 

<t>6 = IV 


Figure A1.12 Nodes in one dimension for a parallel plate capacitor 


illustrated in Figure A 1.1 2. Equally spaced nodes are placed between the two 
plates. In one dimension, Laplace’s Equation becomes 


If the distance between the nodes, h, is one unit (= 2 mm), then 
d 2 V 

dx 2 ~ 0 ^ 4>n+l ~ 2 4>n + 4>n-l = 0 

This is the equation that is applied at nodes 2, 4 and 5, i.e. for n = 2, 4, 5. Node 3 
lies on the dielectric/air interface. At this boundary, the normal component of the 
electric flux density must be continuous, i.e. 

P 0) p _ p (2) p 

e r ^tn — £ r Ii2n 

Expressing this equation in finite difference form 
e r (4*3 ~ 4*2) _ Ofct ~ 43) 

h = h 


giving -e r <(> 2 + (e r + 1 ) <}>3 - <t> 4 = 0 

Equations may now be formed in terms of the four unknown node potentials and 
expressed in matrix form as 


-2 

1 

0 

0 

-4 

5 

-1 

0 

0 

1 

-2 

1 

0 

0 

1 

-2 


<j> 2 


0 

<l>3 


0 

<t>4 

j 

0 

4*5 


-1 


• • • at $2 node 

• at <(>3 node 

• • • at <{>4 node 

• ■ • at $5 node 


Solving gives 


4*2 


0.0714 

4*3 


0.1429 

<l>4 

~ 

0.4286 

<t>5 


0.7143 
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The capacitance is calculated from the charge per unit area on the plates for 
a known potential difference between them. The charge on either plate may be 
used since they are equal in magnitude. On the plate with a potential of 1 .0 volt 
Q = D n = e 0 E n 


i.e. Q = 

h 

With h = 0.002 m, the surface charge density 

O = 8.854xiQ- 12 n.O- 0.7143) 
V 0.002 
= 1765 nPirT 2 


With a 1.0 volt potential difference between the plates, the capacitance of the 
plates is 1.265 nF.rrf 2 . 


The exact solution for the capacitance is obtained by treating the system as 
two parallel plate capacitors Cj and C 2 , connected in series, with the air-dielectric 
interface representing an equipotential surface between the two capacitors. The 
capacitance per unit area in the dielectric region 
£ r £n 4fin 

c > = T" = 7^7 = 1000e o F.m- 2 


Likewise 


= 166.7 Eq F.m 


142.9 En 


1.265 nF.m 2 


In this example, the finite difference method has given an exact solution for both the 
potential distribution and the capacitance. This is because, being a one-dimensional 
problem and with the second derivative of the potential being zero, (A1.3) and (A 1.4) 
represent the potential variation exactly. When the potential varies in a more 
complicated manner in two (or three) dimensions, the finite difference method will 
only lead to an approximate solution. However, the steps taken are similar to those 
presented in this example. 
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Appendix 2 

The method of sub-areas 


ibis method, known also as the method of moments, is used to calculate the 
capacitance associated with a system of conductors. As described here, the quasi- 
static capacitance of a thin microstrip line will be evaluated. With minor 
enhancements, the approach may be used for capacitance calculations of thick 
microstrip lines [A2.1], lines with anisotropic substrates [A2.2], coupled lines [A2.3J. 
open-circuit fringing capacitance [A2.4.A2.5], steps and gaps [A2.6.A2.7] as well as 
bends and junctions [A2.8], 

Consider a uniform transmission line in free space that may be taken in cross- 
section as a two-dimensional problem. The electrostatic potential at the field point 
p j - ( x j . yj) due to a unit charge at the source point Pj = ( X| , yj) is found from (3.38) 
to be 


G(Pj : Pj) = 


2tcEo 


In 


V(xj - X |) 2 + ( yj - y;) : 


(A2.1) 


if all the conductors are removed except for the filament upon which the charge is 
situated. The function (A2.1) is known as the Green’s function for the region. In 
multi-dielectric problems, there will be different Green’s functions depending on the 
relative locations in the dielectric regions of the source and field points. A 
superposition of all the potentials due to the individual contributions of the charges 
given by the variable charge density, p(Pj), on the conductors leads to the integral 
equation 


V(Xj, yj ) = Jg(Pj :Pj) p(P j) dPj (A22) 

Of particular interest are the equations for the potentials at the conductors since these 
are specified in capacitance calculations. Thus, if the conductors are subdivided into 
a total of n sub-areas, it is possible to write (A2.2) for the potential at the geometric 
center of each area, giving the matrix equation 

V = [p] q ( A2.3) 

where V is a column matrix of the voltages at the points (x;, yj) and q is a column 
matrix of the charges at (xj,yj). In this case, as it is V that is specified. (A2.3) is 
inverted to give 


q = [ P r 1 V 


( A2.4) 
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and the total charge as well as the charge distribution across the conductors may be 
found. 

Before proceeding with an example that illustrates the power of the method as a 
numerical technique for capacitance calculation, there are two points that need to be 
noted. 


Point 1 Planes of symmetry 

Two strips with potentials ±V may be used to represent the microstrip conductor and 
its image that together give an equipotential surface of zero potential (the ground 
plane) between them. Allowing for the symmetry of charge between the conductor 
and its image, the complete system information is contained in the reduced size 
matrix equation for the potentials of the elements of one conductor in terms of the 
charges on that conductor and its image. Inverting the matrix and solving for the 
sub-area charges on the conductor with a potential of 1 volt with respect to the zero 
potential of the plane of symmetry leads directly to the capacitance of the line. 

There is also a second plane of symmetry that passes through the center of the 
microstrip conductor, the ground plane and the conductor image. The potential at 
each point (xj, y ; ) on one half of the microstrip conductor may be expressed in terms 
of the four symmetrical charge components, +qj, + q; , -qj and — qj , and their 
respective source to field point distances. In this way the matrix size for inversion is 
reduced by a factor of 4, compared with the complete system that does not account 
for symmetry. 


Point 2 The handling of self-potential 

The potential at the center of each sub-area is formed as a summation of the potential 
contributions due to a charge at the center of all sub-areas. Furthermore, this must 
include the potential at (x^y;) due to the charge at (x;, yj), leading to a zero distance 
and apparent infinite potential. This is overcome by no longer considering the (xj, y;) 
charge as a point charge, but as a charge distribution over a small but finite 
dimension. 

Consider one sub-area as illustrated in Figure A2.1, with a uniform charge 
density across its width. If the sub-area has a width dsj and total charge q iT then the 
potential at the center due to an element of length dr at a distance r is given by 


V(x i>yi ) = - 


1 

2ne 0 


x -p- x In (r) dr 
as. 


(A2.5) 


The integral over the right-hand half of the element is 


V(x i>yi ) = - 


qi 

27160 ds; 


dSi/2 

J In (r) dr 
0 


(A2.6) 


dsj 


1 

q i P(Xj,y,) 

Figure A2.1 The geometry of one sub-area 
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Using |ln(r)dr = r(//i(r)-l) in the integration of (A2.6) and doubling for the 

complete element gives the seif-potential of a sub-area as 


V(x i>yi ) = 


Qi 


27CEo 


In 


ds; 


- 1 


(A2.7) 

Example A2.1 

Using the method of sub-areas, estimate the capacitances of microstrip lines in free 

spacewithw/h = 0 . 01 , 0.1 and 1 . 0 . 

Solution: 

Consider the microstrip line and its image as illustrated in Figure A2.2. The 

simplest situation is to renresent each strin bv nntnt t, ,_j 

that this will lead to good results only for very narrow strips, but for wider strips 
more elements would be needed. The potential at Pj due to the charges +q and 

-q is found by adding contributions as given by (A2.7) and (A2.1) respectively 
Thus 

q “ f/«(w/2)- 1 - In (2h) 1 

J (A2.S) 

2rceo 

(A2.9) 


2jt£ f 


i.e. 


C = 


— F.m 


1 + 2 In 2 + In h - In w 

Results derived from (A2.9) are presented in Table A2.1. 

For higher accuracy, the line and its image may each be represented by two 
equal point charges as illustrated in Figure A2.3. Because of the symmetry, the 
result is still simple enough to be expressed in one equation. The potential at P, 
is given by 1 

q [a' + B' - C' - D'] 


2tie 0 

where the four terms are 
A' = fo(w/4) - 1 

B' = In (w/2) 

C' = In (2h) 

D' = ln(i 4h z + (w/2) 2 ) 


(A2.10) 


due to the charge at Pj 
due to the charge at P 2 
due to the charge at P 3 
due to the charge at P 4 


EQUIPOTENTIAL 

SURFACE 


+q P, 


-q P 2 


2h 


Figure A2.2 A single point charge representation for a 


microstrip line 
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1 

+q | +q 

p, „ _w _ p 2 

2 


I 

I 

I 

-q i -q 

p 3 i p 4 

SYMMETRY PUNE 

Figure A2.3 A two-point charge representation for a microstrip 'line 


With a total charge of ± 2q on each plate, the normalized line capacitance 
C _ 2q _ 4 k 

£o e 0 V — A' — IT + C! + D’ ( A2. 11) 

Results derived from (A2.ll) and the answer for Exercise 3.8 are presented in 
Table A2.1. 


Table A2.1 Normalized capacitance of a microstrip line in free space 



Sub-areas per plate 
1 2 4 


w/h 

Equation 

(A2.9) 

Equation 

(A2.ll) 

Exercise 

3.8 

Accurate value 
from [A2.2] 

0.01 

0.899 

0.919 

0.930 

0.940 

0.1 

1.340 

1.385 

1.411 

1.434 

1.0 

2.633 

2.795 

2.890 

2.980 


Note 

In Appendix 5 of Wheeler’s paper [A2.9], it is seen that a narrow microstrip line 
is equivalent to two quasi-circular wires with equal charges, having a line 
geometry as illustrated in Figure A2.4. This representation clearly shows that the 
charge is not equally distributed across the strip but must be increasing towards 
the edge of the strip. In solving Exercise 3.8, it is found for four charges equally 
spaced across the strip that the outer charges are 1.856 times greater than the 
inner charges. If the two charges on each half of a strip or its image are 



w 

<2 



HALF-CHARGE CENTER 


Figure A2.4 The two-wire line approximation to a microstrip line 


92 fit qi qj 
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Relative charges 
q, = 1.0 
q 2 = 1.856 


q 3 

I 


0.575w 


q 3 


q 3 = 2.856 


Figure A2.5 An equivalent charge distribution obtained by reducing four charges to two 


combined together as one, maintaining the product of (charge) x (distance from 
strip center) to find the equivalent charge center, the result will be as illustrated in 
Figure A2.5. There has been a definite movement of the charge centers from 
0.5w apart as in (A2.ll) towards 0.707w as given in the accurate equivalence by 
Wheeler. 


The use of images 

In Figure A2.2, the single line-charge representation for a microstrip line, appearing 
as a point charge in the transverse plane, was used in conjunction with an image to 
solve for the capacitance per unit length of the line. The image charge was placed 
such that an equipotential surface coincided with the ground plane. To this stage, the 
microstrip line has been in a uniform dielectric medium, but now the mixed dielectric 
problem of a dielectric substrate must be accounted for in the solution. Charges in the 
vicinity of dielectric boundaries will be modeled in two stages: 

i) A line charge in the vicinity of a flat and infinite boundary between two dielectric 
materials is shown in Figure A2.6. At the boundary, the incident flux, \jr, from 
region 2 is split into two parts with Ky being returned into the region and the 
remainder, (1 -K)\|t, continuing into region 1. Splitting up the flux leads to the 
image charge of Figure A2.6 which, together with the original charge, is used to 
determine the Green’s function for each region. 

ii) A line charge in the vicinity of a flat and infinite boundary of a uniform thickness 
slab of dielectric material is shown in Figure A2.7. From the model by Silvester 
[A2.1], the Green’s function is derived for each of the three regions shown in the 
figure. The procedure of (i) is followed at each boundary and a Green’s function 
is derived for each of the three regions shown in the figure. In general, there are 
an infinite number of images, each of which is known as a partial image. 

Consider the filament of flux, as in Figure A2.6, emanating uniformly in all 
directions from a line source that is represented in the transverse plane by the point 
charge, q [A2.1J. At a point on the dielectric interface, some of the flux, K\(/, will be 
reflected and the remainder, (1 — K)\j/, will continue on into the adjacent dielectric 
region. Applying the boundary condition that the normal component of the electric 




312 Appendix 2 



|7„ rUH _ 

^ FOR REGION 2 4 

(a) (b) 


Figure A2.6 Flux from a charge near a dielectric boundary, showing (a) the flux lines, 
and (b) the partial image charges to be used for each half-plane, from Silvester [A2. 1] 
(© 1968, 1EE) 



-K 3 (l-K)q 


-K(l— K)q 


K 2 (l-K)q 



Figure A2.7 The flux and partial image charges for a line charge in the vicinity of an 
infinite dielectric slab of thickness 2h, showing (a) the flux lines and construction for the 
images, (b) the image charges for the potential evaluation in the region which does not 
contain the slab or the original charge, (c) the image charges for evaluation within the 
dielectric slab, and (d) the image charges for evaluation in the region containing the original 
charge, from Silvester [A2.1] (© 1968, IEE) 
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flux density must be continuous across the surface, then 

(1 - K)\psin(ct,) = \j/sin(a,) - K\j/sin(ot 2 ) (A2.12) 


i.e. a! = a 2 (A2.13) 

Applying the boundary condition that the tangential component of the electric 
field must be the same on each side of the surface gives 


— (1 -K)\trcos(a,) 
ErEo 


Eo 


\|/cos(a!) + KycosCoq) 


(A2.14) 


i.e. (1 - K) = e r (1 + K) 


(A2.15) 


or 


K 


F. - 1 
~ 1 

£ r + 1 


(A2.16) 


Thus for a charge in free space above a homogeneous dielectric half-space, this 
coefficient is independent of the angle of incidence and 
-1 < K < 0 


For the reflection of flux at an interface from the dielectric material to free space, K 
will now be positive and have the same magnitude as before. Thus, flux lines that 
have passed into the dielectric slab and out again have terms (1 - K)(l + K) = 1 - K 2 
in their magnitudes. 

The potentials in region 1 of Figure A2.6a may be derived using a charge with a 
value (1 -K)q at x = a as shown in Figure A2.6b. In region 2 that includes the 
original charge, the potentials are derived using the original charge q at x = a and the 
image charge at x = -a. Note that there are never any image charges within the 
region in which a potential is to be evaluated. 

The Green’s function (A2.1) for region 1 now becomes 


G(P J " P ' } = “ /n((X J " 3)2 + (y J - * )2) 


(A2.17) 


while for region 2 


G(Pj : Pj) = - 


1 

4iteo 


f»((x j - a f + (yj - y;) 2 ) + K /itftxj + a) 2 + (y, - yi ) 2 ) 


(A2.18) 


A plot of the resultant electric fields in Figure A2.8 shows how the fields are drawn 
towards the dielectric region. 

Multiple images 

Silvester [A2.1] has shown how multiple images are required to derive the potentials 
associated with a charge in the vicinity of a slab of dielectric material. Figure A2.7. 
Although the parallel flux lines only apply for a field point at very large distances, 
they do locate the positions of the multiple images. The positions of these images, 
together with the values of the image coefficients, are independent of the angle of the 
flux lines to the slab surfaces. The potential at any field point may be derived from 
the charge, its images and their respective distances to the field point. 
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A simple use of the infinite summation of images will be illustrated in the 
following example. For further stages of refinement of the method, including the 
setting up of appropriate Green’s functions, the representation of the charge variation 
across conductor surfaces and the method for integration of the resultant integrals 
within the summation, the reader is referred to the literature, e.g. [A2.1, A2.2]. 


Example A2.2 

Estimate the capacitance per meter for a microstrip line with w/h = 0.01 on a 
substrate with e r = 2.5. 


Solution: 

In its simplest form, the microstrip line may be treated as a single sub-area with a 
charge +q. The ground plane equipotential surface is maintained by placing an 
image charge — q as illustrated in Figure A2.9. Each of these charges at A and B 
now has its own accompaniment of partial image charges as required for the 
dielectric slab boundaries. From Figure A2.7, it is seen that as the original charge 
approaches the surface and a — > 0, the potential at A due to the charge at A is 
given by the self-potential of the sum of the charge itself, q, and the first partial 
image, Kq, i.e. (1 + K)q. Thus, from (A2.7) 


V 


G + K)q 
27teo 



(A2.19) 


The remaining partial images for the charge at A sum as 

V = - ~ K (1 ~ V (K 2(n-1) In (4nh>) 
2tte 0 •“ 


(A2.20) 


As the final result depends on the ratio w/h and not on the individual values 
of w and h, for evaluation purposes take h = 1 and w = 0.01 . The potential at A is 
evaluated in three stages. The first two stages evaluate the potential at A due to 
the charge at A and its partial images. The third stage evaluates the potential at A 
due to the partial image charges associated with the charge at B. 


i) The self-potential of the charge and partial image that are placed at A is given 
from (A2.19), with K = -0.4286 as 


E o 


2k 


In (0.005) - 1 


0.5728 q 

ii) The other partial images from the charge at A, from (A2.20) give the potential 


y = _ 0.05568 q 
£q 


1.3863 + 0.3819 + 0.0838 + 0.0172 + 0.0034 + 


0.1043 q 
Eo 

iii) Consider now the negative image charge at B together with its partial images. 
Their contributions towards the potential at A are given with a 
reinterpretation of case (b) of Figure A2.7 as 

V = - -^3- x 0 ^ (k 2 ^- 1 ) In ((4n - 2) h)) 


Eo 
0.1299q 


n=I 


0.6931 + 0.3291 + 0.0777 + 0.0164 + 0.0033 + 


= 0.1454q 
Eo 

Summing together the three contributions 
= 0.6139q _ 

E 0 C 

-1 


C = 14.4 pF.m 
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This result may be compared with an accurate result that is derived from 
Kobayashi [A2.2] which gives C = 0.940 Eq for a line in free space with 
w/h = 0.01 . The effective filling factor of 0.5432 for e r = 2.5 gives 
e e ff = 1.815. These values give an accurate capacitance value for this line, 
against which the derived value of 14.4 pF.m -1 is to be compared, of 
1.815 x0.940xe 0 = 15.1 pF.rrf 1 . 
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Appendix 3 
Microstrip line data 


The data in this appendix are provided for use in the examples and problems that 
specify a substrate with t r =2.5. Quasi-static approximations are assumed 
throughout. Specific w/h and Z 0 values are quoted in Table A3.1. These values are 
used for the simple curve fitting equations that are provided if calculations with 
intermediate line parameters are required. 


Table A3.1 Microstrip line data for e r = 2.5 



ANALYSIS 

Given w/h and with e r = 2.5, then the characteristic impedance is given by 
Z 0 = e* 
where the exponent 

x = X A; {/rtfw/h)} 1 
i = 0 
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(A3. 2) 


1 





Appendix 4 Formulae for 
parallel-coupled microstrip 
transmission lines 


These low frequency expressions, as given by Kirschning and Jansen [A4.1] (© 1984, 


TCCC\ mnUa lino r.f nnrmnliia/1 imlnae far (Via efrin IllJHfVl onrl orior'i n (1 
U-.L.U;, 1110X11/ UOIr \J 1 UUllliail4.V/U V U1UVJ 1W1 IUV ouip *» IUUI UIIU jpuv.M^, 


w , s 

- and g = - 


(A4.1 ) 


They are modified here only to the extent that consistent terminology is maintained. 
A sample set of data with intermediate calculation values is provided in the table 
following the expressions, to assist in checking any computer implementation of the 
equations. Two equal width strips of negligible thickness are assumed. The two 
expressions, Z 0 and E e g-, as they appear in this section relate to a single microstrip 
line of width w on the same substrate material and are derived from the analysis 
formulae of Table 3.2 . For the following range of parameters: 

0.1 < u < 10.0 0.1 < g < 10.0 1.0 < e r < 18.0 

the errors quoted in [A4.1] are < 0.7% for e^f), < 0.5% for and < 0.6% for 
and Zqq . 


THE EVEN-MODE EFFECTIVE PERMITTIVITY 


, , E r + 1 £ r - 1 tn ] _a e( v ) xb e( e r) 

= -V- + -V" 1 + v 


(A4.2) 


U( ^ Q+ 2 ^ + gXMP(-g) 


*« (,) ‘ 1 + + ~wn Kln l+ TbT 


f £ r - 0.9 10.053 

b e( £ r> = °- 564 * felo 


THE ODD-MODE EFFECTIVE PERMITTIVITY 


e$ = e eff + + a 0 (u,£ r )-e e fr x «K-c 0 xg °) (A43) 


1 
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with 


with 


with 


a 0 (u,e r ) = 0.7287 x e eff - 


e r + 1 


x(l -ejrp(-0.179u)) 


b o( £ r ) — 


0.747 e r 


0.15 + e r 

c o = b o( £ r) “ ( b 0 (e r )- 0.207) x &cp(-0.414u) 
d 0 = 0.593 + 0.694 x exp(- 0.562 u) 

THE EVEN-MODE CHARACTERISTIC IMPEDANCE 


e eff 2 

1 V £ eff Z 0 Q4 

-($) * 
£ eff 

O'T'J 

Dll 


(A4.4) 


Qi = 0.8695 xu 0194 

Q 2 = 1 + 0.7519 g + 0.189xg 2 - 31 

Q 3 = 0.1975 + 


16.6 + 

8.4 

6 | 

-0.387 , 

4. — Z V /« 

gl ° 


l s . 

a 

+ 241 ln 

1 + (g/3.4) 10 


n 2Q > 

^ ’ "or* 




-l 


u^xexpC-g) + u ° 3 (2 - exp(-g)) 

' 

THE ODD-MODE CHARACTERISTIC IMPEDANCE 

Zqo = Zg X 


e eff 


U$J 



1 _ V £ eff ^pQlO 
~ ~ 377 


(A4.5) 


Q 5 = 1.794 + 1.14 x In 


1 + 


0.638 


g + 0.517xg 2 - 43 

,10 


JL 


1 + (g/5.8) 


10 


Q« - 0-2305 

q = .10 + 190xg 2 
1 + 82.3 xg 3 

Q s = exp(-6. 5 - 0.95 x ln(g) - (g/0.15) 5 ) 


ln( 1+ 0.598 xg 1154 ) 
5.1 


Q 9 = 


Q8 + 


16.5 


ln( Q 7 ) 


q 0 = Q. - Qs x exp(ln(u) x Q 6 x u Q9 ) 
Q 2 


• MUllJllllOJfU// llfi 

Table A4.1 Sample calculated values to verify the coupled-line equations 



SAMPLE VALUES 



u = 2.3 

g = 

0.5 e r = 2.5 

| EH-tCTIVE PERMITTIVITIES | 

4‘i 

2.1649 


4$ 

1.8870 

V 

4.8472 


ao(u,e r ) 

0.0765 

Se(v) 

1.0010 


b 0 ( £ r) 

0.7047 

b e ( £ r) 

0.5283 


c o 

0.5127 




do 

0.7835 

MODE 


Zoe 

66.84 

■ 


msm\ 

Qt 

1.0220 

■ 

KV ' 

2.6237 

q 2 

1.4141 

1 


0.2525 

Q 3 


| 


5.0941 

Qa 

ItpffrijHj 

s 

pH 





pH 

0.0987 



■ 

1 

-1.4946 


REFERENCE 

[M.l] Kirschning, M. and Jansen, R. H., "Accurate wide range design equations for the 
frequency-dependent characteristic of parallel coupled microstrip lines", IEEE Trans 
Microwave Theory and Techniques, Vol. MTT-32, No. 1, January 1984, pp. 83-90^ 
Corrections: IEEE Trans. Microwave Theory and Techniques, Vol. MTT-33, No. 3, March 
1985, p. 288. 










Answers to selected 
exercises 


1.1 33.30 

1.2 With |P| =0.1, i) 1.22, ii) 1%, iii)20.0dB, iv)99.0%, v)0.044dB 

1.3 ii) 1.164 —» 1.284 

1.4 0.087dB, V.S.W.R. = 60.5 

1.6 ii) (41.4-j28.0)O 

1.7 r, =0.62 /29,7° . V.S.W.R. = 4.27, ( = 87.3mm 

1.8 i) (31.9 - j41.0)O 

ii) (42.0 — j36.0)Q 

21 i) 0 0.316 

0.316 0 

ii) 0 e~ j8 
e-J 8 0 


, magnitudes only 


, where 0 - 2mt 


When nX = - 
4 


0 = ~ , leading to 


0 -j 
-j 0 


iii) 


■ 1 


2n 


n 2 + 1 n 2 + 1 


2n 


1 -n 2 


n 2 + 1 n 2 + 1 


iv) a) 


! /> 

b) , 

jwL 

2Z 0 


y> 

'/) 

jcoL + 2Z 0 

2Z 0 

jtoL 


[S] is unitary 


v) a) 


1 + x 2 


1-x 2 

-j2x 


-j2x 


where x = — 
k 


b) 


vi) 


1 


2xcos<(> + j(l + x 2 ) sinij) 


j(l — x 2 ) sin<() 
2x 


2x 


a 2 + Zl 


a -Z( 
+2a Z q 


-2a Z 0 


_ 7 2 

Zq 


j(l — x 2 ) sin<?> 
; [S] is unitary 


where $ = 2ntt 


vii) 


, magnitudes only ; [S] is unitary 
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viii) 


ix) 


0 0 
1 0 


5 o 

-0+£)gm z o 1 


, magnitudes only ; [SJ is NOT unitary 
1 — jcoCZ 0 


where I; = 


1 +jcoCZ 0 


2.2 i) a) 


2.3 iii) 


-'a a a ' 

b) 

0 'A 'A ' 

c) 

0 

A 

A ' 

A -'A A 


A -'A A 


'A 

0 

'A 

M V, -A 


A A 


A 

'A 

0 


5sj 
2 

Ssf ^ 


SSr 

-j(Sr+— ) 
5s„ 


2.4 ii) T f 


Sf 


1 — S O^L 

iii) For [S][ followed by [S] 2 
1 


T r = 


1 — s;F« 


[S] 


1 — S 0 1 Sj2 


ii - s i 2 A i s rl s r 2 
Sfl Sf2 So2 ~ S 01 A 2 


Sf s 0 


3.2 i) 0.417 pF 

3.3 i) 4.08 mm 

ii) 7.22 mm 

3.4 (0.99 ± 0.04) mm 

3.5 24.00 -> 136.80 

3.6 2.323 

3.7 33.90, 0.105X 

4.1 90.70 

4.2 0.046 

4.3 i) 0.044 dB.X -1 

4.4 For copper at 1.0 GHz, 8 = 2.09 pm; at 10 GHz, 8 = 0.66 pm 

4.5 ii) For copper at 1.0 GHz, A = 0.45 pm 

4.6 0.0028 dB.cnT 1 (0.28 dB.m -1 ) 

4.7 3.5 mm 

4.9 0.7% 

4.10 4.0 GHz 

5.1 964 MHz 

5.2 i) 310, 16hAo radian 

5.3 i) 0.44 

ii) 0.44 +j 0.01 

5.4 (49.99 +j0.38)O, (50.02 +j0.37)O 

6.2 i) z L = 1.84-j2.52 

6.3 i) z = 0.70-j0.51 

6.4 ii) 2.83 pF, 0.76 pF 

6.6 Z,. = 98.70, / = 0.106X 

6.7 0.136X (nearer to the load), 0. 162X 


6.8 0.406 X 

6.9 position = 0.0155X, length = 0.348 X, 11% 


6.10 

'i = 

0.07 X, / 2 = 0.042 X 

6.11 

/ = 

0.313X, Zf = 790 

6.12 

i) 

position = 0.007X, length = 0.34X 


ii) 

0.129X (nearer to the load), 0.393X 


iii) 

0.079 X, 24.30 


iv) 

7.64 nH, 4.81 pF 


v) 

0.053Xforthe 1000 line nearer the load, 0. 1 82 X for the 250 line 

6.13 

/.= 

/ 2 = 0.078 X 

6.14 

i) 

(31.60), (25.10, 39.80), (21.20, 26.60, 37.60, 47.20) 

7.1 

C = 

3.57 dB 

7.2 

0 

4.77 dB, 70.70 and 40.80 

7.4 

V.S 

.W.R. = 1.125 

7.5 

68.812, 72.812 

7.6 

at f c 

i) V.S.W.R. = 1.0 ii) C = 3.0 dB 

8.1 

C - 

32 dB at 1.04 GHz 

8.2 

w = 

8.08 mm, s = 0.86 mm, / = 35.1 mm 

8.4 

1 1.1 

'dB 

8.7 

V.S 

.W.R. = 19.0, — lO.OdB at port 3, — 10.46dB at pon 4 

9 

8.10 

43 91 

9.1 

0 

1.357 GHz 


ii) 

641MHz 

9.2 

i) 

Til MHz 


ii) 

1.56 GHz 

9.3 

i) 

10.0 ± 1.3 GHz 


ii) 

10.0 ± 0.6 GHz 

9.7 

Bandwidth = 146% 

9.10 

*0- 

2.0 GHz, bandwidth = ± 3 MHz 

9.13 

In coupling region, w = 3.77 mm, s = 0.38 mm, 1 = 26.4 mm 

10.2 

1.35 


10.3 

D = 

3.19 mm, L = 2.13 mm 

10.5 

1.889 GHz, 1.964 GHz 

11.2 

i) 

K-> 2 |SfSf[ • A-»-SrSf. Gt(max)-> |s f | 2 

11.3 

G t = 

|sf| 2 (l-|r s | 2 )(l-|r L | 2 ) 

■ ~J py 



1 - sJsXi ~ s 0 r L ) - sjs f r s r L j 

11.10 

i) 

Without loading, K = 0.97 and | A | = 0.62 


ii) r„ = 0.36 /118° , T, =0.49/24°, 19.8dB, 22.0dB 

iii) T s = 0.57/83!, r i =0.08/71°, 19.2dB, 22.0dB 



Index 


ABCD (transmission) parameters 28-32 
application 154, 168 
cascaded networks 28 
evaluation 29 
lossless line 29-30 
parallel stub 156 
transmission line 156 
absolute stability, see unconditional stability 
active circuits, characterization 249-269 
active source 24, 25 
activity 260 

admittance parameters, see y-parameters 
ail-pass filter 199 
alumina 78 

amplifier, low-noise 270-271 
antennas 

circular polarization 246 
patch 244-246 
attenuation 205, 284 
conductor loss 69 
dielectric loss 67 
in terms of power loss 72 
out-of-band 204 
surface roughness 70 
attenuation coefficient 3 
low-loss line 5 
available power 24, 26 
output 249-250 
source 205, 249-250 

balanced amplifier 27,267 
balanced mixer 271-275 
image rejection 274-275 
isolation properties 272-274 
with 180° hybrid 272-273 
with quadrature hybrid 272-273 
balanced stripline, see strip transmission line 
band-edge frequency 200 
band-pass filter 
analysis 215-217 
design 221-225 
cdgc-couplcd 215,225 
end-coupled 220, 229 
band-stop filter 225-228, 274 


analysis 226-228 
bandwidth 227 
bandwidth 

band-stop filter 227 
directional coupler 184 
bias network 270,271,280 
bias injection 200 
d.c. open circuit 201 
d.c, return 202 
r.f. block 202-203 
bilinear transformation 142 
binomial coefficients 134 
boundary conditions 
dielectric interface 297-298 
Dirichlet 296-297 
microstrip lines 46 
Neumann 296-297 
singularity 298-301 
branch-line coupler 274 
analysis 155-161,277 
broadband design 164-165 
improved performance 161-165 
maximally-flat 164 
multiple section 166-167 
Smith Chart analysis 162, 163 
Butterworlh, see maximally-flat 

capacitance 

accurate microstrip values 5 1 
coaxial line 41 
comer 98 

evaluation 293, 307, 309, 310 
ideal parallel plate 47 
microstrip 51 

open-circuit discontinuity 93 
per unit length 2 
step transition 103 
stripline 44 
T-junction 108 
capacitor 

chip 235,236,270,271 
intcrdigital 235-236 
lumped 235-236 

cavity resonance, see waveguide cavity resonance 
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characteristic impedance 3 
analysis formula 52 
coaxial line 42 
data 317 
dispersion 80 

even-mode 176,181,182,195,221 
lossless line 4 
low-loss line 5 
measurement 285-288 
microstrip line 52 
odd-mode 176,181,182,195,221 
quasi-TEM modes 80-81 
stripline 45 
synthesis formula 56 
Chebyshcv, see also equi-ripple 
Chebyshev filter 206 
Chebyshcv polynomial 207 
Chebyshev transformer 135,137 
chip capacitor 235, 236, 270, 271 
chip components 235-237 
circular polarization 246 
circulator 

contra-rotating waves 240-241 
microstrip 239-241 
scattering parameters 36, 239 
classical lumped filter 199 
coaxial line 7, 40, 41 
coaxial line transition 232 
compensation 
open-circuit 225 
step transition 214, 225 
complementary filter 200 
conductance per unit length 2 
conductor loss 69 
conformal transformation 43, 47 
conjugate matching 24, 26, 250-252 
simultaneous 250-252, 264-266 
contra-rotating waves 240-24 1 
coplanar transition 234-235 
comer 

90° 98, 289-290 
capacitance 98 
compensated 290 
equivalent circuit 98 
equivalent length 98 
inductance 98 
mitered 99, 290 
reactance measurement 289-290 
rounded 97 
slit compensated 99 
coupled port 152, 175 
coupled resonators 
end-coupled 220, 229 
parallel-coupled 215-217 
coupled-line formulae 1 82- 1 84 
coupler 
180° 167 

branch-line, see branch-line coupler 


directional, see directional coupler 
equi-ripple 188-192 
hybrid-line, see hybrid-line coupler 
hybrid-ring, see hybrid-ring coupler 
Lange 192-196,272 
maximally-flat 182-192 
quadrature 181, 272 
quarter-wave 181 
coupling 152, 284 
continuously variable 187 
to dielectric resonators 243-244 
coupling coefficient 158,180,183 
coupling gap 288 

d.c. isolation 270 
d.c. open circuit 201 
d.c. retum/r.f. block 202-203 
de-embedding 285 
decibel (dB) 3 

dielectric disc, see dielectric resonator 
dielectric loss 67 
dielectric materials 4, 77, 78 
dielectric resonator 200 
coupling mechanism 243-244 
fields 242 
losses 242 
mode chart 243 
temperature stability 243 
tuning 243-244 
diode 

matched 272 
p-i-n 276 
diplexer 199 
direct port 152, 175 
directional coupler, see also coupler 
analogous circuit for parallel-line 1 86- 1 87 
ideal 151 

multiple-section 186-192 
symmetry planes 37,176 
directivity 152 
discontinuities 
comer 97-101,289-290 
open-circuit 92-97, 289-290 
series gap 110-113 
step transition 101-107 
T-junction 107-110 
discontinuity measurement 
comer reactance 289-290 
mitered comer 290 
open-circuit 288-290 
discrete elements, see lumped elements 
dispersion 77-82 
characteristic impedance 80 
effective relative permittivity 77 
low frequency approximation 77 
distributed line parameters 2 
double-section line matching 143-146 
double-stub matching 127-130,281 


edge-coupled filters 221-225 
edge-coupled lines, see parallel-coupled lines 
effective filling fraction 52, 54, 55 
dielectric loss 67 
even- and odd-modes 1 82, 1 84 
effective relative permittivity 53-54 
data 317 
dispersion 77 
measurement 285-288 
electric fields, parallel-coupled lines 178 
elliptical integral 43 
end-coupled filters 220, 229 
equi-ripple, see also Chebyshev 
coupler 188-192 

even modes, see even- and odd-modes 
even- and odd-mode analysis 
branch-line coupler 155-161 
hybrid-line coupler 153-155 
mixer circuit 274-275 
parallel-coupled lines 176-181 
power divider 238 
series gap 1 1 1 

two-port equivalent 153-154,168-171 
even- and odd-modes 
characteristic impedance 176,181,182, 
195,221 

effective permittivity 182,184 
electric fields 178 
phase velocity 176 
superposition 176 

far-field radiation 245 

ferrite disc, see circulator 

FET 270,271,275,276,280,281 

filling fraction, effective 52, 54, 55 

filters 

all-pass 199 
attenuation 205 
band-pass 214-225 
band-stop 225-228, 243, 274 
Chebyshev 206-209 
classical lumped 199 
complementary 200 
edge-coupled 221-225 
end-coupled 220, 229 
high-pass 199, 200 
low-pass 203-214 
low-pass prototype 206 
maximally-flat 205 
narrowband 241-244 
quarter-wave parallel-coupled 215 
finite difference method 48, 293-306 
finite thickness lines 64-67 
flux, electric 311 
folded stub 163,201,274,280 
forward transmission coefficient 19 
forward traveling wave 3 
four-port network, two-port equivalent 153 


fractional bandwidth 200, 2 1 8 
frequency 
band-edge 200 
cut-off 88 
image 274, 275 

intermediate, see intermediate frequency 
frequency scaling 210 

gain, see power gain 
gallium arsenide 78 
gap 

coupling 288 
series 110-113 
Gauss’s Law 41,297 
Green’s Function 51, 307, 311, 313, 314 
ground, d.c., via substrate 280 
group velocity 6 

high-pass filter 199, 200 
hybrid networks 
180° 272-273 
quadrature 272-273 
hybrid-coil transformer 151 
hybrid-line coupler 
analysis 153-155 
equal power split 152 
unequal power split 152 
hybrid-ring coupler 272 
analysis 168-171 
equal power split 1 67, 1 7 1 
modified ring impedances 172-173 
unequal power split 170-171 

image frequency 274, 275 
images 311 
multiple 313 
partial 312 

immittance inverter 219-221 
impedance, in terms of reflection coefficient 9 
impedance scaling 2 1 0 
impedance synthesis 146-147 
incident wave definition 16 
incremental inductance rule 71 
inductance 
comer 98 
external 71 
lumped 236-237 
per unit length 2 
step transition 102 
T-junction 108 
inductors 236 
input admittance 13 
input impedance 13 
at a voltage maximum 10 
at a voltage minimum 10 
transmission line formula 13,285 
input reflection coefficient 19, 27 
insertion gain 268 
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insertion loss 284 
instability, potential 252-254 
interdigital 
capacitor 236 
coupler, see Lange coupler 
intermediate frequency 
subtraction circuit 273, 274 
summing circuit 273, 274 
interstage network 270-27 1 
intrinsic impedance, see wave impedance 
inverter, immittance 219-221 
isolated port 152, 175 
isolation 152, 179, 284 
isolator 239 

Lange coupler 192-196, 272 
design formula 194-196 
unfolded 193-194 

Laplace's Equation 46, 47, 48, 235, 296, 304 
Cartesian coordinates 292 
cylindrical coordinates 298, 300, 301 
launching techniques, see microstrip transitions 
Llewellyn’s stability criterion 255 
load impedance 9 
measurement 119 
normalized 9 

loaded-line elements 276-278 
loading 

input/output 255, 261-262 
parallel-resistance 255, 266, 268 
series-resistance 255, 268 
local oscillator 272, 274 
noise cancellation 273 
longitudinal section magnetic (LSM) mode 88 
loss 

conductor 69 
dielectric 67 
insertion 205 
transmission 205 
loss tangent 4, 67, 242 
lossless network 27 

low frequency approximation, see quasi-static 
approximation 

low-noise amplifier 270-271 
low-pass filter 281 
design 203-214 
low-pass prototype filter 206 
lumped components 235-237 
lumped element 
matching 138-140 
prototype 199, 204 
lumped filter, classical 199 

mapping functions 217 
Mason's function 260 
matched load 10 
matching 


conjugate 24, 26, 1 16, 250-252 
double stub 127-130,281 
double-section line 143-146 
for no reflections 26, 1 16 
lumped element 138-140 
quarter-wave transformer 131-136 
simultaneous conjugate 250-252 
single stub 123-127,281 
single-section line 140-143 
tapered line 137 
materials, substrate 77, 78 
maximally-flat 

branch-line coupler 164 
coupler 182-192 
filter 205 

transformer matching 135-136 
maximum stable gain 259 
Maxwell's Equations 46 
meander line inductor 236 
measurement 

characteristic impedance 285-288 
comer reactance 289-290 
effective relative permittivity 285-288 
load impedance 119, 121 
mitered comer 290 
open-circuit discontinuity 288-290 
reflection coefficient 119,121 
relative permittivity 285-288 
scattering parameter 282-285 
standing wave pattern 121-123 
V.S.W.R. 121-123 
microstrip antennas, see antennas 
microstrip lines 

accurate capacitance values 5 1 
analysis formulae 48, 3 17 
boundary conditions 46 
capacitance 5 1 

characteristic impedance 52,317 
effective permittivity 53-54 
experiments 282-291 
other published formulae 60-6 1 
synthesis formulae 48,58,317 
microstrip parameter measurement 
characteristic impedance 285-288 
effective relative permittivity 285-288 
relative permittivity 285-288 
wavelength 286 
microstrip transition 
to coaxial line 232 
to coplanar waveguide 234-235 
to rectangular waveguide 233 
to slot line 233-234 
mitered comer 99 
measurement 290 
mixer, balanced, see balanced mixer 
moment method 307 

multiple-section directional coupler 186-192 
multiple-section transformer 133-136 


narrow strip approximation 44 
neper 3 

network, interstage 270-271 
neutralization 27, 255 
noise characterization 261, 263 
noise temperature 261 
non-reciprocal network 239 

odd modes, see even- and odd-modes 
odd-mode analysis, shielding 74 
open-circuit 

discontinuity capacitance 93 
end correction 92-97, 225 
measurement 288-290 
oscillations 
growth 263-264 
steady -stale 263 
oscillators 263 

output reflection coefficient 19,28 

p-i-n diode 276 
parallel-coupled lines 
analagous circuit 1 86- 1 87 
effective permittivity 182,184 
electric fields 178 
formulae 319-321 
symmetry planes 176 
parallel plate capacitor 47 
parallel-resonant circuit 200,219 
parameters 
ABCD 28-32 
admittance (y) 35 
distributed line 2 
primary 2-4 
scattering 16-28 
secondary 2-5 
passband ripple 188-192 
passivity 260 
patch antenna 244-246 
phase coefficient 3 
lossless line 4 
low-loss line 5 
phase shifter 

constant phase difference 279 
loaded-line elements 276-278 
switched-line elements 278-279 
phase velocity 5, 42 
even- and odd-mode 182 
n-equivalent circuit 31,212 
potential instability 252-254 
power combiner, see power divider 
power divider 
analysis 238 
broadband 239 

unequal power division 238-239 
Wilkinson 237 
power gain 
available 250 


degradation circles 262,265-266 
maximum 251-252 
maximum stable 259 
operating 250 
ordinary 250 
transducer 250, 264-267 
unilateral 259-260 
power gain formulae 
matched condition 256 
unilateral 259-260 
unmatched condition 257-259 
power-split ratio 158-160,171,173 
power splitter, see power divider 
power waves 1 8, 24 
primary parameters 2-4 
propagation coefficient 3 
coaxial line 42 
lossless line 4 
scaling 210 
tables 206, 208 
PTFE 78 


Q-factor 
external 241 
loaded 241-242 
unloaded 241-242 
quadrature coupler 158,181,272 
scattering parameters 37 
quality factor, see Q-factor 
quarter-wave coupler 181 
quarter-wave coupling 215-217 
quarter-wave parallel-coupled filter 215 
quarter-wave transformer 131-136, 203, 238, 
270, 271,278, 280, 281,286 
quarter-wave transformer matching 
multiple section 133-136 
single section 131-133 
quartz 78 

quasi-static approximation 45, 176, 191, 235, 
280, 307 

dispersion bound 77 

r.f. block 202-203 
radiation 82-84 
conductance 83 
enhancement 244 
far-field pattern 245 
line discontinuities 82-84 
patch antenna 245 

rat-race coupler, see hybrid-ring coupler 
reciprocal network 27, 25 1 , 260, 267 
reference planes 
comer 98 

scattering parameter 16, 18, 283-284 
step transition 102 
T-junction 107 
reflected wave definition 16-17 
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reflection coefficient 9. 11, 160-161, 163, 
164,284 

in terms of impedance 9 
input 9,13,19,27 
load 9 

measurement 119,121 
output 19, 28 
Smith Chart 117 
relative permittivity 7 
effective, see effective relative permittivity 
measurement 285-288 
resistance 

lumped 235-237 
per unit length 2 
resonance 
cavity 88 
multiple 215,218 
transverse 87 
resonant modes 
degenerate 246 
in antennas 245 
in circulators 240-241 
in dielectric discs 242 
resonant-line approximation 34 
resonator 

dielectric, see dielectric resonator 
discontinuity correction 289 
parallel 200,219 
series 200,219 
return loss 11,284 
reverse transmission coefficient 19 
reverse traveling wave 3 
rough surface 70 
rutile 78 

s-parameters, see scattering parameters 

sapphire 78 

scaling 

frequency 210 
impedance 210 

scattering parameter measurement 282-285 
phase calibration 283 
reference planes 283-284 
related parameters 1 1 , 284 
scattering parameters 16-28 
circulator 239 
evaluation 18-23 
general definition 23-25 
in terms of ABCD parameters 30 
matrix 16-28 
multiport 167,239 
normalizing impedance 17, 24 
reference planes 16,18,283-284 
secondary parameters 2-5 
self potential 308 
series gap 

capacitance 110-113 
equivalent circuit 110 


even- and odd-mode analysis 1 1 1 
series- resonant circuit 200,219 
shielding 73 
odd -mode analysis 74 
side wall 74 
top plate 75 

short circuit via substrate 202 

short line approximation 32, 93, 138, 199, 212 

simultaneous conjugate matching 250-252, 264-266 

single-section line matching 140-143 

single-stub matching 123- 127, 28 1 

singularities 298-301 

skin depth 69, 70 
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slab line 40 

slot-line transition 233-234 
Smith Chart 120 
admittance chart 119 
branch-line analysis 162-163 
derivation 117-119 
reflection coefficient 117 
stability 252-255 

absolute 252, 254, 262 
circles 253-254, 264-265 
criterion 253-254 
factor 254, 264 
formulae 254 
Llewellyn’s criterion 255 
unconditional 252, 254, 262 
stabilization techniques 
input/output loading 255 
neutralization 255 
unilateralization 255 

standing wave pattern measurement 121-123 
step transition 101-107 
capacitance 103 
compensation 104-107, 214, 225 
equivalent circuit 102 
inductance 102 
reference planes 102 
stepped impedance line 186-192 
strip transmission line 40, 43 
stub, folded 163,201 
stub matching 
double 127-130 
single 123-127 
sub-areas 50, 307-316 
substrate materials 77, 78 
substrate permittivity measurement 285-288 
cavity method 288 
surface 

impedance 70 
inductance 71 
reactance 71 
resistance 71 
roughness 70 
surface waves 85-87, 244 
TM modes 85 

switched-line elements 278-279 


Index 333 


switching circuit 
transmit/reccive 279-281 
symmetrical step transition, see step transition 
symmetry planes 37, 153, 155, 167, 176 
capacitance analysis 308 
parallel-line coupler 176 

T-equivalent circuit 32, 212 
T-junction 

capacitance 108 
compensation 109-110 
equivalent circuit 107 
inductance 108 
reference planes 107 
T-R switch 279-281 
tapered line matching 137 
Tchebysheff, see Chebyshev 
TE mode 85, 242 
TEM mode 2,41 

see also quasi -static approximation 
thick lines 64-67 
thick-line correction 195 
three -port scattering parameters 18, 239 
TM mode 85 
transducer gain (loss) 205 
transformation 
high-pass to band -stop 200 
low-pass to band-pass 200, 217-218 
transformer, quarter-wave 203, 270, 271 
transitions, see microstrip transitions 
transmission coefficient 12, 157 
directional coupler 180 
forward 19 
reverse 19 
transmission line 
chart, see Smith Chart 
coaxial 7 
folded 236 
lossless 4 
low-loss 4 
parallel-coupled 175 
n-equivalent circuit 31 
primary parameters 2-4 
resonant line approximation 34 
secondary parameters 2-5 
short line approximation 32, 93, 138, 199 
212 

stepped impedance 186-192 
symmetrical strip 40, 43 
T-equivalent circuit 32 
terminated 8 


two conductor 1 
wavelength 7 
zero length 25, 26, 1 87, 226 
transmission loss 1 1 , 205 
transmission parameters, see ABCD parameters 
transmit/receive switch 279-28 1 
transverse resonance 87 
traveling wave 16 
backward 4 
forward 3 
reverse 3 
two-port network 
active, see active circuits 
reference planes 16, 18,283-284 
two-port parameters 16-39 

unconditional stability 252, 254 
unilateral approximation 27, 28, 260-261, 267 
bounds 260 

unilateral two-port network 27, 255 
unilateralization 27, 255 

V.S.W.R. 9,11, 121,122,284 
measurement 121-123,286-287 
velocity 
group 6 
phase 5 

voltage coupling coefficient, see coupling 
coefficient 

voltage standing wave ratio, see V.S.W.R. 

wave equation 2 
wave impedance 
conductor 70 
free space 82 

waveguide cavity resonance 88 
cut-off wavelength 88 
suppression 89 
waveguide transition 233 
wavelength 6 
free-space 7 
transmission line 7 
wide strip approximation 44 
open-circuit correction 96 
Wilkinson power divider 237 

y-parameters 35 
for gain formulae 260, 268 
for stability criterion 255 

zero length line 25, 26, 187, 226 




